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1 Introduction

What is the role of a mediator in reaching an agreement, such as a peace treaty, between two

opposing sides? A natural objective is to persuade both parties to accept the agreement.

Yet this form of persuasion is subtle as the mediator must shape a joint perception shared

by both sides, ensuring that each finds the agreement acceptable. Our paper begins with

this observation.

We study a setting with privately informed players and a partially informed external

information provider (a mediator), all defined on a finite state space with a common prior.

Each player and the mediator are endowed with a partition of the state space. The mediator

sends a public signal according to a stochastic rule that is measurable with respect to its in-

formation. Upon observing the signal, players update their beliefs by Bayes’ rule, generating

a joint posterior profile across players (and across states at which the signal can occur). Our

central question is a feasibility one: given a joint posterior profile, when does there exist a

mediator-compatible public signal that induces it? We answer this by providing necessary

and sufficient conditions for implementability.

This implementability concern is central in economics and game theory, where Bayesian

updating is the cornerstone of belief revision under uncertainty. In strategic environments

with incomplete information, players use signals to update their beliefs about the underlying

state of the world, often relying on publicly observed information. While it might be possible

to construct posterior beliefs through arbitrary signaling mechanisms, we focus on the more

subtle problem of whether such posteriors can be implemented under the restriction that

signals must be measurable with respect to the mediator’s limited knowledge. Moreover,

the mediator’s partition of the state space may differ from those of the players, creating the

novel possibility that players have common knowledge of events that the mediator does not

know.

Our main tool is the graph of information, following the framework of Rodrigues-Neto

(2009), which encodes the state space and players’ informational partitions in a concise form.

On this graph, we define a posterior likelihood function φ that specifies the ratio of posterior

probabilities across adjacent states (i.e., states lying in the same information set of some

player), thus providing a compact representation of Bayesian updating. We then ask under

what conditions such a function can be rationalized by a mediator-generated signal.

While the graph provides a convenient representation of informational constraints, the

core of our analysis lies in understanding how these constraints shape the implementability

of belief updates. The function φ is particularly valuable in our set-up because the likelihood

ratios it encodes are shared by all players who cannot distinguish between adjacent states. As
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a result, the information carried by φ is adequate for our analysis, rendering the graph-based

model both concise and sufficiently informative.

Our main theorem shows that a joint posterior profile is implementable by a mediator’s

public signal if and only if these likelihood ratios satisfy two multiplicative consistency con-

ditions: internal consistency (a cycle condition within each common knowledge component)

and external consistency (a loop condition generated by the mediator pooling states across

components). These conditions mirror and extend earlier consistency notions in the litera-

ture (notably Rodrigues-Neto (2009) and Hellman and Samet, 2012), while introducing the

role of a third-party mediator.

We then use the aforementioned characterization to study the geometry of the feasible set,

showing that it need not be convex even in the absence of incentive constraints or restrictions

on the number of signals, thus limiting the direct applicability of concavification arguments.

A characterization of convexity of the feasible set in the single-player case is provided, as well.

The restrictive nature of convexity that arises from this characterization is rather striking,

so that even in standard persuasion models where receivers have a private type (as in, e.g.,

Kolotilin et al. (2017) and Guo and Shmaya (2019), among many others), convexity fails.

Finally, we show how the same graph-based tools inform problems in information design and

belief depolarization, and provide an additive analogue relevant for potential games.

Our results provide a bridge between abstract information structures and concrete Bayesian

updating. We show that φ can arise from Bayesian posteriors induced by a signal that the me-

diator releases. This opens the door to interpreting the mediator as a generator of Blackwell

experiments and leads to new insights about the implementability of distributions over states

and the coherence of beliefs across players. In doing so, we extend the theory of common

priors and beliefs, clarify the conditions under which players’ posteriors can be coherently

derived from shared signals, and provide a graph-theoretic approach to understanding the

flow of information in multi-agent systems.

A Negotiation Game: motivating example. To motivate our model and results,

consider a game with two players, indexed by i = 1, 2. Each player has two available

actions: attack (denoted A) and compromise (denoted C). The set of states is Ω =

{ω1, ω2, ω3, ω4}, endowed with a uniform common prior. The players hold asymmetric in-

formation: player 1’s partition is P1 = {{ω1, ω2}, {ω3}, {ω4}}, and player 2’s partition is

P2 = {{ω1}, {ω2}, {ω3, ω4}}. Thus, when either ω1 or ω2 is realized, player 2 learns the state

with probability 1, while player 1’s posterior is uniform over {ω1, ω2}. Similarly, when ω3

or ω4 is realized, then player 1 learns the state with probability 1, while player 2’s posterior

is uniform over {ω3, ω4}. This example bears some resemblance to the framework of Hörner

et al. (2015), which was extended by Özyurt and Zeng (2025) to incorporate a privately
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informed mediator into the original game.

The payoffs of the game are presented in Figure 1. Let Gi denote the payoff matrix when

state ωi is realized. In G1 and G3, player 1’s dominant strategy is A and player 2’s dominant

strategy is C, whereas in G2 and G4 the dominant strategies are reversed.

Player 2

A C

Player 1
A (2,−5) (2,−4)

C (−1,−1) (0, 0)

Given that ω ∈ {ω1, ω3}

Player 2

A C

Player 1
A (−5, 2) (−1,−1)

C (−4, 2) (0, 0)

Given that ω ∈ {ω2, ω4}

Figure 1: Two payoff matrices with Player 1 (row player) and Player 2 (column player).

The interpretation of the game is straightforward. Each player can either attack the other

or compromise by agreeing to a peace treaty. In states ω1 and ω3, player 1 holds the superior

attacking position, whereas in states ω2 and ω4 player 2 holds this advantage.1 Nevertheless,

from a social perspective it is optimal to reach a peace agreement, as it maximizes the

aggregate payoff. Such a treaty, however, requires a joint concession by both players.

Consider now the players’ equilibrium behavior. If the realized state is either ω1 or ω2,

then player 2 is fully informed while player 1’s posterior is
(
1
2
, 1
2
, 0, 0

)
. In this case, given

that player 2’s dominant strategies are C in ω1 and A in ω2, player 1’s optimal action is A.

On the other hand, if the realized state is either ω3 or ω4, then player 1 is fully informed

while player 2’s posterior is
(
0, 0, 1

2
, 1
2

)
, and player 2’s optimal action is A. Hence, in every

equilibrium of the game, the action profile (C,C) is never played.

We now introduce the role of a mediator. The mediator also possesses private information,

represented by the partition F = {{ω1, ω3}, {ω2, ω4}}. Figure 2 depicts the players’ and the

mediator’s information structures. The mediator’s task is to design a signaling mechanism

that persuades both players to accept a peace treaty in equilibrium, with positive probability.

Such persuasion, however, can never succeed with probability 1. Namely, whenever a player

is fully informed and holds the superior attacking position (i.e., in states ω2 or ω3), that

player will necessarily choose A.

If the mediator fully discloses its information (i.e., reveals the realized F -cell), both

players become perfectly informed about the state, and the peaceful outcome (C,C) is never

1A joint attack leads to the worst aggregate outcomes, (2,−5) or (−5, 2), though still favorable for the
player with the superior position. If one player attacks while the other compromises, payoffs reflect the
attacking player’s advantage.
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Ω P1 P2

ω1

ω2

ω3

ω4

(a)

The players’ information

Ω

F

ω1

ω2

ω3

ω4

(b)

The mediator’s information

Figure 2: On the left, Figure (a) illustrates the information structure of player 1 (blue) and player 2 (red).
On the right, Figure (b) portrays the information structure of the mediator (teal).

sustained in equilibrium. By contrast, suppose the mediator could induce the posterior(
1
3
, 2
3
, 0, 0

)
for player 1 while player 2 remains fully informed. Then player 1 is indifferent

between A and C: action A yields 1
3
·2+ 2

3
·(−5) = −8

3
, and action C yields 1

3
·0+ 2

3
·(−4) = −8

3
.

Hence, there exists an equilibrium in which (C,C) is played with positive probability. A

similar argument applies to player 2. If the mediator induces the posterior
(
0, 0, 2

3
, 1
3

)
for

player 2 while player 1 remains fully informed, then player 2 is indifferent between A and

C. Once again, this creates an equilibrium in which a peace agreement (the socially optimal

outcome) is reached with positive probability.

This raises a natural question: can the mediator design a signaling strategy that si-

multaneously induces these posteriors? For instance, is it possible to generate a posterior(
1
3
, 2
3
, 0, 0

)
for player 1 when the realized state lies in {ω1, ω2}, while at the same time gen-

erating a posterior
(
0, 0, 2

3
, 1
3

)
for player 2 when the realized state lies in {ω3, ω4}? In this

example, the answer is negative. More generally, this question captures the central problem

of the paper.

Why, in this specific example, does the mediator fail to generate the stated joint posterior

profile? The obstacle is measurability: any signaling rule based on the partition F must

assign the same signal distribution in ω1 and ω3, and likewise in ω2 and ω4. Consequently,

once the mediator induces a posterior of the form (p, 1− p, 0, 0) for player 1, this necessarily

translates into a posterior of (0, 0, p, 1− p) for player 2, and vice versa.

The Characterization. We provide necessary and sufficient conditions for a mediator

to implement a feasible joint posterior, given the players’ information and the mediator’s
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partition. This characterization captures the inherent limitations of such implementation,

expressed in terms of likelihood ratios across specific states.2

To illustrate, consider the sequence (ω1, ω2, ω4, ω3). The event {ω1, ω2} forms a common

knowledge component (CKC), that is, a minimal set on which all players can agree.3 Hence,

ω1 and ω2 lie in the same CKC and are linked through the players’ knowledge. In contrast,

ω2 and ω4 are not in the same CKC but belong to the same information set of the mediator.

