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1 Introduction

What restrictions does a partially informed mediator face when shaping the beliefs of
privately informed agents? A public signal must be based on the mediator’s informa-
tion, yet its interpretation depends on each agent’s private information. Even with a
single agent, the beliefs induced at different private information cells cannot generally
be chosen independently. Our paper studies these joint feasibility restrictions.

We study a setting with privately informed players and a partially informed ex-
ternal information provider (a mediator), all defined on a finite state space with a
common prior. Each player and the mediator are endowed with a partition of the
state space. The mediator sends a public signal according to a stochastic rule that
is measurable with respect to its information. Upon observing the signal, players
update their beliefs by Bayes’ rule, generating a joint posterior profile across players
(and across states at which the signal can occur). Our central question is a feasibil-
ity one: given a joint posterior profile, when does there exist a mediator-compatible
public signal that induces it? We answer this by providing necessary and sufficient
conditions for implementability.

This implementability concern is central in economics and game theory, where
Bayesian updating is the cornerstone of belief revision under uncertainty. In strate-
gic environments with incomplete information, players use signals to update their
beliefs about the underlying state of the world, often relying on publicly observed
information. While it might be possible to construct posterior beliefs through arbi-
trary signaling mechanisms, we focus on the more subtle problem of whether such
posteriors can be implemented under the restriction that signals must be measurable
with respect to the mediator’s limited knowledge. Moreover, the mediator’s partition
of the state space may differ from those of the players, creating the novel possibility
that players have common knowledge of events that the mediator does not know.

Our main tool is the graph of information, following the framework of |Rodrigues-
Neto (2009), which encodes the state space and players’ informational partitions in a
concise form. On this graph, we define a posterior likelithood function ¢ that records
posterior odds divided by prior odds across adjacent states (i.e., states lying in the
same information set of some player). For an implementable profile, these are the
corresponding signal likelihood ratios. We then ask under what conditions such a

function can be rationalized by a mediator-generated signal.



While the graph provides a convenient representation of informational constraints,
the core of our analysis lies in understanding how these constraints shape the imple-
mentability of belief updates. The function ¢ is particularly valuable in our set-up
because the likelihood ratios it encodes are shared by all players who cannot distin-
guish between adjacent states. As a result, the information carried by ¢ is adequate
for our analysis, rendering the graph-based model both concise and sufficiently infor-
mative.

Our main theorem shows that a joint posterior profile is implementable by a me-
diator’s public signal if and only if these likelihood ratios satisfy two multiplicative
consistency conditions: internal consistency (a cycle condition within each common
knowledge component) and external consistency (a loop condition generated by the
mediator pooling states across components). Our decomposition separates consis-
tency within the players’ common-knowledge components from consistency across
components linked by the mediator, building on Rodrigues-Neto| (2009) and |Hellman
and Samet| (2012)).

We then use the aforementioned characterization to study the geometry of the
feasible set, showing that it need not be conver even in the absence of incentive
constraints or restrictions on the number of signals. A characterization of convexity
of the feasible set (for every strictly positive prior) in the single-player case is provided,
as well. From an applied perspective, non-convexity can arise in familiar persuasion
environments, as illustrated by our technology-adoption example with a privately
informed firm. Finally, we show how the same graph-based tools inform problems
in information design and belief depolarization, and provide an additive analogue
relevant for potential games.

Our results bridge abstract information structures and concrete Bayesian updat-
ing. We show that ¢ can arise from Bayesian posteriors induced by a signal that
the mediator releases. This opens the door to interpreting the mediator as a gener-
ator of Blackwell experiments and leads to new insights about the implementability
of distributions over states and the coherence of beliefs across players. In doing
so, we extend the theory of common priors and beliefs, clarify the conditions under
which players’ posteriors can be coherently derived from shared signals, and provide
a graph-theoretic approach to understanding the flow of information in multi-agent

systems.



Technology adoption with private assessments: motivating example.

A technology provider discloses information about the quality of its technology
to a firm that has received a private assessmentﬂ The provider observes the quality
but not the assessment, and commits to a public reporting rule based on quality. If

the firm adopts, it receives a gross return g € {0, 1} and pays a fixed implementation
3
expected gross return is at least k. We refer to adoption as trade and to declining

cost k = 3, whereas declining yields a net return of zero. The firm adopts when its
as no trade. The provider obtains a fixed positive benefit from adoption and thus
maximizes its probability. In this example, the firm is a single player, and the provider
is the mediator.

There are four states = {wy,ws,ws,w,} with prior p = (1—30, 1%, %07 1%) Quality
is good (¢ = 1) in w; and w3, and bad (¢ = 0) in wy and wy. The private assessment is
favorable in w; and ws, and unfavorable in w3 and w,. Thus, the firm’s and provider’s
information partitions are P; = {{wi,ws}, {ws, wa}} and F = {{w,ws}, {ws,wa}},
as illustrated in Figure [I]

Before the public report, the firm assigns probability % to good quality after a
favorable assessment and i after an unfavorable assessment. The provider can choose

what evidence its report conveys about quality, but it cannot tailor the report to the

firm’s private assessment.

Figure 1: The player’s information partition P; (blue) and the mediator’s partition F' (red).

The provider’s knowledge of the private assessment has a substantial effect on
persuasion. If it observes both quality and the assessment, the maximum probability
of trade is %. For example, an adoption report sent with probability one in wy, ws, ws

and with probability % in wy occurs with probability ‘—51 and makes the firm’s posterior

IFor a related persuasion model with a privately informed receiver, see |Guo and Shmayal (2019).



probability of good quality equal to % after either assessment. The firm therefore
adopts whenever this report is issued.

However, when the provider observes only quality, the maximum probability of
trade drops to % Strikingly, this probability is already attained without disclosure:
the firm adopts after a favorable assessment, which occurs with probability % Thus,
at this cost, disclosure cannot increase the probability of trade when the provider
observes only quality. The information restriction doubles the minimum probability
of no trade from 20% to 40%. We establish both optima in Section |5.4}

To understand why this happens, we need to analyze the constraints on conditional
beliefs. Let z and y denote the firm’s posterior probabilities of good quality after a
favorable and an unfavorable assessment, respectively, conditional on a public report.
The corresponding beliefs over states are (z,1 — x,0,0) and (0,0,y,1 — y), so we
can simply represent them by (z,y). When the provider observes only quality, the
report must have the same likelihood a in both good states and the same likelihood
b in both bad states. whenever a,b > 0, Bayes’ rule yields © = % and y = 5,
so we get a non-linear relation y = %-. Note that every point on this curve with
0 < x < 1 is feasible: choose a = z and b = 1 — z, and complete the experiment
with a complementary signal. Figure [2[ shows two feasible profiles whose average lies
off the curve, establishing non-convexity. The fully informed policy’s adoption profile

1

(%, %) also violates this restriction: when z = %, feasibility requires y = ;.
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Figure 2: Feasible profiles and their arithmetic average. In the binary experiment 7, report s; occurs
with probability i in both good states and % in both bad states; so is the complementary report.

The characterization. The example raises two questions: which joint posterior



profiles can a fixed mediator generate, and when is their feasible set convex? Our
analysis answers the first question for any finite state space and any number of players,
and characterizes convexity in the single-player case.

The two private information cells in the example are its common knowledge com-
ponents (CKCs). The mediator links them through the pairs {wy,ws} and {wa,ws},
creating an F'-loop, ((w1,ws), (wy,ws)). Along this loop, the product of signal likeli-
hood ratios must equal one. For the example’s prior, this requirement is equivalent
toy = /(3 — 2x). We refer to this requirement as external consistencyl|

In general, we also require internal consistency: the product of likelihood ratios
must equal one along every F-cycle within a CKC. An F-cycle follows pairs of states
that a player cannot distinguish and closes through a pair that the mediator cannot
distinguish. Together with measurability of the target’s support, these conditions
provide our characterization of implementable joint posteriors.

Using this characterization, we study the geometry of the feasible set. In the
single-player setting, it is convex for every strictly positive prior if and only if there
is no fully informative F-loop (Theorem . The introductory example illustrates
how such a loop can produce a non-convex feasible set. Before optimizing a signaling
policy, one must account for these restrictions on the profiles that its signals can
generate. Section {| returns to the example using the formal consistency conditions

and then develops the general convexity result.

Related literature. Several strands of the literature inform our analysis. Since
the foundational work of [Harsanyi| (1967-1968), much effort has been devoted to for-
malizing and understanding the informational structures that underlie such environ-
ments. A key insight in this literature is that players’ information can be represented
as partitions over a finite state space, and the relationships among these partitions
encode the possible flow and structure of information in the game. Harsanyi (1967—
1968) provides the basis for belief-based reasoning in strategic settings.

Aumann’s framework for knowledge and common knowledge (see | Aumannl, [1976))
formalized the use of partitions to represent agents’ information. Building on this
foundation, our paper extends the idea by introducing an external mediator that
generates signals constrained by its own partition. A central concept in our analysis

is the CKC, which is rooted in Aumann’s original formulation.

2The loop-product restriction also appears in [Lagziel et al. (2025), who compare information
providers. Here, we fix the mediator and characterize implementable joint posterior profiles.



The question of whether a joint posterior originates from a common prior has
attracted significant attention across various settings. This inquiry has been stud-
ied extensively in contexts ranging from finite state spaces (see, e.g., [Morris, [1994),
to compact state spaces (e.g., Feinberg, 2000; Heifetz, 2006), and to countable state
spaces (see Lehrer and Samet| 2014). In the present framework, we assume that
players initially share a common prior and acquire information through their indi-
vidual partitions of the state space, subsequently updating their beliefs via Bayesian
conditioning.

The novel aspect of our model is the introduction of an external information
source, the mediator. Given the observed joint posterior profile of the players, we
inquire whether such a profile can be rationalized as arising from a known common
prior, augmented by additional public information disseminated by the mediator,
which itself may be only partially informative to the players. In other words, we ask:
does the joint posterior stem from the interaction between a common prior and an
external, symmetric informational input?

The conditions we impose, internal and external consistency, are inspired by the
cycle-based consistency concepts introduced by Rodrigues-Neto| (2009) and |Hellman
and Samet| (2012), though our focus is on implementability via constrained signals
rather than belief structures.

At a conceptual level, our mediator corresponds to a restricted Blackwell exper-
iment [Blackwell (1951)), with implementability shaped by its coarse knowledge. In
this sense, our work complements the Bayesian persuasion literature by asking when
a mediator can induce a given belief under informational constraints.

Lagziel et al. (2026 compare deterministic information providers, characterizing
dominance across games through simultaneous matching of all players’ posterior par-
titions. The present paper fixes the mediator’s information and characterizes the joint
posterior profiles attainable through stochastic public signaling.

Motivated by the question of aggregating experts’ opinions and building on the
results of Kellerer| (1961)), Strassen| (1965)), and (Gutmann et al.| (1991)), the work of
Dawid et al. (1995) provides a characterization of joint posterior beliefs for the case
of two agents. This was extended by |Arieli et al. (2021]), who characterize the set of
feasible distributions of joint posterior beliefs that can arise among multiple agents in
a binary state space, given a Blackwell experiment that provides different (potentially

asymmetric) information to each agent. Their characterization is closely related to



the no-trade literature in that it identifies constraints on belief distributions that are
consistent with a common prior and Bayesian updating, even when agents receive
heterogeneous private signalsﬂ More recently, Herings et al.| (2024) studied a similar
question, but derived a different characterization while accounting for an arbitrary
finite state space.

