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Abstract
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1 Introduction

The original motivation for this paper came from the seemingly distant domain of
monetary policy, specifically from a public debate surrounding a Federal Open Market
Committee press release following the spike in inflation in the aftermath of the COVID
pandemic. Commentators and market participants scrutinized every word, tracking
deviations from previous statements to extract relevant information. Seeing this
debate unfold raised a fundamental economic question: what are the precise strategic
implications of a partially informed external agent providing public signals to a market
of players who themselves possess heterogeneous, private, and partial information?

This conceptual framework of publicly revealing partial information extends far
beyond central banking. It is analogous to the signals provided by various forecasters,
ranging from weather and sports to geopolitics, alongside news media organizations,
rating agencies, and prediction markets. In each of these settings, an external observer
publicly shares incomplete information with a set of strategically interacting agents,
thereby reshaping their hierarchies of beliefs and altering the underlying game.

Following Lagziel et al. (2026), this paper provides a formal framework for analyzing
these interactions through incomplete-information games. We assume that players
are partially informed about the realized state of the world through their own private
partitions. Additional public information is disclosed by an external information
provider, which we refer to as an oracle. The oracle is endowed with a fixed partition
of the state space, representing its informational capability, and communicates via
a signaling function that is measurable with respect to this partition. Crucially, the
oracle may be unaware of the players’ private information or what constitutes common
knowledge among them. The combination of the original Bayesian game, defined by
the players’ private information, action sets, and payoff functions, and the additional
public information provided by the oracle constitutes what we refer to as a guided
game.

Unlike a standard player, the oracle acts as a generator of Blackwell experiments.
Our primary objective is to establish a preorder of oracles based on their ability
to induce equilibria across all possible games. We define dominance: one oracle
dominates another if for every signaling function of the latter, there exists a signaling
function of the former such that for every game G the sets of equilibrium distributions
over state-action profiles in the corresponding guided games exactly coincide. The
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comparison does not impose an equilibrium-selection rule or an objective function for
the oracle.

Departing from the original analysis of Lagziel et al. (2026) and Lagziel and Lehrer
(2025), in this paper we focus strictly on deterministic oracles, where the signaling
function maps information to a public signal without randomization. In this setting,
we show that one oracle dominates another if and only if it can replicate the joint
posterior beliefs induced by the other oracle across all players simultaneously, adjusting
for the redundancies created by the players’ private information (Theorem 1). We
formalize this condition as being Jointly More Informative (JMI). The JMI condition
captures the fact that a single public signal is interpreted differently by different
players, therefore the informational contribution of the oracle must be evaluated
relative to the heterogeneous prior knowledge of each individual.

While intuitive, the JMI condition represents a fundamental departure from
standard partition refinement. The two notions do not coincide: though refinement
yields the JMI condition, the reverse derivation does not hold in general. Nevertheless,
we establish a rigid equivalence under two-sided dominance: if the state space consists
of a single common knowledge component (the minimal commonly known event; see
Aumann, 1976), and two deterministic oracles dominate each other under the JMI
condition, their partitions must be identical (see Theorem 2).

We also give a constructive criterion for matching a given signaling function.
The criterion identifies the states that Oracle 1 must assign to the same signal, and
determines whether these identifications are consistent with every player’s target
information. To compare the two oracles, it suffices to check the binary signaling
functions of Oracle 2.

1.1 Relation to literature

This research extends the classical framework established by Blackwell (1951) and
Blackwell (1953), which introduced the standard for comparing experiments in single-
agent decision problems. In Blackwell’s framework, an experiment dominates another
if it yields a weakly higher expected utility for the decision maker across all decision
problems. When transitioning to a multi-agent strategic environment, our notion of
dominance requires the replication of equilibrium outcome distributions rather than
the simple maximization of a single utility function.
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Recent advancements have generalized Blackwell’s model. Notably, Brooks et al.
(2024) compare information sources that are robust to any external information and
decision problem. There are critical distinctions between their framework and ours.
First, our analysis applies to multi-player games rather than single-agent problems.
Second, their characterization is entirely independent of the decision maker’s private
information. In contrast, our model fixes the players’ private information structures
while allowing the underlying game payoffs to vary. Consequently, our characterizations
are tailored to the specific configuration of the players’ prior knowledge. Furthermore,
rather than evaluating fixed signals, we treat the oracle as an active generator of
experiments constrained by its partition.