Next, ω4 and ω3 again fall within the same CKC. Finally, ω3 belongs to the same mediator

information set as ω1. Thus, the sequence (ω1, ω2, ω4, ω3) alternates between steps within

a CKC (via the players’ information) and steps across CKCs induced by the mediator’s

coarser information. This sequence is an example of an F -loop (see Section 2.4), in which

the mediator’s information cyclically connects distinct CKCs of the players.

Our characterization establishes that, for a joint posterior to be feasible, the product of

likelihood ratios along every loop must equal one. For instance, under the posterior
(
1
3
, 2
3
, 0, 0

)
the likelihood ratio of ω1 to ω2 is φ(ω1, ω2) =

1/3
2/3

= 1
2
. Under the posterior

(
0, 0, 2

3
, 1
3

)
the

likelihood ratio of ω4 to ω3 is φ(ω4, ω3) =
1/3
2/3

= 1
2
. In this example, the feasibility condition

fails for the proposed posteriors, but it does hold for (p, 1− p, 0, 0) and (0, 0, p, 1− p). This

property, referred to later as external consistency, is a new constraint created by mediator

measurability, and it underpins our general characterization.

The second key property in our characterization, termed internal consistency, imposes a

similar condition within each CKC of the players. To formalize this, we use the notion of a

F -cycle: a closed path of states contained in a CKC, where each pair of adjacent states is

connected by an atom of one of the players’ partitions, except for a single pair connected by

an atom of the mediator’s partition (denoted by F ). Internal consistency requires that the

product of likelihood ratios along every such F -cycle equals one.

Beyond our feasibility characterization, an additional and intriguing question concerns the

optimality of the mediator’s signaling function. Suppose that the mediator seeks to maximize

the probability that the outcome (C,C) is played. To this end, the mediator can employ

multiple signals to generate feasible posteriors of the forms (p, 1− p, 0, 0) and (0, 0, p, 1− p)

for various values of p, each inducing the desired profile with different probabilities. In a

broader setting, however, this becomes a more complex problem: a necessary preliminary

step is to identify which posteriors are feasible. In other words, before addressing the question

of optimality, one must first determine the set of feasible posteriors, and this is the focus of

the current research.

2Notably, the likelihood ratio also plays a central role in the negotiation game of Hörner et al. (2015); see
the definition of λ therein and the subsequent analysis.

3Formally, each player’s information generates this event; equivalently, a CKC is a minimal non-empty
subset that is measurable with respect to the σ-algebra of all players.
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Our final result elaborates on this point and provides an illustrative example. Specifi-

cally, we examine the properties of the feasible set of joint posterior beliefs. A key question

is whether this set is convex, since convexity plays a crucial role in concavification arguments

as in Aumann and Maschler (1995) and Kamenica and Gentzkow (2011). Using our char-

acterization, we demonstrate that the set of joint posterior beliefs need not be convex, and

we characterize such convexity in the single-player set-up. We prove that the feasible set is

convex if and only if every F -loop is non-informative, meaning that it comprises a unique

partition element of F .4 Although similar forms of non-convexity have been reported in the

literature,5 our result is fundamentally different, as it arises solely from informational (i.e.,

measurability) constraints, rather than from limitations on the number of signals, incentive-

compatibility constraints, or other exogenous restrictions.

Related literature. Several strands of the literature inform our analysis. Since the

foundational work of Harsanyi (1967–1968), much effort has been devoted to formalizing

and understanding the informational structures that underlie such environments. A key

insight in this literature is that players’ information can be represented as partitions over a

finite state space, and the relationships among these partitions encode the possible flow and

structure of information in the game. Harsanyi (1967–1968) provides the basis for belief-

based reasoning in strategic settings.

Aumann’s framework for knowledge and common knowledge (see Aumann, 1976) for-

malized the use of partitions to represent agents’ information. Building on this foundation,

our paper extends the idea by introducing an external mediator that generates signals con-

strained by its own partition. A central concept in our analysis is the CKC, which is rooted

in Aumann’s original formulation.

The question of whether a joint posterior originates from a common prior has attracted

significant attention across various settings. This inquiry has been studied extensively in

contexts ranging from finite state spaces (see, e.g., Morris, 1994), to compact state spaces

(e.g., Feinberg, 2000; Heifetz, 2006), and to countable state spaces (see Lehrer and Samet,

2014). In the present framework, we assume that players initially share a common prior

and acquire information through their individual partitions of the state space, subsequently

updating their beliefs via Bayesian conditioning.

The novel aspect of our model is the introduction of an external information source, the

mediator. Given the observed joint posterior profile of the players, we inquire whether such

a profile can be rationalized as arising from a known common prior, augmented by addi-

4The notion of non-informative loops is used in Lagziel et al. (2025) to compare information providers.
5See, e.g., Kosenko (2020); Ball and Esṕın-Sánchez (2021); Candogan and Strack (2023); Herings et al.

(2024); Chen et al. (2025); see broader discussion in the literature review.
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tional public information disseminated by the mediator, which itself may be only partially

informative to the players. In other words, we ask: does the joint posterior stem from the

interaction between a common prior and an external, symmetric informational input?

The conditions we impose, internal and external consistency, are inspired by the cycle-

based consistency concepts introduced by Rodrigues-Neto (2009) and Hellman and Samet

(2012), though our focus is on implementability via constrained signals rather than belief

structures.

At a conceptual level, our mediator corresponds to a restricted Blackwell experiment

Blackwell (1951), with implementability shaped by the mediator’s coarse knowledge. In this

sense, our work complements the Bayesian persuasion framework of Kamenica and Gentzkow

(2011), where a sender optimally selects signals to influence beliefs; we instead ask when a

given belief structure can be realized at all under informational constraints.

Motivated by the question of aggregating experts’ opinions and building on the results

of Kellerer (1961), Strassen (1965), and Gutmann et al. (1991), the work of Dawid et al.

(1995) provides a characterization of joint posterior beliefs for the case of two agents. This

was extended by Arieli et al. (2021), who characterize the set of feasible distributions of

joint posterior beliefs that can arise among multiple agents in a binary state space, given a

Blackwell experiment that provides different (potentially asymmetric) information to each

agent. Their characterization is closely related to the no-trade literature in that it identifies

constraints on belief distributions that are consistent with a common prior and Bayesian up-

dating, even when agents receive heterogeneous private signals.6 More recently, Herings et al.

(2024) studied a similar question, but derived a different characterization while accounting

for an arbitrary finite state space.

Independently of Arieli et al. (2021), Ziegler (2020) studies a setting in which a media-

tor provides private signals to two receivers without committing to a common information

structure. The mediator therefore chooses information structures robustly, maximizing ex-

pected payoff against the worst-case interpretation consistent with Bayesian rationality. In

doing so, Ziegler derives necessary feasibility constraints on the joint distribution of receivers’

posteriors, conditions that coincide with those of Arieli et al. (2021) as both necessary and

sufficient in the case of two agents.

Our analysis distinguishes itself from existing literature in four fundamental ways, which

collectively define a novel research agenda. First, we adopt a setting in which players receive

private signals from a fixed information structure regarding an unknown state that is not

6See also the follow-up paper and review of the no-trade history in Morris (2020), as well as the study
of Burdzy and Pitman (2020), which follows Dawid et al. (1995), to derive probabilistic bounds on the
polarization of posteriors in a two-agent setting.
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necessarily binary, allowing for a richer initial belief space. Second, the mediator is only

partially informed about the true state, and their own information structure is fixed, which

shifts the focus from optimal information design to the mechanics of communication under

given constraints. Our characterization is thus framed in terms of the information structures

of both the players and the mediator. Third, the mediator utilizes a public communication

channel, a deliberate simplification that allows us to focus on the impact of generating

common knowledge, rather than the complexities of personalized private signals. Finally,

and most critically, our primary focus is on characterizing the specific joint posteriors that

can be induced by the mediator, rather than the distribution over these posteriors. We then

build upon this to define and characterize the entire set of implementable joint posteriors,

investigating the conditions under which any element of this set can be implemented through

a stochastic public signal, a major departure from the standard distributional analysis in

this field.

These differences become most apparent in our final result, which shows that convexity

(of the set of joint posterior beliefs) can fail purely due to information constraints. While

instances of non-convexity are well known, they typically stem from different sources. For

example, Herings et al. (2024) obtain non-convexity of feasible posterior distributions under

limited message alphabets, whereas our framework imposes no such restriction. In Cando-

gan and Strack (2023), non-convexity arises from incentive-compatibility constraints with

privately informed receivers, while our analysis is entirely payoff-free. Chen et al. (2025)

demonstrate non-convex feasible regions under support-size caps (K-signaling), whereas in

our setting, constraints emerge from likelihood-ratio products on F-loops, without any bound

on the support. Kosenko (2020) visualize non-convex feasible-posterior shapes under gar-

bling, while we provide necessary and sufficient graph-based conditions, identifying precisely

when such non-convexity arises from a partially informed mediator and privately informed

players. Finally, Ball and Esṕın-Sánchez (2021) establish non-convexity when the set of ex-

periments is restricted, whereas in our framework, the restriction is due to the measurability

of kernels given the mediator’s information.

Our characterization also clarifies when convexity can and cannot be expected. In Sec-

tion 4 we provide a sharp convexity characterization for the single-player case, and we show

by example that non-convexity can persist in richer environments, including settings with

multiple privately informed players, even when the mediator is fully informed. Together,

these findings build the case that non-convexity can arise purely from informational con-

straints, independent of payoffs, support, or signal limitations.

Finally, our results contribute to the broader literature on higher-order beliefs (see the

review by Geanakoplos, 1994), by characterizing which belief patterns, encoded in posterior
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likelihoods, can emerge from shared public signals constrained by a third party’s limited

information.

The structure of the paper. The paper is organized as follows. Section 2 presents

the model and defines joint beliefs, posterior likelihoods, the graph of information, and the

notions of cycles and loops. Section 3 introduces internal and external consistency and

proves the key graph-theoretic result (Proposition 1) underlying our main characterization.