Independently of |Arieli et al. (2021), Ziegler (2020)) studies a setting in which
a mediator provides private signals to two receivers without committing to a com-
mon information structure. The mediator therefore chooses information structures
robustly, maximizing expected payoff against the worst-case interpretation consistent
with Bayesian rationality. In doing so, Ziegler derives necessary feasibility constraints
on the joint distribution of receivers’ posteriors, conditions that coincide with those
of |Arieli et al.| (2021)) as both necessary and sufficient in the case of two agents.

Our analysis distinguishes itself from existing literature in four fundamental ways,
which collectively define a novel research agenda. First, we adopt a setting in which
players receive private signals from a fixed information structure regarding an un-
known state that is not necessarily binary, allowing for a richer initial belief space.
Second, the mediator is only partially informed about the true state, and their own
information structure is fixed, which shifts the focus from optimal information design
to the mechanics of communication under given constraints. Our characterization
is thus framed in terms of the information structures of both the players and the
mediator. Third, the mediator utilizes a public communication channel, a deliberate
simplification that allows us to focus on the impact of generating common knowl-
edge, rather than the complexities of personalized private signals. Finally, and most
critically, our primary focus is on characterizing the specific joint posteriors that can
be induced by the mediator, rather than the distribution over these posteriors. We
then build upon this to define and characterize the entire set of implementable joint
posteriors, investigating the conditions under which any element of this set can be
implemented through a stochastic public signal, a major departure from the standard
distributional analysis in this field.

These differences become most apparent in our final result, which shows that

convexity (of the set of joint posterior beliefs) can fail purely due to information con-

3See also the follow-up paper and review of the no-trade history in [Morris| (2020), as well as
the study of [Burdzy and Pitman| (2020)), which follows |Dawid et al.|(1995)), to derive probabilistic
bounds on the polarization of posteriors in a two-agent setting.



straints. While instances of non-convexity are well known, they typically stem from
different sources. For example, Herings et al.| (2024) obtain non-convexity of feasi-
ble posterior distributions under limited message alphabets, whereas our framework
imposes no such restriction. (Candogan and Strack| (2023) derive a finite-dimensional
formulation of multi-agent information design that need not be convex, whereas our
non-convexity concerns the feasible set of conditional joint posterior profiles and is
entirely payoff-free. (Chen et al. (2025) demonstrate non-convex feasible regions un-
der support-size caps (K-signaling), whereas in our setting, constraints emerge from
likelihood-ratio products on F-loops, without any bound on the support. Kosenko
(2020) visualize non-convex feasible-posterior shapes under garbling, while we pro-
vide necessary and sufficient graph-based conditions, identifying precisely when such
non-convexity arises from a partially informed mediator and privately informed play-
ers. Finally, Ball and Espin-Sanchez (2021) establish non-convexity when the set
of experiments is restricted, whereas in our framework, the restriction is due to the
measurability of kernels given the mediator’s information.

Our characterization also clarifies when convexity can and cannot be expected. In
Section [l we provide a sharp convexity characterization for the single-player case, and
we show by example that non-convexity can persist in richer environments, including
settings with multiple privately informed players, even when the mediator is fully
informed. Together, these findings build the case that non-convexity can arise purely
from informational constraints, independent of payoffs, support, or signal limitations.

Finally, our results contribute to the broader literature on higher-order beliefs (see
the review by |Geanakoplos, [1994)), by characterizing which belief patterns, encoded
in posterior likelihoods, can emerge from shared public signals constrained by a third

party’s limited information.

The structure of the paper. The paper is organized as follows. Section
presents the model and defines joint beliefs, posterior likelihoods, the graph of in-
formation, and the notions of cycles and loops. Section [3] introduces internal and
external consistency and proves the key graph-theoretic result (Proposition [1)) under-
lying our main characterization. Section states the main implementability result
(Theorem [1)). Section [4] studies the convexity of the feasible set. Section [f] discusses
extensions and applications, including multiple signals, persuasion, polarization, and

potential games.



2 Preliminaries

Let N = {1,2,...,n} denote the set of players, and let {2 be a non-empty, finite
state space with a strictly positive common prior . Each player i € N has a finite
partition P; of €2, representing player ¢’s information. For any state w € €2, we denote
by Pi(w) the element of the partition P; that contains w. A Common Knowledge
Component (CKC), typically denoted by C' C €2, is a minimal non-empty subset of
states that is measurable with respect to the o-algebra of every player (see | Aumann,
1976)). The notation C(w) refers to the CKC that contains the state w.

Let F be a partition of €2 belonging to an agent outside the set /N, which we refer
to as the mediator. As before, F'(w) denotes the information set of F' that contains
w. The mediator may provide additional information to the players beyond their
private information. For this purpose, the mediator uses a public signaling function
7 :Q — A(S), where S is a finite set of signals and A(S) is the set (simplex) of
distributions over S. Let 7(s | w) denote the probability that the public signal s € S
is observed given state w. Note that the signaling function is measurable with respect

to (henceforth, w.r.t.) F[f] Formally, 7 is an F-measurable stochastic kernel:

(i) For each state w € €, 7(- | w) is a probability distribution over a finite set of

signals S.
(ii) For all W € F(w) and s € S, we have 7(s | ') = 7(s | w).

The signaling function 7 is also known as a Blackwell experiment (see Blackwell,

1951)), so the mediator can be viewed as a generator of Blackwell experiments.

2.1 Bayesian updating and joint posterior beliefs

When the realized state is w, player i is informed of P;(w). Assuming there exists
W' € P;(w) such that 7(s|w’) > 0, upon observing s, player i updates his belief using
Bayes’ rule. The updated belief is given by the following distribution.

]—{w’Epi(w)}/’L(w/)T(s ‘ w/) (1)

el P ) = S o W) (s [

4Measurability w.r.t. F' means that if w and w’ are indistinguishable from the mediator’s per-
spective, namely, in case w’ € F(w), then 7(s | ') = 7(s | w).



In particular, p,;(- | P;(w), s) is a probability distribution whose support is a subset
of Pi(w). For notational convenience, we set p.;(w' | Pi(w),s) = 0 for every w’,
whenever 7(s | P;(w)) = 0.

When the realized state may vary, we define the joint posterior associated with T
and s as the set of posterior profiles across all states and players that can be generated
by s:

M= { (pri(- | Pi(w),s))ieN D w € Q with 7(s | w) > O}. (2)

This joint posterior dictates each player’s beliefs about the true state, as well as their
beliefs about others’” beliefs and higher-order beliefs, making it a central object for

analyzing equilibrium behavior.

2.2 Joint beliefs

To allow for even greater generality, the following definition of a joint belief requires
neither a signal nor a mediator. It will be used throughout the paper to define the

joint profile of beliefs that a mediator can potentially generate.

Definition 1. A joint belief is a map JB : Q x N — A(Q) U {14} ]| not identically
equal to 1y, satisfying:

(i) Common realized state: if JB(w,i)(w) > 0 for some i, then JB(w, j)(w) > 0 for
all 3 € N.

(7)) Information-set support: if JB(w, ) # 1y, then the support of JB(w, i) is a sub-
set of Piy(w), and JB(w,i)(w) > 0. Moreover, for every ' € Q, JB(w,i)(w') >0
implies JB(w', 1) # 1y.

(7ii) Information-set invariance: for everyw’ € P;(w), if JB(w,7) # 1y and JB(w', i) #
1y, then JB(w',i) = JB(w, 7).

(i) Likelihood-ratio agreement: for every i, j,w and w' € Pi(w) N P;(w),

JB(w,7)(w) _ JB(w, j)(w)
JB(W',i)(w)  IB(W,j) (W)’

assuming the denominators are nonzero.

5The term 1y denotes the zero vector.

10



When well-defined (i.e., when JB(w, ) # 1p), JB(w, ) stands for the belief distri-
bution that player i assigns to 2 when the set P;(w) is realized. The corresponding
probability of state w’ is denoted by JB(w,)(w’).

Several remarks are in order. First, the conditions in Definition [I] are necessary
for a joint belief to be induced as a joint posterior belief by a public signal. Indeed,
they follow from the basic properties of Bayesian inference given the existence of a
common prior and a mediator’s public Signalﬁ For example, a common realized state
(condition (i) above) must be satisfied whenever players consider the same probability
space, and in cases without a common prior, likelihood-ratio agreement (condition
(iv) above) need not be satisfied. Second, we include the indicator 1y to capture cases
where the mediator’s signal has zero likelihood at w; in such cases, we set JB(w, i) = 1y
for all such states. Note that 7(s | w') = 0 for some w' € P;(w) does not by itself
make the posterior in Eq. (1) ill-defined; it only implies that p,;(w" | Pi(w),s) = 0.
Third, the definition hinges on the players’ fixed partitions, primarily through the
information-set support and invariance requirements (conditions (ii) and (iii) above),
but it does not relate to the mediator’s partition. Moreover, these two conditions
apply to each player at the individual level, rather than across players.

Given a JB and a common prior u, a natural question is whether there exists a
signaling function 7 and a signal s that jointly induce this JB as a posterior. We
approach this question by examining posterior likelihood ratios. This builds on a key
observation that, although posterior updating is typically player-dependent (as the
denominator reflects player i’s information partition), the following likelihood ratios

are not: phri(w | Pi(w), s) B pw)T(s | w)

,ur,i(wl | Pi(w/), 3) o lL(UJl)’T(S | OJ/)7 vw7w/ € Pz(w) (3)

In particular, whenever w and ' lie in the same information set (i.e., W' € P;(w), or
equivalently P;(w) = P;(w’)) and both conditional probabilities are positive, this ratio
is well defined and independent of the player. This also clarifies the two constraints
imposed in Definition [, We explore this idea further in the following section.

To formally define the problem, fix a JB and a common prior u, and let €2, denote
the set of states such that JB(w,7)(w) > 0 for some player i, and hence for all players.
In particular, we restrict attention to the states that are assigned positive probability.

Normalizing g to this set, we obtain the distribution (- | Q)]

6 A broader discussion of this point is provided in connection with Eq. below.
"We discuss the case where some states are assigned zero probability in Section

11



JB(w,i)(w)
JB(w’ i) (w’) "

We ask whether there exists a signaling function 7 of the mediator and a signal s that

For a pair w,w’ € € such that ' € P;(w) for some 4, consider the ratio

induce the same likelihood ratios. Specifically, does there exist a signal s and a

function 7 such that

IBw,i)(w) _ plw | Q)r(s|w) _ p(w)r(s | w) "
TBW, @) e [2)7(s (&) (s [@)

for every player i and every w’ € P;(w)? Note that the right-hand side of Eq. does
not depend on player 7, but only on whether w and w’ lie in the same information set
for some player. To further discuss this question and see why likelihood ratios are

sufficient statistics for generating joint posteriors, consider the following example.

Example 1. There are five states and two players such that P; = {{wq, w2}, {ws}, {ws, ws}},

Py = {{w1,wa, w3}, {ws}, {ws}}, and F = {{w1,ws}, {ws, w3, ws}}. Figureillustrates
the knowledge structures of the players as well as that of the mediator.

Q Q
o W1 o Wy

P1

o W9y
Po

o W3 o W5

A B)

The players’ information The mediator’s information

Figure 3: Panel A illustrates the information structure of player 1 (blue) and player 2 (red). Panel
B portrays the information structure of the mediator (orange).