This project also parallels the extensive literature on Bayesian persuasion (Ka-
menica and Gentzkow, 2011; Kamenica, 2019). Related work studies information
provision, disclosure, and communication in a range of strategic settings (Hörner and
Skrzypacz, 2016; Renault et al., 2013; Ganglmair and Tarantino, 2014; Renault et al.,
2017; Ely, 2017; Ely and Szydlowski, 2020; Che and Hörner, 2018; Bizzotto et al.,
2021; Zhao et al., 2024). Unlike a standard sender, our oracle lacks a specific objective
or payoff function in the underlying game. By isolating the informational power of the
oracle from any strategic preferences, we provide a pure assessment of informational
dominance.

Finally, our framework relates to the study of external mediators in incomplete-
information games (Forges, 1993; Gossner, 2000). However, existing literature on
mediation frequently focuses on correlating players’ actions or generating specific
correlated equilibria. Information structures have also been ordered in specific classes
of games, such as zero-sum games (Pęski, 2008) or common-interest games (Lehrer
et al., 2010). Outcome equivalence in more general games is studied by Lehrer
et al. (2013). Bergemann and Morris (2016) compare information structures through
individual sufficiency and the sets of Bayes correlated equilibria they induce. These
comparisons concern fixed information structures; we instead compare the public
experiments available to the oracles. Our approach diverges by restricting the oracle
to public signals, precluding private recommendations, while permitting unrestricted
variations in the underlying game’s payoff structure.
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2 The model

A guided game comprises a Bayesian game and an oracle. The oracle’s role is to
provide information that enables a different, possibly broader, range of equilibria.

We begin by defining the underlying Bayesian game. Let N = {1, 2, . . . , n} be a
finite set of n ≥ 2 players, and let Ω denote a non-empty, finite state space. Each
player i ∈ N has a non-empty, finite set of actions Ai and a partition Πi over Ω,
representing the information available to player i. Denote the set of action profiles
by A = ×i∈NAi. The utility function for each player i ∈ N is ui : Ω × A → R, which
maps states and action profiles to real-valued payoffs.

To extend the basic game into a guided game, we introduce an oracle who provides
public information before players choose their actions. The oracle is endowed with a
partition F of the state space Ω, and a countably infinite set S of possible signals.

A deterministic signaling strategy is a function τ : F → S, assigning a single
signal to each element of the partition. Note that any deterministic signaling strategy
is effectively equivalent to a coarsening of F , and we will refer to it as such when
appropriate. For any partition F ′, let F ′(ω) denote its atom containing ω, and write
τ(ω) for τ(F (ω)).

The guided game evolves as follows. First, the oracle publicly announces a strategy
τ . Then, a state ω ∈ Ω is drawn according to a common prior µ ∈ ∆(Ω) with
full support.1 Each player i is privately informed of Πi(ω), which is a set of states
containing ω and also an atom of player i’s private partition. Finally, the signal
τ(ω) ∈ S is publicly announced, and the players choose their actions. The prior and
the information partitions are common knowledge among the players.2

Let the join Πi ∨ F ′ denote the coarsest common refinement of Πi and F ′, namely
the updated information (i.e., partition) of player i. Its atoms are the non-empty
intersections of their atoms. The meet of partitions is their finest common coarsening.
Let µi

τ |ω = µ(·|[Πi ∨ τ ](ω)) ∈ ∆(Ω) denote player i’s posterior belief after observing
Πi(ω) and τ(ω). Every strategy τ yields an incomplete-information game G(τ),
determined by the prior, the updated partitions (Πi ∨ τ)i∈N , the action sets, and the

1If the prior does not have full support, we restrict the state space and all information partitions
to its support. The posterior-matching requirements then apply on this restricted state space.

2Following Aumann (1976), a common knowledge component (CKC) is an atom of the meet∧
i∈N Πi, the finest common coarsening of the players’ partitions. Equivalently, it is a minimal event,

with respect to set inclusion, that is common knowledge among the players.
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utility functions. Since the state space and the action sets are finite, the equilibria of the
game exist. When there is no risk of ambiguity, we denote the incomplete-information
game without τ by G.

2.1 A notion of dominance

To discuss the role of the oracle in the current framework, one needs a relevant solution
concept. Thus, let us define the following notion of a Guided equilibrium, which
incorporates the oracle’s strategy. Formally, let σi : Πi × S → ∆(Ai) be a strategy
of player i. A tuple (τ, σ1, . . . , σn) is a Guided equilibrium if (σ1, . . . , σn) is a Nash
equilibrium in the incomplete-information game G(τ).