Section 3.2 states the main implementability result (Theorem 1). Section 4 studies the

convexity of the feasible set. Section 5 discusses extensions and applications, including

multiple signals, persuasion, polarization, and potential games.

2 Preliminaries

Let N = {1, 2, . . . , n} denote the set of players, and let Ω be a non-empty, finite state space

with a strictly positive common prior µ. Each player i ∈ N has a finite partition Pi of Ω,

representing player i’s information. For any state ω ∈ Ω, we denote by Pi(ω) the element

of the partition Pi that contains ω. A Common Knowledge Component (CKC), typically

denoted by C ⊆ Ω, is a minimal non-empty subset of states that is measurable with respect

to the σ-algebra of every player (see Aumann, 1976). The notation C(ω) refers to the CKC

that contains the state ω.

Let F be a partition of Ω belonging to an agent outside the set N , which we refer to as the

mediator. As before, F (ω) denotes the information set of F that contains ω. The mediator

may provide additional information to the players beyond their private information. For

this purpose, the mediator uses a public signaling function τ : Ω → ∆(S), where S is a

finite set of signals and ∆(S) is the set (simplex) of distributions over S. Let τ(s | ω)

denote the probability that the public signal s ∈ S is observed given state ω. Note that the

signaling function is measurable with respect to (henceforth, w.r.t.) F .7 Formally, τ is an

F -measurable stochastic kernel:

(i) For each state ω ∈ Ω, τ(· | ω) is a probability distribution over a finite set of signals S.

(ii) For all ω′ ∈ F (ω) and s ∈ S, we have τ(s | ω′) = τ(s | ω).

The signaling function τ is also known as a Blackwell experiment (see Blackwell, 1951), so

the mediator can be viewed as a generator of Blackwell experiments.

7Measurability w.r.t. F means that if ω and ω′ are indistinguishable from the mediator’s perspective,
namely, in case ω′ ∈ F (ω), then τ(s | ω′) = τ(s | ω).
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2.1 Bayesian updating and joint posterior beliefs

When the realized state is ω, player i is informed of Pi(ω). Assuming there exists ω′ ∈ Pi(ω)

such that τ(s|ω′) > 0, upon observing s, player i updates his belief using Bayes’ rule. The

updated belief is given by the following distribution.

µτ,i(ω
′ | Pi(ω), s) =

µ(ω′)τ(s | ω′)∑
ω′′∈Pi(ω)

µ(ω′′)τ(s | ω′′)
. (1)

In particular, µτ,i(· | Pi(ω), s) is a probability distribution whose support is a subset of

Pi(ω). For notational convenience, we set µτ,i(ω
′ | Pi(ω), s) = 0 for every ω′, whenever

τ(s | Pi(ω)) = 0.

When the realized state may vary, we define the joint posterior associated with τ and s

as the set of posterior profiles across all states and players that can be generated by s:

µτ,s =
{(

µτ,i(· | Pi(ω), s)
)
i∈N : ω ∈ Ω with τ(s | ω) > 0

}
. (2)

This joint posterior records not only each player’s beliefs about the true state but also their

beliefs about others’ beliefs and higher-order beliefs, making it a central object for analyzing

equilibrium behavior.

2.2 Joint beliefs

To allow for even greater generality, the following definition of a joint belief requires neither

a signal nor a mediator. It will be used throughout the paper to define the joint profile of

beliefs that a mediator can potentially generate.

Definition 1. A joint belief is a map JB : Ω × N → ∆(Ω) ∪ {1∅}, where 1∅ is the zero

vector, satisfying:

(i) Common realized state: if JB(ω, i)(ω) > 0 for some i, then JB(ω, j)(ω) > 0 for all

j ∈ N .

(ii) Information-set support: if JB(ω, i) ̸= 1∅, then the support of JB(ω, i) is a subset of

Pi(ω), and JB(ω, i)(ω) > 0.

(iii) Information-set invariance: for every ω′ ∈ Pi(ω), if JB(ω, i) ̸= 1∅ and JB(ω′, i) ̸= 1∅,

then JB(ω′, i) = JB(ω, i).
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(iv) Likelihood-ratio agreement: for every i, j, ω and ω′ ∈ Pi(ω) ∩ Pj(ω),

JB(ω, i)(ω)

JB(ω′, i)(ω′)
=

JB(ω, j)(ω)

JB(ω′, j)(ω′)
,

assuming the denominators are nonzero.

When well-defined (i.e., when JB(ω, i) ̸= 1∅), JB(ω, i) stands for the belief distribution

that player i assigns to Ω when the set Pi(ω) is realized. The corresponding probability of

state ω′ is denoted by JB(ω, i)(ω′).

Several remarks are in order. First, the conditions in Definition 1 are necessary for a joint

belief to be induced as a joint posterior belief by a public signal. Indeed, they follow from the

basic properties of Bayesian inference given the existence of a common prior and a mediator’s

public signal.8 For example, a common realized state (condition (i) above) must be satisfied

whenever players consider the same probability space, and in cases without a common prior,

likelihood-ratio agreement (condition (iv) above) need not be satisfied. Second, we include

the indicator 1∅ to capture cases where the mediator’s signal has zero likelihood at ω; in

such cases, we set JB(ω, i) = 1∅ for all such states. Note that τ(s | ω′) = 0 for some

ω′ ∈ Pi(ω) does not by itself make the posterior in Eq. (1) ill-defined; it only implies that

µτ,i(ω
′ | Pi(ω), s) = 0. Third, the definition hinges on the players’ fixed partitions, primarily

through the information-set support and invariance requirements (conditions (ii) and (iii)

above), but it does not relate to the mediator’s partition. Moreover, these two conditions

apply to each player at the individual level, rather than across players.

Given a JB and a common prior µ, a natural question is whether there exists a sig-

naling function τ and a signal s that jointly induce this JB as a posterior. We approach

this question by examining posterior likelihood ratios. This builds on a key observation

that, although posterior updating is typically player-dependent (as the denominator reflects

player i’s information partition), the following likelihood ratios are not:

µτ,i(ω | Pi(ω), s)

µτ,i(ω′ | Pi(ω′), s)
=

µ(ω)τ(s | ω)
µ(ω′)τ(s | ω′)

, ∀ω, ω′ ∈ Pi(ω). (3)

In particular, whenever ω and ω′ lie in the same information set (i.e., ω′ ∈ Pi(ω), or equiv-

alently Pi(ω) = Pi(ω
′)) and both conditional probabilities are positive, this ratio is well

defined and independent of the player. This also clarifies the two constraints imposed in

Definition 1. We explore this idea further in the following section.

To formally define the problem, fix a JB and a common prior µ, and let Ω+ denote the set

of states such that JB(ω, i)(ω) > 0 for some player i, and hence for all players. In particular,

8A broader discussion of this point is provided in connection with Eq. (3) below.
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we restrict attention to the states that are assigned positive probability. Normalizing µ to

this set, we obtain the distribution µ(· | Ω+).
9

For a pair ω, ω′ ∈ Ω+ such that ω′ ∈ Pi(ω) for some i, consider the ratio JB(ω,i)(ω)
JB(ω′,i)(ω′)

. We

ask whether there exists a signaling function τ of the mediator and a signal s that induce

the same likelihood ratios. Specifically, does there exist a signal s and a function τ such that

JB(ω, i)(ω)

JB(ω′, i)(ω′)
=

µ(ω | Ω+)τ(s | ω)
µ(ω′ | Ω+)τ(s | ω′)

=
µ(ω)τ(s | ω)
µ(ω′)τ(s | ω′)

, (4)

for every player i and every ω′ ∈ Pi(ω)? Note that the right-hand side of Eq. (4) does not

depend on player i, but only on whether ω and ω′ lie in the same information set for some

player. To further discuss this question and see why likelihood ratios are sufficient statistics

for generating joint posteriors, consider the following example.

Example 1. There are five states and two players such that P1 = {{ω1, ω2}, {ω3}, {ω4, ω5}},
P2 = {{ω1, ω2, ω3}, {ω4}, {ω5}}, and F = {{ω1, ω4}, {ω2, ω3, ω5}}. Figure 3 illustrates the

knowledge structures of the players as well as that of the mediator.

Ω

P1

P2

ω1

ω2

ω3

ω4

ω5

(a)

The players’ information

Ω F

ω1

ω2

ω3

ω4

ω5

(b)

The mediator’s information

Figure 3: On the left, Figure (a) illustrates the information structure of player 1 (blue) and player 2 (red).
On the right, Figure (b) portrays the information structure of the mediator (orange).

Starting with a basic set-up and in the absence of any mediator, one may ask whether

there exists a common prior that induces the joint posterior given in Table 1.

9We discuss the case where some states are assigned zero probability in Section 3.2.
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Player 1 Player 2

ω1 (1/2,1/2,0,0,0) (1/3,1/3,1/3,0,0)

ω2 (1/2,1/2,0,0,0) (1/3,1/3,1/3,0,0)

ω3 (0,0,1,0,0) (1/3,1/3,1/3,0,0)

ω4 (0,0,0,1/2,1/2) (0,0,0,1,0)

ω5 (0,0,0,1/2,1/2) (0,0,0,0,1)

Table 1: A JB; player-specific posteriors conditional on the realized states.

Indeed, such a prior exists: the uniform distribution over Ω induces exactly these posterior

beliefs. Most importantly, in this example there are two states, ω1 and ω2, that lie in the

same information set for both players (in contrast to the four-state example presented in the

introduction).

As a consequence, the ratio between the probabilities assigned to these states (namely,
1/2
1/2

for player 1 and 1/3
1/3

for player 2) is identical across players. This property persists even

when a mediator provides additional information, as illustrated in the next table, and it

constitutes a cornerstone of our characterization.

Suppose now that the common prior is uniform. Does there exist a public signal that the

mediator could reveal so as to induce the JB given in Table 2?