Starting with a basic set-up and in the absence of any mediator, one may ask

whether there exists a common prior that induces the joint posterior given in Table ]

12



Table 1: Joint beliefs without a mediator

State Player 1 Player 2

w1 (1/2,1/2,0,0,0) (1/3,1/3,1/3,0,0)
wo (1/2,1/2,0,0,0) (1/3,1/3,1/3,0,0)
w3 (0,0,1,0,0) (1/3,1/3,1/3.0,0)
Wy (0,0,0,1/2,1/2) (0,0,0,1,0)
ws (0,0,0,1/2,1/2) (0,0,0,0,1)

Note: Each row reports the players’ posterior beliefs conditional on the realized state.

Indeed, such a prior exists: the uniform distribution over {2 induces exactly these
posterior beliefs. This example also illustrates a restriction across players: the states
wy and ws lie in the same information set for both players.

As a consequence, the ratio between the probabilities assigned to these states
(namely, % for player 1 and %

persists even when a mediator provides additional information, as illustrated in the

for player 2) is identical across players. This property

next table, and it constitutes a cornerstone of our characterization.
Suppose now that the common prior is uniform. Does there exist a public signal
that the mediator could reveal so as to induce the JB given in Table

Table 2: Joint beliefs conditional on the mediator’s signal

State Player 1 Player 2

w1 (1/3,2/3,0,0,0) (1/5,2/5,2/5,0,0)
wa (1/3,2/3,0,0,0) (1/5,2/5,2/5,0,0)
w3 (0,0,1,0,0) (1/5,2/5,2/5,0,0)
Wy (0,0,0,1/3,2/3) (0,0,0,1,0)
ws (0,0,0,1/3,2/3) (0,0,0,0,1)

Note: The common prior is uniform. Each row reports the players’ posterior beliefs conditional on

the realized state and the mediator’s signal.

The answer is yes. Consider a signaling function 7 and a signal s such that 7(s |
w;) =1/5 for i € {1,4} and 7(s | w;) = 2/5 for i € {2,3,5}. Since 7(s | wy) = 7(s | wy)
and 7(s | wg) = 7(s | w3) = 7(s | ws), the function 7 is F-measurable.

Now modify Table[2] by replacing player 1’s posteriors at wy and ws with (0, 0,0, 1/5,4/5).
The resulting table still defines a joint belief (Deﬁni’ciom7 but it is not implementable

by any F-measurable public signal.

13



The reason is that if, under wy, the posterior of player 1 is (%, %, 0,0, 0), then due

to the F-measurability restriction, the ratio

must match .
7(s | wa) 7(s | ws)

However, in the former case, the ratio is %, while in the latter it is %L.

A hierarchy of beliefs. A joint belief specifies each player’s posterior at every
state, and therefore encodes not only first-order beliefs but also higher-order beliefs,
which are central for equilibrium analysis. For example, in Table [I, when w, is
realized player 1 assigns probability 1/2 to each of wy and ws. Hence player 1 assigns
probability 1/2 to the event that player 2 is certain the state is wy and probability 1/2
to the event that player 2 is certain the state is ws. This illustrates how the posteriors’
state-by-state specification also encodes the hierarchy of beliefs.

This example also highlights why likelihood ratios are the right object for our
analysis: any F-measurable public signal must preserve relative likelihoods of states
within each information set, and these ratios will become the algebraic constraints in

our implementability characterization.

2.3 The graph of information and PL functions

In this section, we present two key elements for our analysis: the graph of information
and posterior likelihood functions. Starting with the former, we represent the agents’
private information by a directed graph, following [Rodrigues-Neto| (2009). The graph
provides a compact way to record which pairs of states are directly comparable for
at least one player (i.e., states that a player may confound within an information
set). This will later allow us to express Bayesian feasibility restrictions as simple
multiplicative constraints along particular chains in the graph.

Formally, let G = (V, E) be a directed graph with vertex set V' = €. For two
states w,w’ € Q, we include a directed edge (w,w’) € E (denoted w — «') if there
exists a player ¢ € N such that ' € P;(w). Since each P; is a partition, whenever
w — W' we also have W’ — w. We keep both directions because likelihood ratios will
be defined on directed edges. See below the illustrative graph for Example

Let — denote the transitive closure of —: we write w — w’ if there exists a finite

sequence of states w = wy,ws,...,w, = w' such that wy — w1 for all & < m.
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Because edges come in both directions, — is an equivalence relation; its equivalence
classes coincide with the common knowledge components (CKCs). In particular, G
decomposes into connected components, each corresponding to a CKC.

The second central object in our characterization is a function that records local

likelihood ratios (comparisons across edges).

Definition 2 (Posterior likelihood (PL) function). A positive function ¢ defined over
E is a posterior likelihood function if it satisfies the conditiorf)
ol ) = ———. o)
’ p(w,w)

Intuitively, p(w,w’) is the likelihood ratio of w relative to w’ as perceived by any
player who cannot distinguish between them.ﬂ Later, a joint belief (together with a
prior) will induce such an ¢ on E via Bayes’ rule. We typically ignore self edges (as
w € P;(w) trivially), but if needed, set p(w,w) = 1.

Example [1, continued. The graph of information corresponding to the model
described in Example [I omitting arrows from a state to itself, is given in Figure [4]
Note that the likelihood ratio of the probabilities of w; and ws is 1/2 (recall Table
above). This is true for both players since w; and wy belong to the same information
sets of the two. We therefore obtain that ¢(w;,ws) = /2, and the other values of the

PL function are:

()0((,4}2,(,(}3) = 17 (,0(&)37(,{)1) = 27 and QO(LU4,CO5) = 1/2’ (6)

while preserving the relation in Eq. .

2.4 Cycles and information loops

The mediator’s partition ' may be coarser than the players’ common-knowledge
partition: the mediator may pool together states that all players (collectively) do
distinguish. This mismatch is captured by two graph-theoretic objects: F-cycles and
F-loops. We introduce them here so that the subsequent consistency section can focus

purely on restrictions on ¢ rather than on the combinatorics of the environment.

8We abuse notation and use ¢p(w,w’) instead of ¢((w,w’)).
9A PL function is a gain function, as defined in |[Zaslavsky| (1989), with values in the multiplicative
group of positive real numbers; our terminology emphasizes its Bayesian interpretation.
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w1 Wy

%) w3 Ws

Figure 4: The graph of information. In this example, there are two connected components, each
corresponding to a CKC.

An F-cycle is a chain of player-edges that “closes” because the terminal state lies

in the same mediator cell as the initial state.

Definition 3 (F-cycle). An F-cycle is a finite sequence of states wy,wa,. .., Wni1
such that

(wiy,wiy1) € E fori=1,...,m, and W1 € Fwy).

Since wy — wy,41, every F-cycle is contained in a single CKC; the mediator enters
only through the closing condition w41 € F(w;). When F is discrete (singleton
cells), an F-cycle reduces to an ordinary directed cycle wy, 11 = w;.

Next, we define information loops that capture the mediator’s ability to connect
distinct CKCs through its own coarser information. The concept of a loop plays a
pivotal role in |[Lagziel et al.| (2025]) to provide conditions such that one mediator dom-
inates another, in an extension of Blackwell’s work on the comparison of experiments

(see Blackwell, [1951)).

Definition 4 (F-loop). An F-loop is a finite sequence of pairs ((w,-,a;i));il such

that, for eachi=1,...,m:

(i) w; — @w; (the pair lies in the same CKC);

(i) ;i # wip1 (successive pairs lie in different CKCs);
(#ii) w; € F(wiy1), with the convention wy,+1 = w;.

Condition (i) means that each pair (w;, ;) lies within a single CKC. Condition
(ii) forces the loop to move across CKCs. Condition (iii) explains how it moves: the

mediator cannot distinguish @, from the next state w; 1 because they lie in the same
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F-cell. In the introductory example, the single player’s information cells {w;, ws} and
{ws, w4} are the two CKCs. The mediator pools w; with ws and wy with wy, although
the player distinguishes the two CKCs. The pairs ((wy,ws), (ws,ws)) therefore form
an F-loop.

The graph, cycles, and loops introduced above are purely structural objects de-
termined by the players’ information partitions and the mediator’s partition F'. In
Section [3.1] we translate these objects into algebraic restrictions on the posterior like-
lihood function ¢ by evaluating products of likelihood ratios along them. Along an
F-cycle we multiply ¢ directly on successive edges, whereas along an F'-loop we must
compare states within a CKC that may not be adjacent; we do so by extending ¢
along paths inside each CKC (internal consistency will guarantee that this extension
is well defined). These consistency conditions will then be used in our characterization

of Bayesian implementability.

3 Consistency conditions and main result

In this section we introduce two restrictions, referred to as internal and external
consistency, that characterize when a posterior-likelihood function ¢ can be generated
by an F-measurable signaling function. Section develops the graph-theoretic
characterization, and Section applies it to Bayesian updating to obtain our main

implementability theorem.

3.1 Internal and external consistency

We start with a purely structural question that depends only on the players’ partitions
(P;); and the mediator’s partition F'. Fix a PL function ¢ on the edge set E. Does
there exist an F-measurable, strictly positive function f : 2 — R, such that

fw)

o(w,w) = ) for every (w,w’) € E?

To address this question, recall the notions of an F-cycle and an F-loop from
Section [2.4. We use these objects to formulate two consistency conditions, which
Proposition 1] shows are necessary and sufficient. This result will later allow us to

test whether a joint belief JB is implementable: we map JB into its induced PL
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function and verify the consistency conditions (see Eq. and Remark .

The first property, internal consistency, parallels Definition 2 in Rodrigues-Neto
(2009), where cycles are defined solely in terms of the players’ information, indepen-
dently of the mediator[”)

Definition 5. Let (w;,w;y1), be an F-cycle. Then, Internal consistency [INC]|
holds if

m

[T e(wiwin) = 1. (7)

i=1

Hellman and Samet] (2012) refer to the left-hand side of Eq. (7)) (when F is trivial)
as the type ratio of a chainﬂ Note that for every (w1, ws) € F, the sequence (w1, ws, wy)
is an F'-cycle. Thus, by Eq. , a positive function ¢ defined on E is a PL function if
and only if Eq. @ holds for every such F-cycle. In particular, [INC] implies Eq. ,
and hence ¢ is indeed a PL function.

The following Lemma [1| uses [INC] to extend any ¢ in a consistent manner in
every CKC. (The proof is relegated to the appendix; see Section )

Lemma 1. Assume [INC]. Then, ¢ can be extended to any pair (wi,wpm+1) where

W1 = W1, and it holds that for any sequence of edges ((Wi,wz‘+1))m L nE,

=

m

[T o, wisr) = o(wi, wme). (8)

=1

In Example , the sequence ((wl,wg), (we, ws3), (wg,wl)) forms an F-cycle, and
indeed, in Table [2] the product of the corresponding values that ¢ assigns to these
edges does equal 1 (see Eq. () above).

Remark 1. Lemma [I] implies that if ¢ satisfies [INC], then, given the prior p, for
each connected component C' of G the ratios encoded by ¢ determine a probability

distribution on C. Specifically,

e MW)e(W W)
pe(w' | C) = Zw”eC (W p(w”, w)’ (9)

0T specific cases, [Hellwig| (2013) simplifies the consistency test of Rodrigues-Neto (2009) for
verifying whether a given set of players’ posteriors is compatible with a common prior.
HMore precisely, our induced PL function uses the inverse of their posterior ratio, corrected by

prior odds; see Eq. .