The notion of a Guided equilibrium defines a preorder of oracles, i.e., a reflexive
and transitive relation over their partitions according to the sets of equilibria. To
define this relation, let D(G(τ)) ⊆ ∆(Ω × A) be the set of distributions over Ω × A

induced by Nash equilibria given G and τ . Now consider two oracles, Oracle 1 and
Oracle 2, and denote the generic partition and strategy of Oracle j by Fj and τj,
respectively. Throughout the comparison, N , Ω, µ, and the players’ partitions are
fixed, while G varies over all finite action sets and utility functions. Using these
notations we define the ordering of oracles as follows.

Definition 1 (Dominance of deterministic oracles). Fix the players’ information
structures. We say that Oracle 1 deterministically dominates Oracle 2, denoted
F1 ⪰D F2, if for every deterministic signaling strategy τ2, there exists a deterministic
signaling strategy τ1 such that for every game G, D(G(τ1)) = D(G(τ2)).

Two oracles are equivalent if each dominates the other. The dominance relation is
a partial order on these equivalence classes. This is an analyst’s comparison of the
available experiments; implementing a particular matching rule may require knowledge
of the players’ partitions.

3 Ordering of deterministic oracles

Our first main result characterizes the notion of dominance among oracles, assuming
they are restricted to deterministic strategies.

The characterization is based on the ability of one oracle to match the players’
joint posterior beliefs, for any given strategy of the other oracle. More formally, we
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say that Oracle 1 is jointly More Informative than Oracle 2, if, for every strategy τ2,
there exists a strategy τ1 that simultaneously matches the posterior partition of every
player i.

Definition 2. Oracle 1 is jointly More Informative (JMI) than Oracle 2, denoted
F1 ⪰(µi)i

F2, if for every deterministic τ2, there exists a deterministic τ1 such that
Πi ∨ τ1 = Πi ∨ τ2 for every player i.

Observation 1. Oracle 1 is jointly More Informative (JMI) than Oracle 2 if and
only if for every coarsening F ′

2 of F2, there exists a coarsening F ′
1 of F1 such that

Πi ∨ F ′
1 = Πi ∨ F ′

2, for every player i.

Note that Observation 1 follows directly from Definition 2 because every Fi-
measurable deterministic strategy τi induces a coarsening F ′

i of Fi and vice versa.
Nevertheless, what should be clear is that the notion of JMI differs from the notion of
refinement, as the following example illustrates.

Example 1. Jointly More Informative versus refinement.

The ordering generated by the notion of “jointly More Informative than" need
not coincide with the notion of “finer than". Consider, for example, two players
with the same partition Π1 = Π2 = {{ω1, ω2}, {ω3, ω4}}, and oracle partitions F1 =
{{ω1, ω2, ω3}, {ω4}} and F2 = {{ω1, ω2}, {ω3}, {ω4}}. Note that F2 strictly refines F1

and each player’s partition, but Oracle 1 remains jointly More Informative than Oracle
2. This is illustrated in Figure 1. Every strategy of Oracle 2 either separates ω3 from
ω4 or leaves them indistinguishable; Oracle 1 matches these cases by fully disclosing
its information or withholding it, respectively. The reverse JMI relation follows from
refinement. Thus, the two oracles are equivalent despite having different partitions.
Nevertheless, in Section 4 we prove that if F1 is JMI than F2 and vice versa, then the
two partitions coincide within every CKC.

One can also bridge the gap between the notions of JMI and refinement by
considering the possibility that the players’ partitions are not fixed.3 In other words,
we can also consider the possibility that Oracle 1 is JMI than Oracle 2 for any set of the
players’ partitions. Once we account for all possible partitions, we must also account
for the trivial partition, so that Oracle 1 must match any deterministic strategy of

3This resembles the condition of strong Blackwell dominance, in the context of decision problems,
in Brooks et al. (2024).

6



Jointly More Informative versus Refinement

Ω Π1 = Π2

F2

F1

ω1

ω2

ω3

ω4

Figure 1: The notion of “jointly More Informative than" does not imply “finer than", though the
latter does imply the former. In this figure, F2 (red) strictly refines F1 (green) and Π1 = Π2 (blue),
but for every deterministic τ2, there exists a deterministic τ1 such that Πi ∨ τ1 = Πi ∨ τ2 for every
player i, so F1 is jointly More Informative than F2.