Player 1 Player 2

ω1 (1/3,2/3,0,0,0) (1/5,2/5,2/5,0,0)

ω2 (1/3,2/3,0,0,0) (1/5,2/5,2/5,0,0)

ω3 (0,0,1,0,0) (1/5,2/5,2/5,0,0)

ω4 (0,0,0,1/3,2/3) (0,0,0,1,0)

ω5 (0,0,0,1/3,2/3) (0,0,0,0,1)

Table 2: The JB conditional on the mediator’s signal, under a uniform prior.

The answer is yes. Consider a signaling function τ and a signal s such that τ(s | ωi) = 1/5

for i ∈ {1, 4} and τ(s | ωi) = 2/5 for i ∈ {2, 3, 5}. Since τ(s | ω1) = τ(s | ω4) and

τ(s | ω2) = τ(s | ω3) = τ(s | ω5), the function τ is F -measurable.

Now modify Table 2 by replacing player 1’s posteriors at ω4 and ω5 with (0, 0, 0, 1/5, 4/5).

The resulting table still defines a joint belief (Definition 1), but it is not implementable by

any F -measurable public signal.

The reason is that if, under ω1, the posterior of player 1 is
(
1
3
, 2
3
, 0, 0, 0

)
, then due to the

F -measurability restriction, the ratio

τ(s | ω1)

τ(s | ω2)
must match

τ(s | ω4)

τ(s | ω5)
.
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However, in the former case, the ratio is 1
2
, while in the latter it is 1

4
.

A hierarchy of beliefs.

A joint belief specifies each player’s posterior at every state, and therefore encodes not

only first-order beliefs but also higher-order beliefs, which are central for equilibrium analysis.

For example, in Table 1, when ω4 is realized player 1 assigns probability 1/2 to each of ω4

and ω5. Hence player 1 assigns probability 1/2 to the event that player 2 is certain the state

is ω4 and probability 1/2 to the event that player 2 is certain the state is ω5. This illustrates

how the state-by-state specification of posteriors captures a hierarchy of beliefs.

This example also highlights why likelihood ratios are the right object for our analysis:

any F -measurable public signal must preserve relative likelihoods of states within each in-

formation set, and these ratios will become the algebraic constraints in our implementability

characterization.

2.3 The graph of information and PL functions

In this section, we present two key elements for our analysis: the graph of information and

posterior likelihood functions. Starting with the former, we represent the agents’ private

information by a directed graph, following Rodrigues-Neto (2009). The graph provides a

compact way to record which pairs of states are directly comparable for at least one player

(i.e., states that a player may confound within an information set). This will later allow us to

express Bayesian feasibility restrictions as simple multiplicative constraints along particular

chains in the graph.

Formally, let G = (V,E) be a directed graph with vertex set V = Ω. For two states

ω, ω′ ∈ Ω, we include a directed edge (ω, ω′) ∈ E (denoted ω → ω′) if there exists a player

i ∈ N such that ω′ ∈ Pi(ω). Since each Pi is a partition, whenever ω → ω′ we also have

ω′ → ω. We keep both directions because likelihood ratios will be defined on directed edges.

See below the illustrative graph for Example 1.

Let↠ denote the transitive closure of→: we write ω ↠ ω′ if there exists a finite sequence

of states ω = ω1, ω2, . . . , ωm = ω′ such that ωk → ωk+1 for all k < m. Because edges

come in both directions, ↠ is an equivalence relation; its equivalence classes coincide with

the common knowledge components (CKCs). In particular, G decomposes into connected

components, each corresponding to a CKC.

The second central object in our characterization is a function that records local likelihood

ratios (comparisons across edges).

Definition 2 (Posterior likelihood (PL) function). A positive function φ defined over E is
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a posterior likelihood function if it satisfies the condition10

φ(ω, ω′) =
1

φ(ω′, ω)
. (5)

Intuitively, φ(ω, ω′) is the likelihood ratio of ω relative to ω′ as perceived by any player

who cannot distinguish between them. Later, a joint belief (together with a prior) will induce

such an φ on E via Bayes’ rule. We typically ignore self edges (as ω ∈ Pi(ω) trivially), but

if needed, set φ(ω, ω) = 1.

Example 1, continued. The graph of information corresponding to the model described

in Example 1, omitting arrows from a state to itself, is given in Figure 4. Note that the

likelihood ratio of the probabilities of ω1 and ω2 is 1/2 (recall Table 2 above). This is true for

both players since ω1 and ω2 belong to the same information sets of the two. We therefore

obtain that φ(ω1, ω2) = 1/2, and the other values of the PL function are:

φ(ω2, ω3) = 1, φ(ω3, ω1) = 2, and φ(ω4, ω5) = 1/2, (6)

while preserving the relation in Eq. (5).

ω1

ω2 ω3

ω4

ω5

Figure 4: The graph of information. In this example, there are two connected components, each correspond-
ing to a CKC.

2.4 Cycles and information loops

The mediator’s partition F may be coarser than the players’ common-knowledge partition:

the mediator may pool together states that all players (collectively) do distinguish. This

mismatch is captured by two graph-theoretic objects: F -cycles and F -loops. We introduce

them here so that the subsequent consistency section can focus purely on restrictions on φ

rather than on the combinatorics of the environment.

An F -cycle is a chain of player-edges that “closes” because the terminal state lies in the

same mediator cell as the initial state.

10We abuse notation and use φ(ω, ω′) instead of φ((ω, ω′)).
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Definition 3 (F -cycle). An F -cycle is a finite sequence of states ω1, ω2, . . . , ωm+1 such that

(ωi, ωi+1) ∈ E for i = 1, . . . ,m, and ωm+1 ∈ F (ω1).

Since ω1 ↠ ωm+1, every F -cycle is contained in a single CKC; the mediator enters only

through the closing condition ωm+1 ∈ F (ω1). When F is discrete (singleton cells), an F -cycle

reduces to an ordinary directed cycle ωm+1 = ω1.

Next, we define information loops that capture the mediator’s ability to connect distinct

CKCs through its own coarser information. The concept of a loop plays a pivotal role in

Lagziel et al. (2025) to provide conditions such that one mediator dominates another, in an

extension of Blackwell’s work on the comparison of experiments (see Blackwell, 1951).

Definition 4 (F -loop). An F -loop is a finite sequence of pairs
(
(ωi, ω̄i)

)m
i=1

such that, for

each i = 1, . . . ,m:

(i) ωi ↠ ω̄i (the pair lies in the same CKC);

(ii) ω̄i ̸↠ ωi+1 (successive pairs lie in different CKCs);

(iii) ω̄i ∈ F (ωi+1), with the convention ωm+1 := ω1.

Condition (i) means that each pair (ωi, ω̄i) lies within a single CKC. Condition (ii) forces

the loop to move across CKCs. Condition (iii) explains how it moves: the mediator cannot

distinguish ω̄i from the next state ωi+1 because they lie in the same F -cell. For instance,

the example given in the introduction depicts a situation where the mediator cannot dis-

tinguish between states ω1 and ω3, both in different CKCs, and between states ω2 and ω4,

although the two players commonly distinguish between these states. This forms an F -loop

of ((ω1, ω2), (ω4, ω3)).

The graph, cycles, and loops introduced above are purely structural objects determined

by the players’ information partitions and the mediator’s partition F . In Section 3.1, we

translate these objects into algebraic restrictions on the posterior likelihood function φ by

evaluating products of likelihood ratios along them. Along an F -cycle we multiply φ directly

on successive edges, whereas along an F -loop we must compare states within a CKC that may

not be adjacent; we do so by extending φ along paths inside each CKC (internal consistency

will guarantee that this extension is well defined). These consistency conditions will then be

used in our characterization of Bayesian implementability.
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3 Consistency conditions and main result

In this section we introduce two restrictions, referred to as internal and external consis-

tency, that characterize when a posterior-likelihood function φ can be generated by an F -

measurable signaling function. Section 3.1 develops the graph-theoretic characterization, and

Section 3.2 applies it to Bayesian updating to obtain our main implementability theorem.

3.1 Internal and external consistency

We start with a purely structural question that depends only on the players’ partitions (Pi)i

and the mediator’s partition F . Fix a PL function φ on the edge set E. Does there exist an

F -measurable, strictly positive function f : Ω → R++ such that

φ(ω, ω′) =
f(ω)

f(ω′)
for every (ω, ω′) ∈ E?

To address this question, recall the notions of an F -cycle and an F -loop from Section 2.4.

We use these objects to formulate two consistency conditions, which Proposition 1 shows

are necessary and sufficient. This result will later allow us to test whether a joint belief

JB is implementable: we map JB into its induced PL function and verify the consistency

conditions (see Eq. (4) and Remark 1).

The first property, internal consistency, parallels Definition 2 in Rodrigues-Neto (2009),

where cycles are defined solely in terms of the players’ information, independently of the

mediator.11

Definition 5. Let (ωi, ωi+1)
m
i=1 be an F -cycle. Then, Internal consistency [INC] holds if

m∏
i=1

φ(ωi, ωi+1) = 1. (7)

Hellman and Samet (2012) refer to the left-hand side of Eq. (7) (when F is trivial) as

the type ratio of a chain. Note that for every (ω1, ω2) ∈ E, the sequence (ω1, ω2, ω1) is an

F -cycle. Thus, by Eq. (5), a positive function φ defined on E is a PL function if and only

if Eq. (7) holds for every such F -cycle. In particular, [INC] implies Eq. (5), and hence φ is

indeed a PL function.

The following Lemma 1 uses [INC] to extend any φ in a consistent manner in every

CKC. (The proof is relegated to the appendix; see Section A.1.)