18



where w is any reference state in C' (the expression is independent of this choice).

Similar to the notion of an F-cycle and the internal consistency property, we

employ the F-loop to define external consistency as follows.

Definition 6. Assume [INC] holds so that ¢ extends as in Lemma [l, and let
((wi,@i))zl be an F-loop. Then, External Consistency [EXC] holds if

m

Hcp(wi,wi) =1 (10)
i=1

The [EXC] condition has substantive content only when the mediator lacks
knowledge of the players’ common knowledge. Equivalently, if for every w we have
F(w) € C(w), then no F-loops arise and [EXC] becomes vacuous. An extreme ex-
ample is an all-knowing mediator, who knows the exact identity of the realized state,
i.e., F(w) = {w} for every w € Q.

We revisit the introductory example to illustrate [EXC]. Consider a target profile
assigning (z,1—x,0,0) on {w;,ws} and (0,0,y, 1 —y) on {ws,ws}, where z,y € (0,1).
By Eq. , the signal likelihood ratios needed to induce this profile are

) x 1—y plws) 1-y

QO(WhWQ) = 1_x ’ M(wl) = 1_ o QO(LU4,LU3) = y ,u(w4) - 3y :

Consequently, [EXC] along the loop ((w1,ws), (ws,ws3)) requires = - 13_—yy = 1, which
L. This is exactly the feasibility restriction derived in the introduction.

3-2z°
The factor 1/3 in the second likelihood ratio comes from the non-uniform prior.

yields y =

The technical backbone of our analysis, stated in Proposition [I] establishes that
internal and external consistency, w.r.t. a given PL function ¢, are necessary and
sufficient conditions for the existence of an F-measurable function that reproduces

the likelihood ratios encoded by ¢. (The proof is relegated to the appendix; see
Section [A.2])

Proposition 1. Fiz . There exists an F-measurable and strictly positive function
f defined on V' such that, for every (w,w') € E,

%)
W%w)—qu, (11)

if and only if [INC] and [EXC] hold for the extension provided by Lemma [1]
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Once Proposition 1| establishes a characterization of a given PL function, we can
employ it in Section [3.2]to show how one can take a JB, translate it into a PL function,
and then replicate this JB for a given mediator.

As stated in Remark [I] when ¢ satisfies [INC] it induces a distribution p,(- | C)
on each connected component C. Section shows that if ¢ also satisfies [EXC],
then the mediator can choose an F-measurable signaling function 7 and a signal s

such that the posterior distribution over €2 given s admits the decomposition
pe(-18) =Y ulC ] s) (- | C), (12)
c

where the sum ranges over all connected components of GG, and

2wec T8 [Wp(w)

MOl = S s [yl

In simple terms, g, (- | s) is the posterior distribution over 2 after observing the

message s, sent by the mediator.

Remark 2. The preceding discussion has focused on the case of public signals, where
all players observe the same realization from the information structure. Evidently, if
a signaling function induces the joint posteriors of the entire group N, then it also
induces the joint posteriors of any subgroup I C N. Consequently, Proposition
implies that if the corresponding PL function ¢ g satisfies the consistency conditions

for N players, it will also do so for any subset of N.

3.2 Main characterization: implementation to Bayesian up-

dating

In this section, we apply Proposition (1| to the context of Bayesian updating. Suppose
all players share a common prior u, and let JB denote a joint belief, as defined in
Definition[I] Can this joint belief be induced by a signaling function 7 of the mediator
and a signal s?

We employ Proposition [I] to answer this question. To see this, let us focus first on
the subset 2, C Q of states w for which JB(w,1)(w) > 0 for some player i. Consider
the graph G, = (2, E,) , which is the restriction of the original graph G' = (2, F)

12Recall that JB(w, i) is a distribution while JB(w,i)(w) is a probability.
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to the subset €2,. Using Eq. , define a new PL function ;5 on the edge set E, as

follows:

B i) g o
gOJB(w,w)—JB(w/’Z,)(w/) (@) V(w,w') € Ey W € Pi(w). (13)

Since both p and JB(w,1)(w) are strictly positive on €, ;g is strictly positive as
well. Note that the common realized state constraint (condition (i) in Definition [I)),
ensures that JB(w,j)(w) > 0 for every player j and every w € € . Accordingly,
the information-set invariance requirement (condition (iii) in Definition ensures
that JB(w,i) = JB(w',i), as long as both are not the zero vector. Moreover, the
likelihood-ratio agreement (condition (iv) in Definition (1)) ensures that the right-hand
side is invariant to the chosen player i, so ¢;p is a well-defined PL function. Given
that [INC] holds, we can extend @5 to every pair (w,w’) in a given CKC as done
in Lemma [I] So, whenever [INC] holds, we henceforth consider the extended PL
function.

Recall that p, , (see Eq. above) denotes the joint posterior associated with 7
and s. As an implication of Proposition [1 the following theorem states that internal
and external consistency (w.r.t. ¢yg) are necessary and sufficient conditions for the
existence of an F-measurable signaling function 7 and a signal s, such that g, =
JB.H Other than the two consistency conditions, we also require that €2, is F-
measurable, because any JB that assigns zero mass to some states and positive mass
to other states within the same mediator information set is impossible to implement.
(The proof is relegated to the appendix; see Section )

Theorem 1 (Main Characterization: Implementable Joint Posteriors). Fiz all agents’

partitions, a prior, and a joint belief JB. Then there exists an F-measurable signaling
function T and a signal s, such that p., , = JB on Qy and {w € Q:7(s |w) > 0} = Q.
if and only if

(i) Q4 is measurable w.r.t. F; and

(i1) wip satisfies conditions [INC] and [EXC] in G4 7]

13To be clear, the equivalence holds for every player and every state in ), specifically, Vw € Q.
and Vi € N, we have p,;(-|Pi(w), s) = JB(w, 7).
HIEX(] is satisfied using the extension provided by Lemma [1} ensured by [INC].
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Note that condition (i) is necessary because the prior u is strictly positive. If the
mediator sends a given signal at some w € ), then the same signal must also be
sent at every w' € F(w), with the same probability. Consequently, if ' ¢ 2, the
posterior probability assigned to w’ cannot be zero unless the prior probability of w’
was already zero.

The characterization also admits a common-prior interpretation. Suppose €2,
is nonempty and F-measurable. Restrict the information structure to {2, and add
an agent whose information partition is the restriction of F' and whose beliefs are
w(- | F(w) N Qy). The target JB is implementable if and only if this augmented
belief system admits a strictly positive common prior v on €2,. The added agent’s
beliefs ensure that v/ is F-measurable on Q.. For sufficiently small ¢ > 0, the
likelihood 7(s | w) = cv(w)/pu(w) on ., with zero likelihood elsewhere, implements
the target JB. Conversely, an implementing signal yields such a common prior through
v(w) < p(w)7(s | w). Our decomposition separates consistency within each common
knowledge component from the compatibility of their relative weights across mediator-
linked components.

The economic implication of Theorem [1| is as follows. Suppose a function ¢ is
given. By Remark [ ¢ induces a probability distribution over each connected com-
ponent, and thus determines the posterior beliefs of all players. Theorem [I| identifies
conditions under which there exists a signaling mechanism, implemented by the me-
diator, that induces these posterior beliefs, as described in Eq. .

4 Non-convexity of the feasible set

This section studies the convexity of joint posterior profiles conditional on players’ pri-
vate information. A convex combination of two profiles uses the same weight at every
state and for every player. As the introductory example shows, this operation need
not correspond to pooling signals, because Bayesian pooling generally uses different
weights at different private information cells. This non-convexity does not invalidate
concavification over public posteriors, that is, posteriors based on the public signal
alone. The distinction is between a public posterior and the system of conditional
beliefs obtained from it by conditioning on private information.

To understand why convexity may break down, consider the consistency con-

straints in Theorem [I] The external consistency condition builds on the function
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wjp defined in Equation ((13). Given either an F-loop or an F-cycle, take two dis-
tinct feasible joint posteriors that individually satisfy the consistency constraints.
For convexity to hold, their average should also satisfy these constraints. However,
the constraints are nonlinear in the posterior probabilities, since they arise from a
product of likelihood ratios. So the average may fail to sustain a necessary feasibility
condition.

Recall that Definition [1| allows JB(w,?) to take the value 1y, which does not
represent a probability distribution. Consequently, the set of joint beliefs is not
convex in the standard sense: if one joint belief is a valid distribution and another
is 1y, their convex combination is not a well-defined belief. We therefore restrict our
attention to cases where, conditional on the state and player, the support of the two
joint beliefs are in the same partition elements. Formally, we adopt the following

definition of convexity:

Definition 7. The feasible set is convex if for any two feasible joint beliefs JB, and
JBy with matching information-supports (i.e., JB1(w,i) = 19 <= JBs(w,7) = 1y
for all (w,1)), the candidate posterior profile A\JBy + (1 — A\)JBy is feasible for all
A e 0,1

As the introductory example shows, non-convexity can arise even with a single
privately informed playerE We now revisit that example using the consistency con-

ditions.

Example 2 (The introductory example revisited). Use Q, u, Py, F, and the two-

signal experiment 7 from the [introductory examplel Table 3| panel A, reports the

full posterior profiles induced by s; and s,; panel B reports their arithmetic average,
denoted by JB. Both signals have strictly positive likelihood at every state, so the
two profiles have matching support and their average is a well-defined joint belief.
For the F-loop ((wy,ws), (w4, ws)), the prior-corrected likelihood ratios of this average
satisfy

JB(wi, 1)(w1) p(wz) JIB(wg, 1)(we) plws) 1/2 3/10 7/10 1/10

’ 1
JB(ws, 1)(ws)  p(wr) JB(ws, 1)(ws) pm(ws)  1/2 3/10 3/10 3/10 9 7

5Matching information-supports does not ensure likelihood-ratio agreement, condition (iv) of
Definition [I} A mixture must satisfy that definition before its induced PL function can be tested for
[INC] and [EXC]. A mixture that fails the definition is infeasible.

16Kolotilin et al.| (2017) and |Guo and Shmaya (2019) provide insights into persuasion problems
with privately informed receivers.
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Thus, [EXC] fails. By Theorem [1} the average profile is not implementable, and the

feasible set is not convex.

Table 3: Signal-specific posteriors and their average

A B
State post(- | s1) post(- | s2) State  Average posterior
w1 (1/473/4a030) (3/4a 1/47070) w1 (I/Qa 1/27070)
w2 (1/473/4a0a0) (3/47 1/4,0a0) &) (1/2v 1/27070)
w3 (0,0,1/10,9/10) (0,0, 1/2,1/2) w3 (0,0,3/10,7/10)
W4 (0,0,1/10,9/10) (0,0, 1/2,1/2) W4 (0,0,3/10,7/10)

Note: Panel A reports the player’s posterior beliefs given the mediator’s signals. Panel B reports

their unweighted average, 3 (post(- | s1) + post(- | s2)).