Oracle 2. This implies that F1 refines F2, at least weakly. Conversely, refinement
allows Oracle 1 to reproduce every signaling strategy of Oracle 2 for any profile of
players’ partitions.

Example 2. Simultaneous posterior matching vs posterior matching.

The JMI condition differs from individually matching the players’ posteriors. To
see this, consider a state space Ω = {ω1, ω2, ω3}, and two players with partitions
Π1 = {{ω1, ω2}, {ω3}} and Π2 = {{ω1}, {ω2, ω3}}. The oracles’ partitions are F1 =
{{ω1, ω3}, {ω2}} and F2 = {{ω1, ω2}, {ω3}}. Now consider full disclosure by Oracle 2.
It provides no additional information to player 1, but makes player 2 fully informed.
Oracle 1 can match the information of either player separately: it can withhold its
information for player 1, or fully disclose its information for player 2. These are
its only two informationally distinct strategies, and neither matches both players
simultaneously.

Public information Player 1 Player 2
Full disclosure by Oracle 2 Unchanged Fully informed
No disclosure by Oracle 1 Unchanged Unchanged
Full disclosure by Oracle 1 Fully informed Fully informed

Table 1: Separate matching does not imply simultaneous matching.

Thus, Oracle 1 can match everything Oracle 2 provides to either player considered
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separately, but it is not JMI than Oracle 2. The difficulty is that the same public
signaling strategy must match the information of all players.

3.1 The characterization

Our main result, given in Theorem 1 below, presents an equivalence between oracle
dominance and the notion of being jointly More Informative. Specifically, we prove
that one oracle dominates another if and only if it is jointly More Informative.4

Theorem 1. Assume that oracles are deterministic. Then, Oracle 1 dominates Oracle
2 if and only if Oracle 1 is jointly More Informative than Oracle 2.

The proof constructs a game from separate decision problems, one for each player.
Any failure to match a player’s posterior partition changes that player’s equilibrium
expected payoff. Thus, the game separates the target strategy from every strategy that
fails to match all players simultaneously. Note that the same characterization holds if
equality in Definition 1 is replaced by D(G(τ2)) ⊆ D(G(τ1)). Indeed, when JMI fails,
the proof constructs a game for which the corresponding equilibrium-distribution sets
are disjoint.

3.2 A constructive matching criterion

The JMI condition requires a matching strategy for each strategy of Oracle 2. We
now give a direct way to determine whether such a strategy exists. Fix τ2, and define

Q(τ2) = F1 ∧
∧

i∈N

(Πi ∨ τ2).

Recall that the meet is the finest common coarsening. The partition Q(τ2) is obtained
by identifying states in the same atom of F1 or of any Πi ∨ τ2, and taking the
transitive closure of these identifications. Any matching strategy must respect these
identifications: it cannot distinguish states that Oracle 1 cannot distinguish, or give a
player information beyond that provided by τ2. The following proposition shows that
it suffices to check whether Q(τ2) itself is a matching strategy.

4The proofs are deferred to the Appendix.
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Proposition 1. There exists an F1-measurable deterministic strategy τ1 such that
Πi ∨ τ1 = Πi ∨ τ2 for every player i if and only if Πi ∨ Q(τ2) = Πi ∨ τ2 for every player
i. Whenever this condition holds, Q(τ2) itself is a matching strategy.

Oracle 1 must send the same signal at states in the same atom of F1. It must also
send the same signal at states that a player cannot distinguish under τ2, otherwise it
would provide that player with additional information. If these requirements, taken
together, identify two states in the same atom of some Πi that τ2 separates, matching
is impossible. Otherwise, Oracle 1 can assign a different signal to each atom of Q(τ2).

In Example 2, Oracle 1’s partition identifies ω1 with ω3, while preserving player 1’s
information under full disclosure by Oracle 2 requires identifying ω1 with ω2. Thus,
Q(τ2) = {Ω}, which cannot make player 2 fully informed.

Any deterministic strategy can be obtained by combining binary disclosures, each
separating one of its atoms from its complement. The following corollary shows that
matching these disclosures is enough, since their matching strategies can also be
combined into a single F1-measurable strategy.

Corollary 1. Oracle 1 is JMI than Oracle 2 if and only if it can simultaneously match
every player’s posterior partition under every strategy of Oracle 2 that uses at most
two signals. The matching strategies of Oracle 1 need not be binary.