11In specific cases, Hellwig (2013) simplifies the consistency test of Rodrigues-Neto (2009) for verifying
whether a given set of players’ posteriors is compatible with a common prior.
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Lemma 1. Assume [INC]. Then, φ can be extended to any pair (ω1, ωm+1) where ω1 ↠

ωm+1, and it holds that for any sequence of edges
(
(ωi, ωi+1)

)m
i=1

in E,

m∏
i=1

φ(ωi, ωi+1) = φ(ω1, ωm+1). (8)

In Example 1, the sequence
(
(ω1, ω2), (ω2, ω3), (ω3, ω1)

)
forms an F -cycle, and indeed, in

Table 2, the product of the corresponding values that φ assigns to these edges does equal 1

(see Eq. (6) above).

Remark 1. Lemma 1 implies that if φ satisfies [INC], then for each connected component

C of G the ratios encoded by φ determine a probability distribution on C. Specifically,

µφ(ω
′ | C) =

φ(ω′, ω)∑
ω′′∈C φ(ω′′, ω)

, (9)

where ω is any reference state in C (the expression is independent of this choice).

Similar to the notion of an F -cycle and the internal consistency property, we employ the

F -loop to define external consistency as follows.

Definition 6. Assume [INC] holds so that φ extends as in Lemma 1, and let
(
(ωi, ω̄i)

)m
i=1

be an F -loop. Then, External Consistency [EXC] holds if

m∏
i=1

φ(ωi, ω̄i) = 1. (10)

The [EXC] condition has substantive content only when the mediator lacks knowledge of

the players’ common knowledge. Equivalently, if for every ω we have F (ω) ⊆ C(ω), then no

F -loops arise and [EXC] becomes vacuous. An extreme example is an all-knowing mediator,

who knows the exact identity of the realized state, i.e., F (ω) = {ω} for every ω ∈ Ω.

We revisit the introductory example to illustrate the role of [EXC] in our setting. Sup-

pose the mediator aims to induce a JB in which player 1’s belief is (1
3
, 2

3
, 0, 0) and player 2’s

belief is (0, 0, 3
4
, 1

4
). The corresponding posterior likelihood ratios are φ(ω1, ω2) = 1

2
and

φ(ω4, ω3) =
1
3
. The product of ratios along the loop is therefore φ(ω1, ω2)φ(ω4, ω3) =

1
6
̸= 1,

and as previously stated, this JB is indeed infeasible.

The technical backbone of our analysis, stated in Proposition 1, establishes that internal

and external consistency, w.r.t. a given PL function φ, are necessary and sufficient conditions

for the existence of an F -measurable function that reproduces the likelihood ratios encoded

by φ. (The proof is relegated to the appendix; see Section A.2.)
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Proposition 1. Fix φ. There exists an F -measurable and strictly positive function f defined

on V such that, for every (ω, ω′) ∈ E,

φ(ω, ω′) =
f(ω)

f(ω′)
, (11)

if and only if [INC] and [EXC] hold for the extension provided by Lemma 1.

Once Proposition 1 establishes a characterization of a given PL function, we can employ

it in Section 3.2 to show how one can take a JB, translate it into a PL function, and then

replicate this JB for a given mediator.

As stated in Remark 1, when φ satisfies [INC] it induces a distribution µφ(· | C) on each

connected component C. Section 3.2 shows that if φ also satisfies [EXC], then the mediator

can choose an F -measurable signaling function τ and a signal s such that the posterior

distribution over Ω given s admits the decomposition

µτ (· | s) =
∑
C

µ(C | s)µφ(· | C), (12)

where the sum ranges over all connected components of G, and

µ(C | s) =
∑

ω∈C τ(s | ω)µ(ω)∑
ω∈Ω τ(s | ω)µ(ω)

.

In simple terms, µτ (· | s) is the posterior distribution over Ω after observing the message s,

sent by the mediator.

Remark 2. The preceding discussion has focused on the case of public signals, where all

players observe the same realization from the information structure. Evidently, if a signaling

function induces the joint posteriors of the entire group N , then it also induces the joint pos-

teriors of any subgroup I ⊆ N . Consequently, Proposition 1 implies that if the corresponding

PL function φJB satisfies the consistency conditions for N players, it will also do so for any

subset of N .

3.2 Main characterization: implementation to Bayesian updating

In this section, we apply Proposition 1 to the context of Bayesian updating. Suppose all

players share a common prior µ, and let JB denote a joint belief, as defined in Definition 1.

Can this joint belief be induced by a signaling function τ of the mediator and a signal s?

We employ Proposition 1 to answer this question. To see this, let us focus first on the
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subset Ω+ ⊆ Ω of states ω for which12 JB(ω, i)(ω) > 0 for some player i. Consider the graph

G+ = (Ω+, E+) , which is the restriction of the original graph G = (Ω, E) to the subset Ω+.

Using Eq. (4), define a new PL function φJB on the edge set E+ as follows:

φJB(ω, ω
′) =

JB(ω, i)(ω)

JB(ω′, i)(ω′)
· µ(ω

′)

µ(ω)
, ∀ (ω, ω′) ∈ E+ , ω′ ∈ Pi(ω). (13)

Since both µ and JB(ω, i)(ω) are strictly positive on Ω+, φJB is strictly positive as well.

Note that the common realized state constraint (condition (i) in Definition 1), ensures that

JB(ω, j)(ω) > 0 for every player j and every ω ∈ Ω+. Accordingly, the information-set

invariance requirement (condition (iii) in Definition 1) ensures that JB(ω, i) = JB(ω′, i), as

long as both are not the zero vector. Moreover, the likelihood-ratio agreement (condition

(iv) in Definition 1) ensures that the right-hand side is invariant to the chosen player i, so

φJB is a well-defined PL function. Given that [INC] holds, we can extend φJB to every

pair (ω, ω′) in a given CKC as done in Lemma 1. So, whenever [INC] holds, we henceforth

consider the extended PL function.

Recall that µτ,s (see Eq. (2) above) denotes the joint posterior associated with τ and s.

As an implication of Proposition 1, the following theorem states that internal and external

consistency (w.r.t. φJB) are necessary and sufficient conditions for the existence of an F -

measurable signaling function τ and a signal s, such that µτ,s = JB.13 Other than the

two consistency conditions, we also require that Ω+ is F -measurable, because any JB that

assigns zero mass to some states and positive mass to other states within the same mediator

information set is impossible to implement. (The proof is relegated to the appendix; see

Section A.3.)

Theorem 1 (Main Characterization: Implementable Joint Posteriors). Fix all agents’ par-

titions, a prior, and a joint belief JB. Then there exists an F -measurable signaling function

τ and a signal s, such that µτ,s = JB on Ω+ if and only if

(i) Ω+ is measurable w.r.t. F ; and

(ii) φJB satisfies conditions [INC] and [EXC] in G+.
14

Note that condition (i) is necessary because the prior µ is strictly positive. If the mediator

sends a given signal at some ω ∈ Ω+, then the same signal must also be sent at every

12Recall that JB(ω, i) is a distribution while JB(ω, i)(ω) is a probability.
13To be clear, the equivalence holds for every player and every state in Ω+, specifically, ∀ω ∈ Ω+ and

∀i ∈ N , we have µτ,i(·|Pi(ω), s) = JB(ω, i).
14[EXC] is satisfied using the extension provided by Lemma 1, ensured by [INC].
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ω′ ∈ F (ω), with the same probability. Consequently, if ω′ /∈ Ω+, the posterior probability

assigned to ω′ cannot be zero unless the prior probability of ω′ was already zero.

The economic implication of Theorem 1 is as follows. Suppose a function φ is given.

By Remark 1, φ induces a probability distribution over each connected component, and

thus determines the posterior beliefs of all players. Theorem 1 identifies conditions under

which there exists a signaling mechanism, implemented by the mediator, that induces these

posterior beliefs, as described in Eq. (1).

4 Non-convexity of the feasible set

The key idea of concavification originates from the work of Aumann and Maschler (1995)

on repeated games with incomplete information and, more recently, from the Bayesian per-

suasion literature. It builds on the “splitting lemma” which traces back to Blackwell (1951),

relying on the ability to “split” the prior through signaling, under the crucial property that

any convex combination of feasible posteriors is itself feasible. In other words, the set of fea-

sible posteriors is convex. As it turns out, this property fails in more general informational

environments, such as those analyzed here.

To understand why convexity may break down, consider the consistency constraints in

Theorem 1. The external consistency condition builds on the function φJB defined in Equa-

tion (13). Given either an F -loop or an F -cycle, take two distinct feasible joint posteriors

that individually satisfy the consistency constraints. For convexity to hold, their average

should also satisfy these constraints. However, the constraints are nonlinear in the posterior

probabilities, since they arise from a product of likelihood ratios. So the average may fail to

sustain a necessary feasibility condition.

Recall that Definition 1 allows JB(ω, i)(ω) to take the value 1∅, which does not represent

a probability distribution. Consequently, the set of joint beliefs is not convex in the standard

sense: if one joint belief is a valid distribution and another is 1∅, their convex combination is

not a well-defined belief. We therefore restrict our attention to cases where, conditional on

the state and player, the support of the two joint beliefs are in the same partition elements.

Formally, we adopt the following definition of convexity:

Definition 7. The feasible set is convex if for any two feasible joint beliefs JB1 and JB2

with matching information-supports (i.e., JB1(ω, i) = 1∅ ⇐⇒ JB2(ω, i) = 1∅ for all (ω, i)),

the joint belief λJB1 + (1− λ)JB2 is feasible for all λ ∈ [0, 1].

Non-convexity arises not only in multiplayer environments. Even in a single-player set-

ting, when the mediator and the player possess different information, the induced set of
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posteriors may be non-convex.15 To illustrate how convexity fails, consider the following

example with four states and a non-uniform prior.

Example 2. Fix Ω = {ω1, ω2, ω3, ω4}, endowed with a prior of µ(ωi) = 0.2 for every i = 1, 2, 3

and µ(ω4) = 0.4. Player 1’s partition is P1 = {{ω1, ω2}, {ω3, ω4}}, and the mediator’s

partition is F = {{ω1, ω3}, {ω2, ω4}}. So there exists an F -loop of ((ω1, ω2)(ω4, ω3)).