Next, one can devise an example with a fully informed mediator and a uniform
prior that still does not admit convexity. Fix Q = {w;,ws, w3, wy}, endowed with a
uniform prior, a fully informed mediator, while P; = {{wy, w2}, {ws,ws}} and Py =
{{w1, w3}, {w2,ws}}. So there exists a cycle that goes through all four states. Now
consider two signals, the first s; is completely non-informative and the second is
T(s2]wi) = T(s2|we) = &, T(s2ws) = 2 and 7(sa|ws) = 2. One can easily compute the
joint posteriors given each signal and their average, and use our characterization to
verify that the outcome is a non-implementable joint posterior, although the mediator
has full information.

We can also simplify the state space with an example that builds on three states
with prior p = (3, 1,3), where P; = {{wi,wa}, {ws}}, Po = {{w1,ws}, {w2}}, and
the mediator’s partition is F' = {{w;}, {ws,ws}}. Take two signals where the first
is completely non-informative and the second is 7(salws) = T(s2|ws) = 27(s2|wr).
Again, a simple computation shows that the average of the two joint posterior beliefs
is not implementable.

On the other hand, it is easy to show that the feasible set is convex in two bench-
mark cases of: (i) uninformed players; and (ii) a fully informed mediator with one
player.ﬂ The question now arises: when is the feasible set convex? Our graph-of-
information characterization provides tools to address this question, but it requires

two additional notions: pseudo-independence and fully informative loops.

17Obviously, the set would also be convex in a binary state space, as any connected set is convex
in one dimension.
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Definition 8. Let A = {Ay,..., As} and B = {By,..., By} be two partitions of .
We say that A and B are pseudo-independent if, for every strictly positive prior

1, there exist constants ay,...,apy and by, ..., by such that, for every ¢ and j with
Ai N Bj 7é @, [/J(AZ N B]) = aibj.

Technically, pseudo-independence means that, for every prior u, the incidence
matrix (,u(Ai N Bj))ij’ which represents the joint distribution induced by p over the
two partitions, equals the matrix which is the outer product of two vectors, (ay, ..., ay)
and (by, ..., by), except for the cells where A; N B; = 0.

This definition establishes a structural condition on the geometry of the partitions.
Because the factorization is required to hold for ewvery prior, pseudo-independence
describes a combinatorial property of the information structures themselves, inde-

pendent of any specific belief system or probability measure.

Example 3. Use the same state space and player partition as in Example [2| but
take p = (%, %, %, %) For convenience, denote A; = {wy,ws} and Ay = {ws, w4}, while
the mediator’s partition is now F = {By, By, B3} where By = {wy,ws}, By = {wy},
and B3 = {w,}. It is clear that P; and F are not probabilistically independent with
respect to u.[zg] However, for the constants a; = as = 1, by = by = 0.2, and b3 = 0.4,
we have p(A; N B;) = a;b; whenever A; N B; # ). For example, u(A; N By) = p(wy) =
1-0.2 = 0.2. Since we can provide a similar factorization for every prior u, the
partitions are pseudo-independent. It is important to note that when A; N B; = 0,

no condition is imposed.

Next, following [Lagziel et al. (2025), we define informative and fully informative

loops:

Definition 9. An F-loop ((wi,@i))zl

and w; belong to two different information sets of F. It is fully informative if this

1s informative if there exist an i such that w;

condition holds for every i =1,...,m.

An informative loop implies that, within a chain of states that players cannot
distinguish, the mediator can distinguish some states. This capability allows the
mediator to induce likelihood ratios that do not aggregate linearly, and may create

non-convexity (depending on the prior).

18The two partitions are probabilistically independent with respect to p if u(A;NB;) = u(A:)u(B;)
for every i, j.
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In a single-player setting, the implication of F(w;) # F(&;) is that w; and w; are
indistinguishable to the single player, whereas the mediator can distinguish between
them. In this sense, the mediator may convey additional information to the player
along the loop. For this reason, the loop is called informative. For example, the
F-loop ((w1,ws), (wy,ws)) in Example [2] is fully informative because F'(wy) # F(ws)
and F'(wy) # F(ws). Had F been trivial (i.e., F' = {2}), so that the mediator knows
nothing, the sequence ((wi,ws)(wy,ws)) would still form an F-loop, but it would no
longer be informative.

We are now ready to characterize the convexity of the feasible set. This char-
acterization relies on two conditions. The first is a combinatorial condition on the
mediator’s and the player’s partitions, ensuring pseudo-independent factorizations,
and the second concerns the information (knowledge) available to the mediator along
every loop. (The proof is relegated to the appendix; See Section )

Theorem 2. Consider a player endowed with a partition Py and a mediator whose

partition is F'. The following statements are equivalent.
o The feasible set is convex for every prior.
e Py and F are pseudo-independent.
e There is no fully informative F'-loop.

Theorem [2| can be extended to show that, given a fully informative F-loop, the
feasible set of posterior beliefs is not convex for almost every prior. In other words,
a non-convex set of posterior beliefs is generic, in the presence of a fully informative
F-loop. This result is given in the following Proposition [2, (The proof is relegated
to the appendix; See Section [A.5])

Proposition 2. Consider a player endowed with a partition Py and a mediator whose
partition is F'. If there exists a fully informative F'-loop, then the set of priors for

which the feasible set is convex has Lebesgue measure zero.

Interestingly, there are various, quite standard persuasion models with a fully in-
formative F-loop. For example, following Guo and Shmaya (2019)), consider an online
platform (Sender) that wants a customer (Receiver) to buy a product. The product

has an unknown quality ¢ € {qg,qr}, where 0 < g, < qy < 1, known only to the
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Sender, while the customer reads reviews and forms a private “type” t: either opti-
mistic ty (w.p. q) or pessimistic 7, (w.p. 1 —¢). Evidently, the optimistic type is easier
to persuade about a high-quality product than the pessimistic one. The Receiver can
either buy or not, and conditional on buying, his payoff depends on ¢ (and 0 other-
wise), while the Sender’s payoff is positive only if the Receiver buys (and 0 otherwise).
Thus, the state space comprises 4 states, where the Receiver’s and the Sender’s par-
titions are Py = {{quty, qrtu}, {qutr,qrtr}} and F = {{quty, qutr}, {qctu, qrtr}},
respectively. This yields a 4-state, fully informative F-loop, and the feasible set is

non-convex for every strictly positive prior over qualityf;g]

5 Extensions and applications

5.1 A Mediator as a Blackwell-experiments generator

In the previous sections we provided necessary and sufficient conditions for a JB to
be generated by a single F-measurable signaling function and a single signal. Now
suppose we are given several beliefs, JBy,...,JB,,. Asin Eq. , each JB; induces a
PL function ¢;p,. Assume that each ¢;p, satisfies the [INC] and [EXC] conditions,
thereby enabling the application of Theorem|[I] This means that for each i, there exists
a signaling function 7; and a signal s; such that the posterior they induce coincides
with p; = psp;, as in Eq. . Fix these implementations and their induced public
posteriors iy, ..., f,. Thus, each posterior is individually generated by a distinct
signaling function and signal. Our question here is whether there exists a single
signaling function 7 that generates all of these posteriors with positive probability,
and no others.

To formally introduce this question, denote

p(w)7(s | w)
w'eR /L(W/)T(S ‘ w/>7

fir(w | 8) = (14)
2

which is the posterior probability of w given that the signal s has been generated

by 7. The corresponding posterior distribution over {2 will be denoted by (- | ).

Note that the signaling function and the signal are constructed so as to retain all

Yelet r = p({quty,qutr}) € (0,1). For the two Receiver cells and the high-quality Sender cell,
the prior expression in Eq. equals (1 —7)(qg — qr) > 0. The two feasible profiles constructed
in Appendix therefore have an infeasible average.
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posterior probabilities consistent with the respective JBs and subject to the mediator’s
informational constraint. Once constructed, they induce a distribution over the state
space obtained through standard Bayesian updating.

We then ask: under what conditions does there exist a signaling function 7, mea-
surable with respect to F', such that the signals it produces with positive probability

are si,..., S, and

{MT(' |81)7"'7,u7'(' |Sm)}:{:u1>"'wum}? (15)

If the answer is affirmative, the mediator effectively serves as a generator of Black-
well experiments and, in particular, can generate the corresponding posteriors. To
investigate this question, we begin with the following definition. A nonzero function
u: Q — Ris called an option (or a state-contingent claim), as it specifies a monetary

payoff for each possible state.

Definition 10. (i) We say that the family of distributions vy, ..., vy preserves posi-
tivity (PP) w.r.t. u if, for every option u such that E,,[u] > 0 for every i, it follows
that E,[u] > 0.

(ii) We say that the family of distributions vy,..., v, strictly preserves positivity
(SPP) w.r.t. p if, for every option u such that E,(u) =0 and E,,(u) > 0 for every 1,
it follows that E,,(u) = 0 for every i.

To better understand the notion of positivity preservation, suppose that u is the
prior belief a decision maker holds about the state space €2, and let p1, ..., ., be the
posteriors induced by observed signals. If the posteriors py, ..., , do not preserve
positivity w.r.t. u, then there exists a utility function assigning payoffs to states such
that the expected utility under the prior u is strictly lower than the expected utility
under each posterior p;. This represents a case of time inconsistency: ex ante (i.e.,
under the prior), the option yields a negative expected reward, while ex post (i.e.,
conditional on any posterior), the same option yields a positive expected reward,
regardless of the specific signal realized.

Strict positivity preservation w.r.t. g means that the distributions py, ..., ux are
fully aligned with g in the following sense: there is no option whose expected value
is nonnegative under all u;, zero under u, and strictly positive under at least one ;.
Formally, if a function u has zero mean under u, that is, u regards it as “fair”, and

each p; weakly favors it (i.e., E,,[u] > 0 for all 4), then it must be that E,, [u] = 0 for
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all 7. In other words, for any option that is u-neutral, if it is weakly favorable for all

i, then it is strictly favorable for none.

Observation 1. To show that SPP w.r.t. u implies PP w.r.t. u, assume the former.
Consider an option u such that E, [u] > 0 for every i and assume, contrary to PP,
that E,[u] < 0. Define the option v =u —E,[u]. Then, E, [v] =E,[u] —E,[u] >0
and E,[v] = E,Ju] — E,[u] = 0. By SPP, E,.[v] =0 and thus E,,[u] = E,[u] <0 for

every i, which contradict the assumption.

We can now discuss the following Theorem |3| that extends previous results to a
set of joint posteriors. Retain the public posteriors uq, ..., t,, from the fixed imple-
mentations chosen above@ The first part of the following Theorem |3| states that PP
is a necessary and sufficient condition for the existence of a strategy 7 whose signals
generate posterior distributions, all of which are contained in {u1, ..., f,;,}. The sec-
ond part of the theorem uses SPP to characterize when there is a signaling function
whose set of posterior coincides with {1, ..., pm}. (The proof is given in Section
in the appendix.)

Theorem 3. Let i1 be a common prior, and let p;p,,...,¢is,, be PL functions that
satisfy [INC) and [EXC]. For every JB;, assume that Q',, defined as in Theorem
is measurable w.r.t. F. For each v, fix a public posterior p; induced by an F-
measurable implementation of JB;. Then, there exists an F-measurable signaling
function T such that:

(i) for every signal s generated by T with positive probability, the posterior it induces
belongs to the family {1, ..., wm} if and only if this family PP w.r.t. p;

(1) the set of posteriors it generates with positive probability coincides with {p, . .., fim }
if and only if this family SPP w.r.t. p.