This reduces the comparison to binary strategies of Oracle 2, with each one checked
by Proposition 1.

These results are related to the information loops studied in Lagziel et al. (2026).
In both settings, the oracle’s measurability restriction may prevent locally feasible
information from being provided simultaneously. In the deterministic case, the
restriction takes the form of forced identifications: a chain of states that must receive
the same signal may connect two states that a player’s target information requires to
distinguish. Proposition 1 identifies all such chains, and Corollary 1 shows that binary
disclosures suffice to detect any obstruction. Unlike the stochastic loop conditions,
however, these requirements concern distinctions between states rather than their
relative likelihoods.

3.3 JMI and refinement within CKCs

Example 1 shows that JMI does not imply partition refinement. This raises the
question of whether JMI instead corresponds to refinement within every CKC, namely
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refinement after restricting the partitions to each component. The following two
examples show that neither implication holds.

Example 3 (JMI does not imply refinement in every CKC).

To see that JMI does not imply refinement in every CKC, consider the information
structure described in Figure 2. There are four states and three players, with partitions

Π1 = {{ω1, ω4}, {ω2}, {ω3}},

Π2 = {{ω1}, {ω2}, {ω3, ω4}},

Π3 = {{ω1}, {ω2, ω3}, {ω4}}.

There is a unique CKC. The oracles’ partitions are F1 = {{ω1, ω2}, {ω3}, {ω4}} and
F2 = {{ω1, ω3}, {ω2, ω4}}.

Both oracles can either withhold all information or fully disclose their information,
thereby ensuring that all players become fully informed of the realized state in the
latter case. These are all the possible experiments of Oracle 2. On the other hand,
Oracle 1 can also signal the partition F ′

1 = {{ω1, ω2, ω3}, {ω4}}, which provides
complete information to players 1 and 2 but provides no information to player 3. Thus,
Oracle 1 is JMI than Oracle 2, while neither of the two partitions is finer than the
other. The converse JMI relation does not hold, because Oracle 2 cannot replicate F ′

1.

Ω Π1 Π2

ω1

ω2

ω3

ω4

(a) Π1 and Π2

Ω Π3

ω1

ω2

ω3

ω4

(b) Π3

Ω
F2

F1

ω1

ω2

ω3

ω4

(c) F1 and F2

Figure 2: JMI does not imply refinement in a unique CKC. Panels (a) and (b) show the players’
information, and panel (c) shows the oracles’ information. Oracle 1 is JMI than Oracle 2, while
neither oracle’s partition refines the other’s.

Example 4 (Refinement in every CKC does not imply JMI).
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To demonstrate that refinement in every CKC does not imply JMI, consider two
players whose partitions are

Π1 = {{ω1, ω2}, {ω4, ω5}, {ω3, ω6}},

Π2 = {{ω1, ω2}, {ω3, ω4}, {ω5, ω6}}.

In this case, there are two CKCs, C1 = {ω1, ω2} and C2 = {ω3, ω4, ω5, ω6}. The oracles’
partitions are F1 = {{ω1, ω3, ω4}, {ω2, ω5, ω6}} and F2 = {{ω1, ω2}, {ω3, ω4}, {ω5, ω6}},
as illustrated in Figure 3. Observe that in every CKC, F1 refines F2.

Now consider a completely revealing, deterministic experiment τ2 that maps the
three different partition elements of F2 to three different signals. Can Oracle 1 produce
an experiment τ1 such that Πi ∨ τ1 = Πi ∨ τ2 for every player i?

Note that under τ2, neither player can distinguish ω1 from ω2. Therefore, in order
for τ1 to satisfy Πi∨τ1 = Πi∨τ2 for every i, the experiment τ1 must map all F1 partition
elements to the same signal. Consequently, under τ1, player 1 cannot distinguish ω4

from ω5, which is achievable given τ2. We therefore conclude that Oracle 1 is not JMI
than Oracle 2, even though F1 refines F2 in every CKC.

Ω C1 C2

F1

F2

ω1

ω2

ω3 ω4

ω5 ω6

Figure 3: Refinement in every CKC does not imply JMI. The dashed rectangles mark the two
CKCs. Despite F1 (orange) refining F2 (teal) in each component, Oracle 1 is not JMI than Oracle 2.