Fix the F -measurable signaling function τ where τ(s1|{ω1, ω3}) = 1
3
= 1− τ(s2|{ω1, ω3})

and τ(s1|{ω2, ω4}) = 2
3
= 1− τ(s2|{ω2, ω4}). The induced posteriors are given in Table 3(a).

Now consider the average of the two posteriors given in Table 3(b), and let us see whether

external consistency holds:

JB(ω1, 1)(ω1)

JB(ω2, 1)(ω2)
· µ(ω2)

µ(ω1)
· JB(ω4, 1)(ω4)

JB(ω3, 1)(ω3)
· µ(ω3)

µ(ω4)
=

1/2
1/2

·
1/5
1/5

·
13/20
7/20

·
1/5
2/5

=
13

14
̸= 1.

Hence, according to Theorem 1, the average posterior is not feasible and therefore the feasible

set related to µ is not convex.

post(· | s1) post(· | s2)
ω1 (1/3,2/3,0,0) (2/3,1/3,0,0)

ω2 (1/3,2/3,0,0) (2/3,1/3,0,0)

ω3 (0,0,1/5,4/5) (0,0,1/2,1/2)

ω4 (0,0,1/5,4/5) (0,0,1/2,1/2)

(a)

Av. post = 1
2

(
post(· | s1) + post( · | s2)

)
ω1 (1/2,1/2,0,0)

ω2 (1/2,1/2,0,0)

ω3 (0,0,7/20,13/20)

ω4 (0,0,7/20,13/20)

(b)

Table 3: Figure (a) depicts the player’s posterior belief given the mediator’s signaling function τ ,

and Figure (b) presents the average over the two posterior beliefs.

Next, one can devise an example with a fully informed mediator and a uniform prior

that still does not admit convexity. Fix Ω = {ω1, ω2, ω3, ω4}, endowed with a uniform prior,

a fully informed mediator, while P1 = {{ω1, ω2}, {ω3, ω4}} and P2 = {{ω1, ω3}, {ω2, ω4}}.
So there exists a cycle that goes through all four states. Now consider two signals, the first

s1 is completely non-informative and the second is τ(s2|ω1) = τ(s2|ω2) = 1
6
, τ(s2|ω3) = 2

6

and τ(s2|ω4) =
3
6
. One can easily compute the joint posteriors given each signal and their

average, and use our characterization to verify that the outcome is a non-implementable

joint posterior, although the mediator has full information.

We can also simplify the state space with an example that builds on three equally likely

states, where P1 = {{ω1, ω2}, {ω3}}, P2 = {{ω1, ω3}, {ω2}}, and F = {{ω1}, {ω2, ω3}}.
15Kolotilin et al. (2017) and Guo and Shmaya (2019) provide insights into persuasion problems with

privately informed receivers.
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Take two signals where the first is completely non-informative and the second is τ(s2|ω2) =

τ(s2|ω3) = 2τ(s2|ω1). Again, a simple computation shows that the average of the two joint

posterior beliefs is not implementable.

On the other hand, it is easy to show that the feasible set is convex in two benchmark

cases of: (i) uninformed players; and (ii) a fully informed mediator with one player.16 The

question now arises: when is the feasible set convex? Our graph-of-information charac-

terization provides tools to address this question, but it requires two additional notions:

pseudo-independence and informative loops.

Definition 8. Let A = {A1, . . . , Aℓ} and B = {B1, . . . , Bk} be two partitions of Ω. We

say that A and B are pseudo-independent if, for every strictly positive prior µ, there exist

constants a1, . . . , aℓ and b1, . . . , bk such that, for every i and j with Ai∩Bj ̸= ∅, µ(Ai∩Bj) =

aibj.

Technically, pseudo-independence means that, for every prior µ, the incidence matrix(
µ(Ai ∩Bj)

)
ij
, which represents the joint distribution induced by µ over the two partitions,

equals the matrix which is the outer product of two vectors, (a1, . . . , aℓ) and (b1, . . . , bk),

except for the cells where Ai ∩Bj = ∅.
This definition establishes a structural condition on the geometry of the partitions. Be-

cause the factorization is required to hold for every prior, pseudo-independence describes a

combinatorial property of the information structures themselves, independent of any specific

belief system or probability measure.

Example 3. Consider Ω, µ, and P1 as in Example 2. For convenience, denote A1 = {ω1, ω2}
and A2 = {ω3, ω4}, while the mediator’s partition is now F = {B1, B2, B3} where B1 =

{ω1, ω3}, B2 = {ω2}, and B3 = {ω4}. It is clear that P1 and F are not probabilistically

independent with respect to µ.17 However, for the constants a1 = a2 = 1, b1 = b2 = 0.2, and

b3 = 0.4, we have µ(Ai∩Bj) = aibj whenever Ai∩Bj ̸= ∅. For example, µ(A1∩B1) = µ(ω1) =

1 ·0.2 = 0.2. Since we can provide a similar factorization for every prior µ, the partitions are

pseudo-independent. It is important to note that when Ai∩Bj = ∅, no condition is imposed.

Next, the definition of informative loops is taken from Lagziel et al. (2025) who uses it

to compare mediators:

Definition 9. An F-loop
(
(ωi, ω̄i)

)m
i=1

is informative if there exist an i such that ωi and ω̄i

belong to two different information sets of F .

16Obviously, the set would also be convex in a binary state space, as any connected set is convex in one
dimension.

17The two partitions are probabilistically independent with respect to µ if µ(Ai ∩ Bj) = µ(Ai)µ(Bj) for
every i, j.
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An informative loop implies that, within a chain of states that players cannot distinguish,

the mediator can distinguish some states. This capability allows the mediator to induce

likelihood ratios that do not aggregate linearly, creating non-convexity.

In a single-player setting, the implication of F (ωi) ̸= F (ω̄i) is that ωi and ω̄i are indis-

tinguishable to the single player, whereas the mediator can distinguish between them. In

this sense, the mediator may convey additional information to the player along the loop.

For this reason, the loop is called informative. For example, the F -loop ((ω1, ω2)(ω4, ω3))

discussed in Example 2 is informative because ω1 and ω2 lie in different information sets of

F . Had F been trivial (i.e., F = {Ω}), so that the mediator knows nothing, the sequence

((ω1, ω2)(ω4, ω3)) would still form an F -loop, but it would no longer be informative.

We are now ready to characterize the convexity of the feasible set. This characterization

relies on two conditions. The first is a combinatorial condition on the mediator’s and the

player’s partitions, ensuring pseudo-independent factorizations, and the second concerns the

information (knowledge) available to the mediator along every loop. (The proof is relegated

to the appendix; See Section A.4.)

Theorem 2. Consider a player endowed with a partition P1 and a mediator whose partition

is F . The following statements are equivalent.

• The feasible set is convex for every prior.

• P1 and F are pseudo-independent.

• There is no informative F -loop.

Theorem 2 can be extended to show that, given an informative F -loop, the feasible set

of posterior beliefs is not convex for almost every prior. In other words, a non-convex set of

posterior beliefs is generic, in the presence of an informative F -loop. This result is given in

the following Proposition 2. (The proof is relegated to the appendix; See Section A.5.)

Proposition 2 (Generic non-convexity under an informative F -loop). Consider a player

endowed with a partition P1 and a mediator whose partition is F . If there exists an informa-

tive F -loop, then the set of priors for which the feasible set is convex has Lebesgue measure

zero.

Interestingly, there are various, quite standard persuasion models with an informative F -

loop. For example, following Guo and Shmaya (2019), consider an online platform (Sender)

that wants a customer (Receiver) to buy a product. The product has an unknown qual-

ity q ∈ qH , qL, where 0 < qL < qH < 1, known only to the Sender, while the customer

reads reviews and forms a private “type” t: either optimistic tH (w.p. q) or pessimistic
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qL (w.p. 1 − q). Evidently, the optimistic type is easier to persuade about a high-quality

product than the pessimistic one. The Receiver can either buy or not, and conditional

on buying, his payoff depends on q (and 0 otherwise), while the Sender’s payoff is posi-

tive only if the Receiver buys (and 0 otherwise). Thus, the state space comprises 4 states,

where the Receiver’s and the Sender’s partitions are P1 = {{qHtH , qLtH}, {qHtL, qLtL}} and

F = {{qHtH , qHtL}, {qLtH , qLtL}}, respectively. This yields a 4-state, informative F -loop,

so the feasible set is generically not convex.

5 Extensions and applications

5.1 A Mediator as a Blackwell-experiments generator

In the previous sections we provided necessary and sufficient conditions for a JB to be

generated by a single F -measurable signaling function and a single signal. Now suppose

we are given several beliefs, JB1, . . . , JBm. As in Eq. (13), each JBi induces a PL function

φJBi
. Assume that each φJBi

satisfies the [INC] and [EXC] conditions, thereby enabling

the application of Theorem 1. This means that for each i, there exists a signaling function τi

and a signal si such that the posterior they induce coincides with µi = µJBi
, as in Eq. (12).

Thus, each posterior is individually generated by a distinct signaling function and signal.

Our question here is whether there exists a single signaling function τ that generates all of

these posteriors with positive probability, and no others.

To formally introduce this question, denote

µτ (ω | s) = µ(ω)τ(s | ω)∑
ω′∈Ω µ(ω′)τ(s | ω′)

, (14)

which is the posterior probability of ω given that the signal s has been generated by τ .

The corresponding posterior distribution over Ω will be denoted by µτ (· | s). Note that the

signaling function and the signal are constructed so as to retain all posterior probabilities

consistent with the respective JBs and subject to the mediator’s informational constraint.

Once constructed, they induce a distribution over the state space obtained through standard

Bayesian updating.