One should note the construction underlying Theorem [3| First, a common prior
and a set of JBs are fixed to satisfy the conditions of Theorem [I} Next, the implied

strategies are employed to construct a set of posteriors over () that abstract from

20For the JBs themselves, the public representatives may be chosen. There exists a single F-
measurable experiment generating every JB; with positive probability and no additional JB profiles
if and only if one can choose, for each i, a public posterior v; induced by an F-measurable im-
plementation of JB; such that the family {v1,...,v,,} satisfies SPP w.r.t. p. Sufficiency follows
from Theorem For necessity, pool all signals inducing the same target JB. Each pooled signal
still implements that JB, and the resulting public representatives average to the prior with strictly
positive weights, hence satisfy SPP.
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the players’ private information. The necessary and sufficient conditions stated in
Theorem |3| are then imposed on these posteriors, relative to the prior, to guarantee
the existence of an F-measurable unified strategy. Omnce this strategy is applied,
together with the common prior and the players’ private information, it induces the

desired JBs.

5.2 Fact-checking and depolarization procedures

The issue of polarization, either ideological or affective, has gained much concern in
public discourse, and therefore attention both in general and in research.@ Yet, there
has been considerably less focus on methods of reducing polarization that naturally
align with our framework, and can provide insights into this issue.

For that purpose, we interpret the mediator as a fact-checker (or some other
verification / regulatory authority) operating on a news or social-media platform.
The underlying state w € €2 describes both the true content of a story and the
relevant context. Users are partitioned into groups ¢ € N with information partitions
P; (“echo chambers”), and the fact-checker has a partition F' capturing the evidence
it can access (e.g., databases, legal documents). Accordingly, the fact-checking policy
is an F-measurable public experiment 7 :  — A(S) whose realizations s € S are
labels such as “True”, “Misleading”, or “False”.

Given p € [0, 1], we say that a strategy 7 induces p—consensus if

D(7) = Epr |max | (sra(- | Pi(w); 8)) = (s | Pi(w), s)) I < 2(1 = p),

where || - || is the [;-norm and D(7) is referred to as the expected disagreement given
7. Note that the case where players have a common prior, and no private information
relates to p = 1, a situation we refer to as a full consensus.

Evidently, the case of full consensus is very demanding. It implies that all disagree-
ments completely vanish, and intuitively, this would require an overwhelming amount
of information on the side of the mediator. The following proposition captures this.

(The proof is straightforward, thus omitted.)

21Gee, for instance, Nimark and Sundaresan| (2019); [Matvejka and Tabellini (2021); Levy| (2021);
Yuksel| (2022); Perego and Yuksel (2022); Bowen et al.| (2023); Tkan et al.| (2025)); |Goldstein et al.
(2025) among many others.
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Proposition 3. The mediator can induce full consensus for every common prior if
and only if P,V F =P; V F for everyi,j € N.lﬂ

The characterizing criterion is quite restrictive: it requires the mediator to bridge
any informational gap between any two individuals. In many environments this is
unrealistic. A potentially more reasonable and modest objective is to reduce polar-
ization without necessarily eliminating it completely, that is, achieving p-consensus
for some p < 1. In this case, our analysis and results become much relevant.

The mediator’s problem in this section can be interpreted as choosing an F-
measurable experiment 7 to maximize consensus, or equivalently to minimize D(T).
Theorem (1| characterizes the joint posterior profiles that can arise after each signal.
The objective D(7) also depends on the probabilities of these signals, so optimizing
it is not the same as optimizing over individual feasible profiles.

The next example illustrates that, under this objective, full revelation of the
mediator’s partition F' is generally not optimal: a strictly less informative, noisy

experiment can yield strictly lower expected disagreement.

Example 4. Consider a probability space with four states Q = {wy,ws, w3, ws} with

1l 4 5 6
16716 16’ 16

titions are given by P; = {{wl,w3,w4}, {Wz}}, Py = {{wl}, {wg,wg,m}}, and
F = {{wl,wg}, {wg,w4}}, respectively.
Given that the mediator provides no information (a constant signal), each player

the prior u = ( ) There are two players and a mediator whose par-

simply conditions on P;(w), and the resulting expected disagreement is approximately
0.848. However, under a fully revealing policy, the expected disagreement drops to
0.808, so full revelation of F' is helpful in reducing polarization relative to having no
mediator. But the mediator could even do better. For example, consider a strictly

less informative 7Y with two signals sq, so:
Tnoisy(sl | Wl) — Tnoisy(sl | w;g) — O, 7_noisy(s1 | WQ) — 7_noisy(s1 | CU4) — %’

and 79 (55 | w) = 1 — 77" (s; | w) for all w. This experiment partially pools the
two F-cells and is therefore strictly less informative (in the Blackwell sense) than
the completely informative strategy. A direct calculation shows that the expected

disagreement under 7°° is 0.775.

22D,V F is the coarsest common refinement of P; and F, i.e., the partition generated by intersecting
their cells.
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Thus, although full revelation of F' reduces polarization relative to having no me-
diator, it is strictly dominated (for the purpose of minimizing expected disagreement)
by a coarser, noisy F-measurable experiment. Evidently, the reason is the interac-
tion between a fully revealing F' and the partitions (P;);, through the consistency
constraints in Theorem [I] This interaction creates states at which players’ poste-
riors diverge sharply. By partially pooling F-cells, the mediator can smooth these

differences and achieve a higher agreement level.

Example 4] shows that once we move from full consensus to a more reasonable
objective, the mediator faces a genuine information-design problem. The graph-of-
information structure and the consistency conditions dictate the feasible joint poste-
riors, but within this feasible set, it is generally not optimal to reveal all available

information, as garblings of F' can still reduce polarization more effectively.

5.3 A general framework for information design and persua-
sion

Our study provides a general information framework that could be applied in various
settings within the realm of information design. For example, in a benchmark binary
state-space setting, where players have no private information and with a fully in-
formed mediator, Theorems [1| and [3| collapse to the standard splitting lemma: Bayes
plausibility is the only feasibility constraint. This recovers the classical concavifica-
tion approach of Aumann and Maschler| (1995)) and Kamenica and Gentzkow, (2011))
as a special case of our characterization.

In addition, our framework relates to the information-design questions studied
in the optimal disclosure in auctions literature. In models such as |Eso and Szentes
(2007), including the handicap auction, a seller controls the release of additional
private signals about bidders’ valuations without observing their realizations, and
integrates disclosure with auction design. Likewise, in |Bergemann and Pesendorfer
(2007)), the seller’s disclosure choice is modeled as bidder-specific information struc-
tures whose realized signals are privately observed by bidders. Within finite-state
public-disclosure environments with fixed initial information partitions, when the
seller does not have perfect information or bidders also hold initial private signals
(as in more general information-design problems with privately informed agents, as

in (Candogan and Strack, 2023)), our internal and external consistency conditions de-
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scribe exactly which belief patterns about values can be generated by a feasible public
disclosure policy.

In our language, the underlying state is a realized w (e.g., product quality or
the bidders’ value profile), each bidder’s ex ante information is a fixed partition P;,
and the seller/auctioneer is exactly a mediator whose knowledge is described by a
partition F'. The public disclosure rule is an F-measurable Blackwell experiment, so
for any finite-state auction environment with fixed initial information partitions and
public disclosure, the induced beliefs across bidders and states form a joint posterior
to which Theorems [1] and [3] apply.

When the mediator is assigned an objective, it is important to distinguish public
posteriors from the joint posterior profiles obtained after conditioning on private infor-
mation. Section discusses the mediator’s optimization problem once an objective

is specified.

5.4 Mediator’s optimization

To address the question of mediator optimization, one should first specify the objec-
tive function of the mediator. For example, the mediator may seek to maximize the
probability that a particular action is chosen, or, in a strategic application, a weighted
average of the players’ equilibrium expected payoffs.

In a strategic application, one must also consider the issue of multiple equilibria.
Upon observing the mediator’s signal, players update their beliefs and then play an
incomplete-information game. If this game has multiple equilibria, evaluating the
mediator’s objective requires an equilibrium-selection rule.

Once the objective function and any required equilibrium-selection rule are fixed,
the mediator chooses an F-measurable experiment. Every joint posterior profile it
generates must be feasible. The introductory example shows that a convex combina-

tion of feasible profiles need not satisfy this requirement.

Optimal trade in the introductory example. Return to the introductory
technology-adoption example. Let z = Pr(q = 1| s) be the public posterior probabil-
ity of good quality. Because the provider’s report depends only on quality, the firm’s

conditional beliefs and the probability of a favorable assessment are

3 2
z(z) = ° ; y(z) = il Pr(favorable assessment | s) = ZZ
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1
29
and one with an unfavorable assessment adopts exactly when

Given the stated adoption cost k =
2
5
z > % Normalizing the provider’s benefit from adoption to one, its auxiliary payoff,

a firm with a favorable assessment adopts

exactly when z >

in the sense of |Kamenica and Gentzkow| (2011, Section VI.A), is given by

o
o
IN
w

V(z) = Q 2£=

IN N
N [
IN A A
= wio oo

This function accounts for the firm’s private assessment by weighting its adoption

32 and Bayes plausibility

2
gives E[z] = 2, every feasible experiment satisfies Pr(trade) = E[V(z)] < 2.2 = 2.

The bound is attained by a binary experiment whose adoption report has state-wise

decisions across the two information cells. Since V(z) <

likelihoods (1, %, 1, %) This report occurs with probability % and induces (z,y) =
(%, %), so both types adopt. Its complementary signal reveals bad quality, resulting
in no trade.
If the provider also observes the private assessment, its information partition con-
sists of singletons. Under any disclosure policy, adoption requires an expected gross
2

return of at least k, so 1 Pr(trade) < Pr(¢ = 1) = . The resulting upper bound

Pr(trade) < 3 is attained by an adoption report with likelihoods (1,1,1,5) and its
complementary report. The adoption report induces (x,y) = (%, %) and occurs with
probability %; the complementary report reveals bad quality. Thus, at the same
adoption cost, the minimum probability of no trade is % when the provider observes
only quality, compared with % when it also observes the assessment: informational

constraints double the minimum probability of no trade from 20% to 40%.

5.5 An additive interpretation and implications to potential

games

The graph-theoretic constraints derived for Bayesian updating reflect a structural
property applicable beyond information design. By applying a logarithmic transfor-
mation to the internal consistency condition, we obtain an additive constraint that
characterizes exact potential games (Monderer and Shapley, (1996).

Consider a directed graph G' = (V, E) containing the reverse of every edge, with
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edge weights p : E — R. We define Additive Internal Consistency [INC-ADD)] as the

requirement that for every directed cycle (including two-edge returns) (wyq, . .., wWp11 =

(JJ1)I
m

Zp(wiawi+1> =0. (16)

i=1
Taking ¢ = e” and F' to be the partition into singletons, Proposition (1| and the
logarithmic transformation P = —log f imply that [INC-ADD] is necessary and
sufficient for the existence of a potential function P : V' — R such that p(w,w’) =
P(w') — P(w).

This structure applies directly to strategic games. Let the vertices of the game
graph be action profiles, with directed edges representing unilateral deviations. In
this context, a cycle corresponds to a sequence of unilateral deviations that returns
to the initial action profile.

We weight each deviation by the deviator’s utility difference:

p(a, (a5, a-)) = wi(aj, a—) — ui(a).
Corollary 1. A strategic game I' is an exact potential game if and only if the asso-

ciated edge function p satisfies [INC-ADD] on every cycle of the game graph.