4 Two-sided JMI implies equivalence in every CKC

The preceding examples show that refinement within every CKC is neither necessary
nor sufficient for JMI. Nevertheless, mutual JMI is more restrictive within a CKC. For
a partition F and a CKC C, write F |C = {B ∩ C : B ∈ F, B ∩ C ̸= ∅}. Restricting
the model to C means using these restricted partitions, the conditional prior µ(· | C),
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and all coarsenings of the restricted oracle partitions.
The following theorem provides this equivalence by stating that, given a specific

CKC, both restricted oracles dominate each other if and only if their partitions
coincide.

Theorem 2. Fix a CKC C and restrict the model to it. Within this CKC, each oracle
is JMI than the other if and only if F1|C = F2|C.

In other words, the theorem asserts that the restricted partitions coincide if and
only if the two restricted oracles are mutually JMI. In particular, when Ω is a single
CKC, mutual dominance is equivalent to F1 = F2. The componentwise statement
compares the restricted models and does not assert that local equivalence is sufficient
for global dominance.
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A Proofs

A.1 Proof of Theorem 1

Proof. One derivation is straightforward. Assume that F1 ⪰(µi)i
F2. For every τ2, take

τ1 such that Πi ∨ τ1 = Πi ∨ τ2 for every player i. Thus, we get D(G(τ1)) = D(G(τ2))
for every game G. This holds for every strategy τ2, so F1 ⪰D F2 as needed.

To establish the converse derivation of the theorem, we assume that Oracle 1
is not jointly More Informative than Oracle 2, and prove that Oracle 1 does not
dominate Oracle 2. Fix a strategy τ2, so that for every τ1, there exists a player i

such that Πi ∨ τ1 ̸= Πi ∨ τ2. For every player i, we construct a decision problem
using the fixed prior µ and Πi ∨ τ2, and combine these problems into a game in
which each player’s payoff depends only on the state and his own action. We give
the construction and computation for player 1. Denote Π1 ∨ τ2 = {B1, . . . , Bk} where
Bj = {ωj

1, . . . , ωj
|Bj |} ⊆ Ω for every 1 ≤ j ≤ k.

Consider the following decision problem. Define PBj
to be the set of all permutations

of Bj, so that every element p ∈ PBj
is a function p : Bj → {1, 2, . . . , |Bj|} where

p(ωj
l ) is the location of ωj

l according to that permutation. Let A1 = ⋃
j PBj

be the
action set of player 1, so that player 1 chooses a permutation p over a partial set of Ω.
Define the following utility function, where p = a1:

u1(ωj
l , a) = u1(p, ωj

l ) =


p(ωj

l
)

µ(ωj
l
|Bj)|Bj |

, if p ∈ PBj
,

− 210|Ω|

minω µ(ω) , if p /∈ PBj
,

where µ(ωj
l |Bj) is the probability of ωj

l conditional on Bj, and u1(p, ω) is shorthand
for the payoff when player 1 chooses p. In simple terms, player 1 needs to match
his action, i.e., a permutation, to the realized state ωj

l . If the action of player 1 is
not a permutation on the states of the realized element of the partition (generated
by his private information and the information that Oracle 2 conveys), he gets an
extremely low negative payoff. However, in case the action of player 1 is a permutation
on the relevant block, he receives a positive payoff based on the ordinal location of
the realized state according to the chosen permutation.

Let us compare the expected payoffs of player 1 given the additional information
conveyed separately by the two oracles. Given the partition Π1 ∨ τ2 and after ω is
realized, player 1 is informed of the relevant block Bj of the partition such that ω ∈ Bj .
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Thus, for every p ∈ PBj
,

E[u1(p, ω)|Bj] =
∑

ωj
l
∈Bj

µ(ωj
l |Bj)u1(p, ωj

l )

=
∑

ωj
l
∈Bj

µ(ωj
l |Bj)

p(ωj
l )

µ(ωj
l |Bj)|Bj|

=
∑

ωj
l
∈Bj

p(ωj
l )

|Bj|
= |Bj| + 1

2 .

Note that the expected payoff is independent of the chosen permutation p given that
p ∈ PBj

. Here and below, maximization given a partition allows the chosen action to
depend on its realized atom, and the value is evaluated ex ante. Hence,

max
p

E[u1(p, ω)|Π1 ∨ τ2] =
k∑

j=1
µ(Bj)

|Bj| + 1
2 .