We then ask: under what conditions does there exist a signaling function τ , measurable

with respect to F , such that the signals it produces with positive probability are s1, . . . , sm

and {
µτ (· | s1), . . . , µτ (· | sm)

}
=
{
µ1 , . . . , µm

}
? (15)

If the answer is affirmative, the mediator effectively serves as a generator of Blackwell
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experiments and, in particular, can generate the corresponding posteriors. To investigate

this question, we begin with the following definition. A nonzero function u : Ω → R is called

an option (or a state-contingent claim), as it specifies a monetary payoff for each possible

state.

Definition 10. (i) We say that the family of distributions ν1, . . . , νk preserves positivity

(PP) w.r.t. µ if, for every option u such that Eνi [u] ≥ 0 for every i, it follows that Eµ[u] ≥ 0.

(ii) We say that the family of distributions ν1, . . . , νk strictly preserves positivity (SPP)

w.r.t. µ if, for every option u such that Eµ(u) = 0 and Eνi(u) ≥ 0 for every i, it follows that

Eνi(u) = 0 for every i.

To better understand the notion of positivity preservation, suppose that µ is the prior

belief a decision maker holds about the state space Ω, and let µ1, . . . , µm be the posteriors

induced by observed signals. If the posteriors µ1, . . . , µm do not preserve positivity w.r.t. µ,

then there exists a utility function assigning payoffs to states such that the expected utility

under the prior µ is strictly lower than the expected utility under each posterior µi. This

represents a case of time inconsistency: ex ante (i.e., under the prior), the option yields a

negative expected reward, while ex post (i.e., conditional on any posterior), the same option

yields a positive expected reward, regardless of the specific signal realized.

Strict positivity preservation w.r.t. µ means that the distributions µ1, . . . , µk are fully

aligned with µ in the following sense: there is no option whose expected value is nonnegative

under all µi, zero under µ, and strictly positive under at least one µi. Formally, if a function

u has zero mean under µ, that is, µ regards it as “fair”, and each µi weakly favors it (i.e.,

Eµi
[u] ≥ 0 for all i), then it must be that Eµi

[u] = 0 for all i. In other words, for any option

that is µ-neutral, if it is weakly favorable for all µi, then it is strictly favorable for none.

Observation 1. To show that SPP w.r.t. µ implies PP w.r.t. µ, assume the former. Con-

sider an option u such that Eµi
[u] ≥ 0 for every i and assume, contrary to PP, that

Eµ[u] < 0. Define the option v = u − Eµ[u]. Then, Eµi
[v] = Eµi

[u] − Eµ[u] ≥ 0 and

Eµ[v] = Eµ[u] − Eµ[u] = 0. By SPP, Eµi
[v] = 0 and thus Eµi

[u] = Eµ[u] < 0 for every i,

which contradict the assumption.

We can now discuss the following Theorem 3 that extends previous results to a set of joint

posteriors. Fix a family of PL functions φJB1 , . . . , φJBm (induced by the aforementioned JBs)

that satisfy [INC] and [EXC], and recall Eq. (12) which prescribes a distribution for every

such PL function. In particular, φi corresponds to the posterior µi. The first part of the

following Theorem 3 states that PP is a necessary and sufficient condition for the existence

of a strategy τ whose signals generate posterior distributions, all of which are contained in
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{µ1, . . . , µm}. The second part of the theorem uses SPP to characterize when there is a

signaling function whose set of posterior coincides with {µ1, . . . , µm}. (The proof is given in

Section A.6 in the appendix.)

Theorem 3. Let µ be a common prior, and let φJB1 , . . . , φJBm be PL functions that satisfy

[INC] and [EXC]. For every JBi, assume that Ωi
+, defined as in Theorem 1, is measurable

w.r.t. F . Then, there exists an F -measurable signaling function τ such that:

(i) for every signal s generated by τ with positive probability, the posterior it induces belongs

to the family {µ1, . . . , µm} if and only if this family PP w.r.t. µ;

(ii) the set of posteriors it generates with positive probability coincides with {µ1, . . . , µm} if

and only if this family SPP w.r.t. µ.

One should note the construction underlying Theorem 3. First, a common prior and a

set of JBs are fixed to satisfy the conditions of Theorem 1. Next, the implied strategies

are employed to construct a set of posteriors over Ω that abstract from the players’ private

information. The necessary and sufficient conditions stated in Theorem 3 are then imposed

on these posteriors, relative to the prior, to guarantee the existence of an F -measurable

unified strategy. Once this strategy is applied, together with the common prior and the

players’ private information, it induces the desired JBs.

5.2 Fact-checking and depolarization procedures

The issue of polarization, either ideological or affective, has gained much concern in public

discourse, and therefore attention both in general and in research.18 Yet, there has been

considerably less focus on methods of reducing polarization that naturally align with our

framework, and can provide insights into this issue.

For that purpose, we interpret the mediator as a fact-checker (or some other verification

/ regulatory authority) operating on a news or social-media platform. The underlying state

ω ∈ Ω describes both the true content of a story and the relevant context. Users are

partitioned into groups i ∈ N with information partitions Pi (“echo chambers”), and the

fact-checker has a partition F capturing the evidence it can access (e.g., databases, legal

documents). Accordingly, the fact-checking policy is an F -measurable public experiment

τ : Ω → ∆(S) whose realizations s ∈ S are labels such as “True”, “Misleading”, or “False”.

18See, for instance, Nimark and Sundaresan (2019); Matvejka and Tabellini (2021); Levy (2021); Yuksel
(2022); Perego and Yuksel (2022); Bowen et al. (2023); Ikan et al. (2025); Goldstein et al. (2025) among
many others.
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Given p ∈ [0, 1], we say that a strategy τ induces p–consensus if

D(τ) = Eµ,τ

[
max
i,j∈N

∥
(
µτ,i(· | Pi(ω), s)

)
−
(
µτ,j(· | Pj(ω), s)

)
∥
]
≤ 2(1− p),

where ∥ · ∥ is the l1-norm and D(τ) is referred to as the expected disagreement given τ . Note

that the case where players have a common prior, and no private information relates to

p = 1, a situation we refer to as a full consensus.

Evidently, the case of full consensus is very demanding. It implies that all disagreements

completely vanish, and intuitively, this would require an overwhelming amount of informa-

tion on the side of the mediator. The following proposition captures this. (The proof is

straightforward, thus omitted.)

Proposition 3. The mediator can induce full consensus for every common prior if and only

if Pi ∨ F = Pj ∨ F for every i, j ∈ N .19

The characterizing criterion is quite restrictive: it requires the mediator to bridge any

informational gap between any two individuals. In many environments this is unrealistic. A

potentially more reasonable and modest objective is to reduce polarization without neces-

sarily eliminating it completely, that is, achieving p-consensus for some p < 1. In this case,

our analysis and results become much relevant.

The mediator’s problem in this section can be interpreted as choosing an F -measurable

experiment τ to maximize consensus, or equivalently to minimizeD(τ). Crucially, Theorem 2

and the consistency conditions [INC] and [EXC] characterize the feasible joint posteriors that

can arise from such a τ , so D(τ) is minimized over a set that is typically non-convex and

constrained by products of likelihood ratios along F -cycles and F -loops.

The next example illustrates that, under this objective, full revelation of the mediator’s

partition F is generally not optimal: a strictly less informative, noisy experiment can yield

strictly lower expected disagreement.

Example 4. Consider a probability space with four states Ω = {ω1, ω2, ω3, ω4} with the

prior µ =
(

1
16
, 4
16
, 5
16
, 6
16

)
. There are two players and a mediator whose partitions are given

by P1 =
{
{ω1, ω3, ω4}, {ω2}

}
, P2 =

{
{ω1}, {ω2, ω3, ω4}

}
, and F =

{
{ω1, ω3}, {ω2, ω4}

}
,

respectively.

Given that the mediator provides no information (a constant signal), each player sim-

ply conditions on Pi(ω), and the resulting expected disagreement is approximately 0.848.

However, under a fully revealing policy, the expected disagreement drops to 0.808, so full

19Pi ∨F is the coarsest common refinement of Pi and F , i.e., the partition generated by intersecting their
cells.
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revelation of F is helpful in reducing polarization relative to having no mediator. But the

mediator could even do better. For example, consider a strictly less informative τnoisy with

two signals s1, s2:

τnoisy(s1 | ω1) = τnoisy(s1 | ω3) = 0, τnoisy(s1 | ω2) = τnoisy(s1 | ω4) =
3
4
,

and τnoisy(s2 | ω) = 1 − τnoisy(s1 | ω) for all ω. This experiment partially pools the two

F -cells and is therefore strictly less informative (in the Blackwell sense) than the completely

informative strategy. A direct calculation shows that the expected disagreement under τnoisy

is 0.775.

Thus, although full revelation of F reduces polarization relative to having no mediator,

it is strictly dominated (for the purpose of minimizing expected disagreement) by a coarser,

noisy F -measurable experiment. The reason is that fully revealing F interacts with the

heterogeneous partitions (Pi)i and, through the consistency constraints in Theorem 1, creates

states at which players’ posteriors diverge sharply. By partially pooling F -cells, the mediator

can smooth these differences and achieve a higher level of approximate consensus.

Example 4 shows that once we move from full consensus to a more reasonable objec-

tive, the mediator faces a genuine information-design problem. The graph-of-information

structure and the internal and external consistency conditions delineate the feasible joint

posteriors, but within this feasible set, it is generally not optimal to reveal all available

information: carefully designed garblings of F can reduce polarization more effectively.

5.3 A general framework for information design and persuasion

Our study provides a general information framework that could be applied in various settings

within the realm of information design. For example, in a benchmark binary state-space

setting, where players have no private information and with a fully informed mediator,

Theorems 1 and 3 collapse to the standard splitting lemma: Bayes plausibility is the only

feasibility constraint. This recovers the classical concavification approach of Aumann and

Maschler (1995) and Kamenica and Gentzkow (2011) as a special case of our characterization.