This observation unifies the two frameworks. In our original setting, the media-
tor constructs a global belief system consistent with local likelihood ratios, while a
potential game implies a global potential whose changes equal the deviator’s utility
changes. In both frameworks, the obstruction to “globalizing” local information is

the non-vanishing of accumulated weights along cycles in the underlying graph.

6 Conclusion

This paper analyzes the implementation of joint posterior beliefs in environments
where agents possess private information and a non-strategic mediator holds partial
information. By modeling the informational constraints of the mediator as measur-
ability restrictions with respect to a specific partition, we provide a necessary and
sufficient characterization for the rationalization of joint beliefs.

The core theoretical contribution lies in the identification of two structural con-
ditions: Internal Consistency (INC) and FEzternal Consistency (EXC). The study
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demonstrates that a joint posterior with F-measurable support is implementable if
and only if the product of prior-corrected likelihood ratios along every F-cycle and
F-loop in the graph restricted to that support equals one. This characterization effec-
tively translates abstract measurability constraints into verifiable algebraic properties
of the posterior likelihood function.

A significant implication of this analysis is the finding that the set of feasible
joint posteriors is generally non-convezr. In the baseline Bayesian persuasion model
of [Kamenica and Gentzkow| (2011), Bayes plausibility characterizes implementable
distributions of posteriors; here, informational constraints alone can make the set of
posterior profiles conditional on private information non-convex. We further char-
acterize, in the single-player setting, the conditions of pseudo-independence and the
absence of fully informative loops under which convexity holds for every strictly pos-
itive prior.

Finally, the paper extends these insights to broader economic applications. It gen-
eralizes the framework to the generation of multiple posteriors via the preservation of
positivity condition. Furthermore, the developed graph-theoretic approach is shown
to be relevant for diverse fields, offering a connection to potential games through
additive internal consistency and providing insights into belief depolarization, where
coarser information structures may outperform full revelation in minimizing disagree-

ment.
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A  Proofs

A.1 Proof of Lemma {1

For every pair (wy, wy,+1) such that wy; — w11, define

pwr, Wing1) = H p(wi, wit1),
i=1
provided that the sequence ((wl, w,+1)) lies in E. To show that this is well defined,

suppose there are two sequences connectmg wy and wy,y1:

k

((wi,wiﬂ))zl and ((£j7€j+1))j:1’

with & = w; and &1 = wy11. Concatenating the two sequences, with the first in its

original order and the second reversed, produces an F-cycle.
By [INC] and Eq. (), we have

E?r

m k m
H P(wi, wit1) H (&41.&) = HSO(%‘,%H
i=1 j=1 i=1 6]7 €]+1

]=1

Therefore,
m k

H p(wi, wiy1) = H P(&5> §i+1);

i=1 j=1
shows that the definition of ¢(w;, wy,+1) does not depend on the particular sequence
and is therefore well defined. O
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A.2 The proof of Proposition [1}

Part 1: Necessity. Suppose that there is an F-measurable positive function f
that satisfies Eq. (11)). To show [INC], let ((wz‘7wz‘+1))”11 be an F-cycle. Then,

i

m

HSO(wi,wiH):H f(w) = G = 1.

i=1 =1 flwir1)  fwmy)

The first equality is due to Eq. and the last follows from the assumption that f
is F-measurable and that w,,.1 € F(w).
To show [EXC], let ((wi, @z-))”; be an F-loop. By Eq. and Eq. (1)), we have

i

- o1 fw)  flwn)
plw;, ;) = — = — =1.
[Leteen = 11555 = 7.

The first equality follows from Eq. , the second equality follows from the fact that
f is F-measurable and the third property of F-loops, and the third equality follows

from the same property, since w,, € F(w;).

Part 2: Sufficiency.  Assume [INC] and [EXC] with the extension provided
by Lemma [I We claim first that for every connected set of V', say C, there is an
F-measurable positive function fo, defined over C, that satisfies Eq. . Let wy be
an arbitrary state in C. Set f(wp) = 1. We proceed by induction on the distanceﬁ to
wo-

Suppose that f has been defined on all states in a connected component C' whose
distance from the state wq is at most k. Let w’ be a state in C' at distance k& + 1 from

wo. Then, there exists a state w” at distance k such that (w”, ') € E. Define

Using [INC] and the same argument as in Lemma , one can show that f is well
defined. To show that fo is F-measurable, consider w € F(w') N C. Then, there is

23The distance between two states in C is defined as the minimal number of edges in a path
connecting them.
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an F-cycle w; = w, ...,wy,+1 = «'. By [INC] and by the definition of f¢,

1= [ elwswie) H Jew) _ Jew) _ Jolw)

iy Je(witr) fo(wm+1) fe(w')

Thus, the values that fc takes on w and w’ coincide. So far, we have constructed
fo for each connected component C' of V. We now show that there exists a single
F-measurable function f satisfying Eq. (11]).

To this end, we define a new graph, G = (V, E) as follows. The set of vertices, V,
consists of the connected components of V. Two components C, C’ € V are connected
by an edge if there exist states w € C' and w’ € C” such that w € F(w'). That is, the
edge set, F, consists of all pairs (C,C") for which there exist w € C' and w’ € C” such
that w and w’ belong to the same information set of F'.

Apply the following construction separately to each connected component of G;
no F-cell joins different components. Fix a vertex Cy, and set f := fo, on Cy. We
proceed by induction on the distance of a vertex C from Cj. Suppose that an F-
measurable function f > 0, satisfying Eq. , has been defined on all vertices whose
distance from Cj is less than or equal to k. Let C be a vertex at distance k + 1 from

Co. Then there exists a path of edges in F,
(007 Cl); (Cb 02)7 SR (Ck7 C>7

and in particular, there exist w;, € Cy and w € C such that w, and w belong to the

same information set of F. Define

f (@)
f=fc- (17
folw) )
on C. Clearly, if f is well defined in C, then it satisfies Eq. , since it differs from
fc by a multiplicative factor of a positive constant. Moreover, f(w) = f(wg)-
We first verify that f is well defined and then show that it is F-measurable. To
establish that f is well defined, suppose that there exists another shortest path

(COv Ci)? ( {7 Oé)’ SRR (027 C)a

connecting Cy and C, with w;, € C; and ' € C such that w; and w’ belong to the
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same information set of F4 We have to show that

(18)

If k =0, then £ = 0 and C}, = Cy. Applying [EXC] to the F-loop ((wy, wi), (w,w’))
gives j:((gi)) : J{g(((:”,)) = 1, which proves Eq. (18).
Otherwise, note that the path

(C(),Cl)a (Cla 02)7 R (Cka C)? (Cv Cé)? ] (C’é, Ci)? (C:/l’ CO)

is a cycle in the graph G, that corresponds to an F-loop:

(wo, @0), (W1,@1), -+ s (Wk—1,0k—1), (Wi, Dk), (W, W), (W, @p), .- ., (wh, @5), (W, @).
That is, any two states in a pair belong to the same vertex in G, e.g., wy and @
belong to Cp, wy and w; belong to C1; w and w' belong to €', and w’, @) belong to
C%. Also, in two adjacent pairs, the second coordinate of the left pair belongs to
the same information set of F as the first coordinate of the right pair. For instance,
Wi € F(wiy1), 0 € Fw), ' € F(wy) and W}, € F(w}). Finally, @ € F(wo).

By [EXC], and specifically by Eq. , the corresponding product equals 1. That

’ k V4
[H @(wi,wi)] - p(w, W) - [Hw(Wvaé)] = 1. (19)

Due to F-measurability and to Eq. (11)), we get H?:o o(wi, ;) = ;Egzg, olw,w") =

J{CC((S/)), and H§:1 p(wj,w)) = ;Eg%; Thus, by Eq. we obtain the following:

S
i

Due to F-measurability f(wy) = f(&}) and we conclude that

) o) fp)

@) folw)  f(@)

24The asymmetry in the notation between @, (with a bar) and wj (without) will become clear
immediately.
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which confirms Eq. .
The final step in the proof is to show that f is F-measurable. Within each
component, F-measurability follows from that of fo. For distinct components C' and

C’, we consider two cases:

Case I. Let w € C and w' € (', where the distance from C’ to Cy is less than or
equal to k, and suppose that w € F(w'). We need to show that f(w) = f(w'). By
assumption, (C,C") € E and (C,C) € E. Moreover, C" and C}, are connected to
Cy by paths of length at most k. This forms a cycle in the graph G, which in turn

corresponds to an F-loop. Applying the same technique used earlier, we conclude

that f(w) = f(W).

Case II. Let w € C and ' € (', where the distance from C’ to Cj is exactly k+ 1,
so that both C' and C” are introduced in the induction process at the same step, and
assume that w € F(w’). Then (C,C") € E, and both C' and C’ are connected to Cj
by paths of length k£ + 1. This forms a cycle in G passing through C' and C’, which
corresponds to an F-loop. Using [EXC], we conclude that f(w) = f(w'), verifying
that f is F-measurable. n

A.3 The proof of Theorem

Proof. Assume that 7 is a signaling function and that s is a signal generated by 7
with positive probability such that p, ;= JB. Then, clearly, the set of states w such
that 7(s | w) > 0 is measurable w.r.t. the mediator’s partition F', and matches the
set (2, previously defined according to JB.

Similarly to Eq. (4), the equality ., = JB implies that :(S‘k‘f;z E:‘j?) = J‘%B(((jgéiz)
Applying Eq. , we get

) TBi)w) | p(e) _ (sl
Poeln) = TR @) ) T(sl)

and Proposition [I| guarantees that ;g satisfies conditions [INC] and [EXC] in G.
This proves the necessary direction.

For the sufficiency direction, assume that JB satisfies conditions (i) and (ii). Since
), is measurable w.r.t. F', we can define 7(s | w) = 0 for every w ¢ Q,, and otherwise,

7(s | w) is positive.
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On €, since p;p satisfies [INC] and [EXC] in G, Proposition |1| ensures the
existence of a function f > 0 satisfying Eq. and we get

B, )w) pe) _ f()
B, )W) pw@) )

By multiplying f by a constant if needed, we may assume without loss of generality
that sup,, f(w) < 1. We then define 7(s | w) = f(w) for all w € 4, so that the

previous equation can be written as

(s [wplw) _ IBw, i)(w)
(s [w)p(w)  IBW,i)(w)’

which matches Eq. (). By condition (ii) and information-set invariance, both dis-
tributions have support P;(w) N €2,; matching their probability ratios therefore im-
plies equality. This guarantees that 7(s | -) implements JB, as needed. To ensure
that 7 is a well-defined kernel, choose a signal sy # s, set S = {s,s0}, and define
T(so | w) = 1—7(s | w) for every w € €. In particular, 7(sg | w) = 1 for every
w € Q\ Q. Both signal likelihoods are F-measurable, and their probabilities sum to

one at every state. O

A.4 The proof of Theorem

Proof. We first prove that no fully informative F-loops implies pseudo-independence.
Define the bipartite graph G = (P, F, E) where (p, f) € E if there exists w € pN f.
So two vertices p and f are connected if and only if they share a state w € Q. A
cycle exists in G if and only if a fully informative F-loop exists. Indeed, selecting
one state from each intersection along a simple cycle produces a fully informative F-
loop. Conversely, a fully informative F-loop determines a closed walk in GG that never
immediately retraces an edge: successive CKCs are distinct by the loop definition, and
the incoming and outgoing F-cells at each CKC are distinct by full informativeness.
Such a closed walk contains a simple cycle. We therefore conclude that each connected
component in GG is a tree.