Now fix any τ1 for which Π1 ∨ τ1 ≠ Π1 ∨ τ2. There are two possible scenarios: either
Π1 ∨ τ1 is a strict refinement of Π1 ∨ τ2, or there exists at least one block of Π1 ∨ τ1

that intersects two disjoint blocks of Π1 ∨ τ2.
Starting with the former, assume that Π1 ∨ τ1 is a strict refinement of Π1 ∨ τ2, so

there exists a block B∗
j that Π1 ∨ τ1 splits into at least two separate blocks. Without

loss of generality, assume that B1 is such a block, and denote two non-empty unions of
the resulting cells by B1,1 and B1,2, chosen so that B1 = B1,1 ∪B1,2 and B1,1 ∩B1,2 = ∅.
The player can condition his action on these two sets. Assume that for every Bj ≠ B1,
player 1 follows the same strategy as with Π1 ∨τ2 so that we can focus on the difference
in expected payoffs given B1. Evidently,

E[u1(p, ω)|B1,1] =
∑

ω1
l
∈B1,1

µ(ω1
l |B1,1)u1(p, ω1

l ) =
∑

ω1
l
∈B1,1

µ(ω1
l |B1,1)

p(ω1
l )

µ(ω1
l |B1)|B1|

=
∑

ω1
l
∈B1,1

µ(ω1
l |B1)

µ(B1)
µ(B1,1)

· p(ω1
l )

µ(ω1
l |B1)|B1|

= µ(B1)
µ(B1,1)|B1|

∑
ω1

l
∈B1,1

p(ω1
l ).

Note that player 1 can choose a permutation on B1 which maximizes the sum of the
ranks of all states in B1,1. Assigning them the highest ranks gives ∑

ω∈B1,1 p(ω) >

15



|B1,1|(|B1| + 1)/2, since B1,1 is a proper subset of B1. Thus,

max
p∈PB1

E[u1(p, ω)|B1,1] >
µ(B1)

µ(B1,1)|B1|
|B1,1|

|B1| + 1
2 ,

and a similar computation holds for B1,2. Therefore,

max
p

E[u1(p, ω)|Π1 ∨ τ1] >
k∑

j=1
µ(Bj)

|Bj| + 1
2 = max

p
E[u1(p, ω)|Π1 ∨ τ2],

and player 1 can guarantee a strictly higher expected payoff using the information
conveyed through Oracle 1 than through Oracle 2.

Next, consider the other possibility that Π1 ∨ τ1 is not a refinement of Π1 ∨ τ2.
This implies that there exists at least one block of Π1 ∨ τ1 that intersects two disjoint
blocks of Π1 ∨ τ2. Denote this block by B∗. For any permutation chosen on B∗, at
least one state in B∗ belongs to a different target block and yields the negative payoff.
Its contribution to the unconditional expected payoff is at most −210|Ω|. At every
state with a positive payoff, µ(ω)u1(p, ω) ≤ 1. Thus, for every action p,

µ(B∗)E[u1(p, ω)|B∗] ≤ |B∗| − 210|Ω|.

The same bound holds for mixed actions. The contribution from states outside B∗ is
at most |Ω| − |B∗|. This suggests that the expected payoff of player 1 given Π1 ∨ τ1 is
bounded from above by

max
p

E[u1(p, ω)|Π1 ∨ τ1] ≤ |Ω| − 210|Ω| < 0,

which is strictly below the expected payoff given the information transmitted through
Oracle 2.

To conclude, we have defined, for every player i, a decision problem independently
of τ1 such that whenever Πi ∨ τ1 ̸= Πi ∨ τ2, it follows that the expected payoff of player
i given τ2 differs from the player’s expected payoff given τ1. Since the players’ decision
problems are independent, every strategy of either oracle yields a unique profile of
equilibrium expected payoffs. For every τ1, at least one player’s partition differs from
that under τ2, so this payoff profile cannot be matched. Thus, D(G(τ2))∩D(G(τ1)) = ∅
for every τ1, and this concludes the proof.
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A.2 Proof of Proposition 1

Proof. Suppose a matching strategy τ1 exists. It is a coarsening of F1 and of every
Πi ∨ τ2, since Πi ∨ τ1 = Πi ∨ τ2. Therefore, τ1 is a coarsening of Q(τ2), and for every
player i, Πi ∨ Q(τ2) refines Πi ∨ τ1 = Πi ∨ τ2. At the same time, Q(τ2) is a coarsening
of Πi ∨ τ2, so Πi ∨ τ2 refines Πi ∨ Q(τ2). Thus the two partitions coincide. Conversely,
Q(τ2) is a coarsening of F1 and therefore an admissible strategy, so the stated equalities
give a matching strategy directly.