For every p € Py and f € F' define m, s = p(pN f). Take a tree in G, denote
a root by py € P; and define a,, = 1. For every f; connected to py in G define
bs, = (po N fo). Fix an fy and for every p; connected to it (in G; not including py)
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define a,, = wefo) - Continue inductively and similarly for every tree in GG, until all

b
parameters a, aflod by are defined, to conclude that P; and F' are pseudo-independent.

Next, we prove that the stated pseudo-independence implies a convex feasible set.
Consider two feasible profiles under p. First suppose both have full support. For
each p € Py, let g, be the convex combination of their posteriors in p, using the same
weight A\ € [0,1] for every p. Each original posterior, and hence g,, preserves the
prior proportions within every nonempty intersection p N f. Define a strictly positive
probability distribution v by v(w) = p(p)g,(w) for every w € p. Thus, v(- | p) = ¢,
and v(- | pNf) = p(- | pN f). Applying pseudo-independence to both p and v, choose
positive factors (taking absolute values if necessary) such that u(p N f) = a,bs and
v(pN f) = c,ds whenever pN f # 0.

For w € pN f, it follows that

v(w) _vpNf) ¢ dy
pw)  ppnf)  ap by

Choose x > 0 sufficiently small that xdf/b; < 1 for every f € F, and define 7(s |
dr(w)

w) = Khpey and 7(sp | w) =1 —7(s | w). This is an F-measurable experiment. For
w € p, we get p(w)r(s | w) = HZ—;I/(W). The multiplier is constant Hi—; within p, so
Bayes’ rule gives p,1(- | p,s) = v(- | p) = ¢,. Hence the feasible set is convex.

For profiles with the same smaller support €1, restrict both partitions and the
prior to this F-measurable set. Pseudo-independence is inherited by the restricted
partitions: any positive prior on {2, can be obtained by conditioning a positive prior
on 2. Retain its factors on the nonempty restricted cells and divide the F-factors by
the mass of Q.. Apply the preceding construction on Q,, set 7(s | w) = 0 outside
., and use the complementary signal sg. This proves convexity for profiles with
matching support.

For the last part, suppose that the feasible set is convex for every prior but a
fully informative F-loop exists. Choose a shortest cycle in G and let L be the fully
informative loop obtained by selecting one state from each intersection along it. Its
CKCs and connecting F-cells are respectively pairwise distinct, and @y ¢ F(wy). For
every w ¢ L, define p(w) = 0 (we can later assign a sufficiently small probability for
any such state to maintain a strictly positive prior), and for every w € L\ {w;} set
(1) = 2u(w). This establishes a prior pu.

Define the signaling function 7 as follows: 7(s1|F(@1)) = 1/3 = 1 — 7(s2|F(i01))
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and 7(s1|F\ F(w1)) =2/3=1—7(se|F \ F(w;)). This strategy induces two feasible
posterior beliefs, one for each signal, defined over the loop L. We can take the
average of two posterior beliefs and check whether it is also feasible, specifically using
the external consistency condition across the loop.

Notice that in every partition element p # Pi(wy), Pi(w2), we have a uniform
prior and non-informative signals, so the posteriors match the priors and the likelihood
ratios for external consistency, as in Eq.[I3] equal 1. This ratio holds for the partition

element P;(ws) as well, because the prior is uniform, so

shri(ws | Pi(ws), s1) + Ghra(ws | Pi(ws), s2)  jul@n)

= -1=1.
%IU/T,l(wZ | P1(ws), 1) + %ﬂ7,1<w2 | P1(wa), 52)  p(wa)

+
+

wino|w—
W= |wiN

Hence, the external consistency condition reduces to the likelihood ratio induced in

P (wy), however

wl)

stiza(wi | Pr(wr), s1) + Spra(wr | Piwr), s2) @)
sir1 (@ | Pr(@r), 1) 4 3p00(@1 | Pr(@r),s2)  pulwr)

We thus conclude that external consistency fails and the average of the two posterior

beliefs is not feasible, implying that the feasible set in not convex. O]

A.5 The Proof of Proposition

Proof. By the loop—cycle equivalence established in the proof of Theorem [2] the fully
informative F-loop hypothesis implies that the bipartite incidence graph contains a
cycle. Choose a shortest cycle and select one state from each intersection along it.
Denote the resulting fully informative loop by ((wi,wi)):.il. Write p; = Pi(w;) and
fi = F(@;). The p;s are pairwise distinct, as are the f;s. Since the cycle is shortest,
p;N fi =0 fori>3.

Fix two public signals s, s and define an F-measurable kernel 7 by 7(s1 | f1) = %,
T(s1 | f) = 2 for every f € F\{fi}, and 7(sy | f) =1 —7(s1 | f) for every f € F.
Since p has full support, both s; and sy occur with positive probability at every
state. Let JB®Y and JB® denote the joint beliefs induced by conditioning on s; and
s9, respectively. Both are feasible by construction and have matching support (given
any state), so their average JBve) .— %JB(U + % JB® is a well-defined joint belief.

To maintain convexity, [EXC] must hold given ¢;5wwe. Because s; and s, are
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completely uninformative in every p; # pi, p2 along the loop, ¢;pve (Wi, @;) = 1 for
every i = 3,4,...,m. Thus, [EXC] reduces to []-_, @;pae (Wi, @) = 1.

For any CKC p € {p1, p2} define the (prior) mass of the mediator partition element
f1 inside p by z, = % € (0,1), and let D,()k) = rerT(sk | Hlu(p N f) be the

(unnormalized) probability that signal s, occurs given p. We thus get

DV = %u(p N fi)+ %(u(p) —upn f)) = @(2 — ),
DY = gu(p N f)+ %(u(p) —upn f)) = @(1 + ).

Because JB®®) is an average of two joint beliefs, for any w € pN f, we get

JB(an)(w, 1>(w> _ M(w> (% ) T(Z(l)f) + % ) T("Z(l)f)) )

We can now substitute these values in the simplified [EXC] condition above, and get

1 1, 1/3 (L. 1,23
1 B M(Wl) (2 Dl(;ll) _l_ ) D;(z2>) . /JJ((I)l) ' N(WQ) (2 DI(712) + 2 D1(722)) . H’((’DQ)
plw
SO
2

2/3

) e (12 et 2)

1
+ —_ =
o o7
1
+ 2 1 1 2
T 2 1
(D;; D) P + Tray, PR + fE—
( -

where the third equality follows from substituting the different values of D,(f).

Define the function R(z) = 2% and note it is strictly increasing on (0,1). Thus,

the last equality is equivalent to

R(xp,) = R(xp,) & xp, = xp, < p(pr N fr)u(p2) — p(pe 0 fr)p(pr) = 0. (20)

Let NV C A(Q) be the set of priors satisfying Equation (20). The left-hand side of
Equation (20]) is a nonzero polynomial in the coordinates of y, hence its zero set N

has Lebesgue measure zero in the interior simplex. Therefore, for every full-support
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prior, excluding a set of Lebesgue measure zero, the feasible set is not convex. O]

A.6 The proof of Theorem

Proof. Part (i) We start by proving necessity. Suppose there exists an F-measurable
signaling function 7 as described in the theorem. The induced posteriors thus form a

martingale. That is, if the posterior y; is realized with probability g;, where >, ¢; = 1,

then
Z qifli = [

Let u be an option. So,

E,(u) = Z Gy, (u).

If each E,, (u) > 0, then E,(u) > 0 as well. Therefore, the family {p, ..., ttm} PP
w.r.t. u.

Moving on to prove sufficiency, suppose that no F-measurable signaling function
T exists such that all the posteriors it generates are in {p,. .., tm}. Note however,
that every pu; can be generated through a specific F-measurable strategy and ap-
propriate signal, and also note that convex combinations of F-measurable kernels

are F-measurable as well. Thus, by standard results on Blackwell experiments, if

W € conv{py, ..., m}, then there is an F-measurable experiment whose posteriors
are contained in {y1, ..., fm }-
Our assumption implies that u ¢ conv{py,..., tn}. Since this convex hull is

closed, the separating hyperplane theorem guarantees the existence of a nonzero vec-

tor v € R® and a constant ¢, such that
E,.(u) = (i, u) > ¢ for all i,
while

E,(u) = (u,u) < c.

By subtracting ¢ in the two inequalities above and replacing u with u — (¢, ..., ¢),
noting that the separation theorem is applied here to probability distributions, we

conclude that the family {p,. .., } does not PP w.r.t. p. This is a contradiction.

Part (ii) We prove necessity first. Suppose there exists an F-measurable signaling
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function 7 as described in Part (ii) of the theorem. Let uw be an option such that
E,(u) = 0 and E, (u) > 0 for every i. We show that E, (u) = 0 for every i. As
before, if the posterior y; is realized with probability ¢; > 0, where ) . ¢; = 1, then

Z%‘Mz‘ =K

Let u be an option. So,
m

Eu(w) =) 4y, (u).

i=1
If each E,,, (u) > 0 and E,(u) = 0, then E,,(u) = 0 for every i . Therefore, the family
{1, tm} SPP w.r.t. pu.

To establish sufficiency and similarly to the proof of Part (i), we show that p can
be expressed as a convex combination of py, ..., t,,, each with a positive weight. For

this purpose, we prove the two following lemmas.

Lemma 2. SPP implies that for every j there is a convex combination p =", ¢,

where q; > 0.

Proof. Fix an index j. Suppose, to the contrary, that there is no convex combination
p= . q; with ¢; > 0. This implies that the set

D= {Qjﬂj+zqiﬂi ;q; >0, ¢ = 0fori#j, and g; +Z%’ = 1}
i#] i#]
does not contain . Note that D is convex and has nonempty relative interior in
aff{p1,. .., ptm }; in particular, % >, 1 is a relative interior point of D.

Consider now the closure of D, denoted D. This set is also convex and contains
all the y;’s (including g;). The point g may lie outside D or on its boundary. By
Theorem 11.3 in [Rockafellar, 1970, proper separation of D and {u} gives a nonzero
option u such that E,(u) = 0 and E,(u) > 0 for every v € D, with strict inequality
for some v € D] In particular, this implies that E,, (u) > 0 for every i.

We now apply SPP to the option w, which yields E,, [u] = 0 for all i. Consider,
however, the relative interior point v = % > M, which belongs to D. By proper

separation and relative interior, we have on the one hand E,[u] > 0, while on the

25For a separating option v, take u = v — E,(v)1.
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other hand,
1
Bfu =By g ol =~ S, ] =0

This is a contradiction. Hence, there must exist a convex combination 1 = >, ¢;p;
with g; > 0, as required. O
Given Lemma [2] we now turn to the next lemma, which shows that u can be

expressed as a convex combination of p1, ..., u,,, each with a positive weight.

Lemma 3. If for every j there is a convex combination of pi,..., [y, such that
o= >, qi, where q; > 0, then there exists a combination where all g; are strictly

positive.

Proof. Fix j and suppose that p = ), qg Wi is a convex combination, where q;-' > 0.
Take p = % Z;n:l > . @ 1, and note that in this combination, the weight of every p;
is positive. ]

Combining the two lemmas, we derive from SPP that p is a convex combination
(with strictly positive weights) of pu1, ..., . Applying the construction in Part (i)
with these positive weights completes the proof. O
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