A.3 Proof of Corollary 1

Proof. Necessity is immediate. For sufficiency, fix a strategy τ2 inducing a partition
{E1, . . . , Ek}. If k = 1, Oracle 1 can send a constant signal. Otherwise, for each j,
consider the binary strategy ρj = {Ej, Ec

j }, which is a coarsening of F2. By assumption,
there exists a coarsening τ j

1 of F1 such that Πi ∨ τ j
1 = Πi ∨ ρj for every i. The join

τ1 = ∨k
j=1 τ j

1 is also a coarsening of F1, and

Πi ∨ τ1 =
k∨

j=1
(Πi ∨ τ j

1 ) =
k∨

j=1
(Πi ∨ ρj) = Πi ∨ τ2

for every player i, as needed.

A.4 Proof of Theorem 2

Proof. Fix a CKC and restrict the model to it. In this proof, Ω denotes the fixed
component and F1, F2 denote the restricted partitions, so complements are taken
within this component. One direction is trivial, so assume that Fi is JMI than
F−i for every i = 1, 2, and let us prove that F1 = F2. Assume, to the contrary,
that F1 ̸= F2. W.l.o.g., there exist ω1 ̸= ω2 such that F1(ω1) = F1(ω2) whereas
F2(ω1) ̸= F2(ω2). Consider the partition F ′

2 = {F2(ω1), (F2(ω1))c}. By assumption,
there exists a coarsening F ′

1 of F1 such that Πi ∨ F ′
1 = Πi ∨ F ′

2, for every player i.
Denote A = F ′

1(ω1) ∩ F2(ω1), B = F ′
1(ω1) ∩ (F2(ω1))c, C = (F ′

1(ω1))c ∩ (F2(ω1))c,
D = (F ′

1(ω1))c ∩ F2(ω1), E = F2(ω1), and P0 = F ′
1(ω1). Since F ′

1 is a coarsening of F1,
we have ω1, ω2 ∈ P0, ω1 ∈ A, and ω2 ∈ B. See Figure 4.

Call two states adjacent if they belong to the same partition atom of some player.
For any two adjacent states ω, ω′, equality Πi ∨ F ′

1 = Πi ∨ F ′
2 for a player i whose
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E Ec

A B

P0

ω1 ω2

D C

(a) The two partitions

A C D

P0

a c1 cℓ d

(b) The selected path segment

Figure 4: The partition construction and path in the proof of Theorem 2. Here E = F2(ω1) and
P0 = F ′

1(ω1). In (b), all intermediate states lie in C; only the first edge crosses P0.

information cell contains both states implies that F ′
1 separates ω and ω′ if and only

if F ′
2 does. Consequently, there are no player-information edges between A and B,

between A and D, or between B and C.
Since the CKC is unique, choose a player-information path from ω1 ∈ A to ω2 ∈ B.

Before its first visit to B, this path must visit D: the state immediately preceding the
first B-state can belong neither to A nor to C. Let d be the first state of the path
in D, and let a be the last preceding state in A. All intervening states belong to C,
so the path contains a segment (a, c1, . . . , cℓ, d), where a ∈ A, ct ∈ C for every t, and
d ∈ D. Moreover, ℓ ≥ 1, since there is no edge between A and D.

Now consider the binary partition F ′′
1 = {P0, P c

0 }. Because F ′
1 is a coarsening of F1,

F ′′
1 is also a coarsening of F1. By the reverse JMI relation, there exists a coarsening

F ′′
2 of F2 such that Πi ∨ F ′′

1 = Πi ∨ F ′′
2 for every player i. Since a, d ∈ E = F2(ω1)

and F ′′
2 is a coarsening of F2, we have F ′′

2 (a) = F ′′
2 (d). On the other hand, F ′′

1

separates a from c1, but does not separate any subsequent adjacent pair in the segment
c1, . . . , cℓ, d. Equality of the joined partitions along each adjacent pair therefore
implies F ′′

2 (a) ̸= F ′′
2 (c1) = · · · = F ′′

2 (cℓ) = F ′′
2 (d), a contradiction. Hence F1 refines F2.

Interchanging the roles of the two oracles gives the reverse refinement, and therefore
F1 = F2.
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