In binary environments, our graph-based constraints are vacuous, and implementability

reduces to the martingale conditions studied by Dawid et al. (1995), Arieli et al. (2021) and

Morris (2020) for feasible joint posterior beliefs. Our Theorem 3 extends previous results to

arbitrary finite state spaces and to mediators with partial information.

In addition, our framework subsumes the information structures used in the optimal

disclosure in auctions literature. In models such as Eső and Szentes (2007), handicap auction
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and related work on optimal information disclosure in auctions, a seller observes a state (e.g.,

product quality or the bidders’ value profile) and then commits to a disclosure rule before

running a standard auction. Likewise, in Bergemann and Pesendorfer (2007) and subsequent

analyses of optimal information disclosure in classic auctions, the seller’s disclosure rule is

explicitly modeled as an information structure or signal device mapping the realized state

into messages seen by bidders. When the seller does not have perfect information, or bidders

also hold private signals (as in more general information-design problems with privately

informed agents, as in Candogan and Strack, 2023) our internal and external consistency

conditions describe exactly which belief patterns about values can be generated by any

feasible disclosure policy.

In our language, the underlying state is a realization ω, each bidder’s ex ante information

is a partition Pi (often trivial before the seller’s message), and the seller/auctioneer is exactly

a mediator whose knowledge is described by a partition F (typically the full, singleton

partition when the seller is fully informed). The disclosure rule is an F -measurable Blackwell

experiment, so for any such auction environment, the induced beliefs across bidders and

states form a joint posterior to which Theorems 1 and 3 apply.

Evidently, these extensions imply that the mediator (from our framework) has some

goal function, and this raises a crucial question about the concavification technique that is

typically used in the literature. We discuss this issue in the two following sections.

5.4 Mediator’s optimization

To address the question of mediator optimization, one should first specify the objective

function of the mediator. In the leading example discussed above, one could consider a

benevolent mediator who seeks, for instance, to maximize the peace chances, or the proba-

bility that the (C,C) outcome emerges in equilibrium. Another example of such an objective

function could be to maximize social welfare, defined as a weighted average of the players’

equilibrium expected payoffs.

Once the objective function is fully specified, one must consider the issue of multiple

equilibria. Upon observing the signal issued by the mediator, all players update their beliefs

and then play an incomplete-information game. Such a game typically has multiple equi-

libria, over which the mediator has no direct control. Any equilibrium from this set could

emerge. Of course, one could adopt the one that maximizes the objective function, but this

choice is arguably as arbitrary as any other.

Finally, once the objective function and the target equilibrium are fixed, the media-

tor must solve an optimization problem through optimal splitting, which may vary signifi-
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cantly from the ideas of concavification of Aumann and Maschler (1995) and Kamenica and

Gentzkow, 2011. The divergence from concavification arises from the non-convexity of the

feasible set, as studied in Section 4.

5.5 An additive interpretation and implications to potential games

The graph-theoretic constraints derived for Bayesian updating reflect a structural property

applicable beyond information design. By applying a logarithmic transformation to the

internal consistency condition, we obtain an additive constraint that characterizes Potential

Games (Monderer and Shapley, 1996).

Consider a directed graph G = (V,E) with edge weights ρ : E → R. We define Additive

Internal Consistency [INC-ADD] as the requirement that for every cycle (ω1, . . . , ωm+1 =

ω1):
m∑
i=1

ρ(ωi, ωi+1) = 0. (16)

By applying the transformation g = log f to Proposition 1, it follows that [INC-ADD]

is necessary and sufficient for the existence of a potential function P : V → R such that

ρ(ω, ω′) = P (ω)− P (ω′).

This structure applies directly to strategic games. Let the vertices of the game graph

be action profiles, with directed edges representing unilateral deviations. In this context,

a cycle corresponds to a sequence of unilateral deviations that returns to the initial action

profile.

We weight each deviation by the deviator’s utility difference:

ρ (a, (a′i, a−i)) := ui(a
′
i, a−i)− ui(a).

Corollary 1. A strategic game Γ is a Potential Game if and only if the associated edge

function ρ satisfies [INC-ADD] on every cycle of the game graph.

This observation unifies the two frameworks: the mediator constructs a global belief sys-

tem consistent with local likelihood ratios, while a potential game implies a global preference

ordering consistent with local unilateral deviations. In both cases, the obstruction to “glob-

alizing” local information is the non-vanishing of accumulated weights along cycles in the

underlying graph.
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6 Conclusion

This paper analyzes the implementation of joint posterior beliefs in environments where

agents possess private information and a non-strategic mediator holds partial information.

By modeling the informational constraints of the mediator as measurability restrictions with

respect to a specific partition, we provide a necessary and sufficient characterization for the

rationalization of joint beliefs.

The core theoretical contribution lies in the identification of two structural conditions:

Internal Consistency (INC) and External Consistency (EXC). The study demonstrates that

a joint posterior is implementable if and only if the product of likelihood ratios along every

cycle (within a Common Knowledge Component) and every loop (across components con-

nected by the mediator’s information) equals one. This characterization effectively translates

abstract measurability constraints into verifiable algebraic properties of the posterior likeli-

hood function.

A significant implication of this analysis is the finding that the set of feasible joint pos-

teriors is generally non-convex. Unlike standard Bayesian persuasion frameworks, such as

Kamenica and Gentzkow (2011), where feasibility is determined solely by Bayes plausibility,

this study shows that informational constraints alone can preclude convexity. We further

characterize the specific conditions, namely pseudo-independence and the absence of infor-

mative loops, under which convexity is restored.

Finally, the paper extends these insights to broader economic applications. It generalizes

the framework to the generation of multiple posteriors via the preservation of positivity

condition. Furthermore, the developed graph-theoretic approach is shown to be relevant for

diverse fields, offering a connection to potential games through additive internal consistency

and providing insights into belief depolarization, where coarser information structures may

outperform full revelation in minimizing disagreement.
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A Proofs

A.1 Proof of Lemma 1

For every pair (ω1, ωm+1) such that ω1 ↠ ωm+1, define

φ(ω1, ωm+1) :=
m∏
i=1

φ(ωi, ωi+1),

provided that the sequence
(
(ωi, ωi+1)

)m
i=1

lies in E. To show that this is well defined, suppose

there are two sequences connecting ω1 and ωm+1:(
(ωi, ωi+1)

)m
i=1

and
(
(ξj, ξj+1)

)k
j=1

,

with ξ1 = ω1 and ξk+1 = ωm+1. Concatenating the two sequences, with the first in its original

order and the second reversed, produces an F-cycle.

By [INC] and Eq. (5), we have

m∏
i=1

φ(ωi, ωi+1) ·
k∏

j=1

φ(ξj+1, ξj) =
m∏
i=1

φ(ωi, ωi+1) ·
k∏

j=1

1

φ(ξj, ξj+1)
= 1.

Therefore,
m∏
i=1

φ(ωi, ωi+1) =
k∏

j=1

φ(ξj, ξj+1),

shows that the definition of φ(ω1, ωm+1) does not depend on the particular sequence and is

therefore well defined.

A.2 The proof of Proposition 1.

Part 1: Necessity. Suppose that there is an F -measurable positive function f that

satisfies Eq. (11). To show [INC], let
(
(ωi, ωi+1)

)m
i=1

be an F -cycle. Then,

m∏
i=1

φ(ωi, ωi+1) =
m∏
i=1

f(ωi)

f(ωi+1)
=

f(ω1)

f(ωm+1)
= 1.

The first equality is due to Eq. 11, and the last follows from the assumption that f is

F -measurable and that ωm+1 ∈ F (ω1).
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To show [EXC], let
(
(ωi, ω̄i)

)m
i=1

be an F -loop. By Eq. (8) and Eq. (11), we have

m∏
i=1

φ(ωi, ω̄i) =
m∏
i=1

f(ωi)

f(ω̄i)
=

f(ω1)

f(ω̄m)
= 1.

The first equality follows from Eq. (11), the second equality follows from the fact that f is

F -measurable and the second property of F -loops, and the third equality follows from the

same property, since ω̄m ∈ F (ω1).

Part 2: Sufficiency. Assume [INC] and [EXC] with the extension provided by Lemma 1.

We claim first that for every connected set of V , say C, there is an F -measurable positive

function fC , defined over C, that satisfies Eq. (11). Let ω0 be an arbitrary state in C. Set

f(ω0) = 1. We proceed by induction on the distance20 to ω0.

Suppose that f has been defined on all states in a connected component C whose distance

from the state ω0 is k. Let ω′ be a state in C at distance k + 1 from ω0. Then, there exists

a state ω′′ at distance k such that (ω′′, ω′) ∈ E. Define

fC(ω
′) := fC(ω

′′) · φ(ω′, ω′′).

Using [INC] and the same argument as in Lemma 1, one can show that f is well defined.

To show that fC is F -measurable, consider ω ∈ F (ω′) ∩ C. Then, there is an F-cycle

ω1 = ω, ..., ωm+1 = ω′. By [INC] and by the definition of fC ,

1 =
m∏
i=1

φ(ωi, ωi+1) =
m∏
i=1

fC(ωi)

fC(ωi+1)
=

fC(ω1)

fC(ωm+1)
=

fC(ω)

fC(ω′)
.

Thus, the values that fC takes on ω and ω′ coincide. So far, we have constructed fC for

each connected component C of V . We now show that there exists a single F -measurable

function f satisfying Eq. (11).

To this end, we define a new graph, Ḡ = (V̄ , Ē) as follows. The set of vertices, V̄ , consists

of the connected components of V . Two components C,C ′ ∈ Ē are connected by an edge if

there exist states ω ∈ C and ω′ ∈ C ′ such that ω ∈ F (ω′). That is, the edge set, Ē, consists

of all pairs (C,C ′) for which there exist ω ∈ C and ω′ ∈ C ′ such that ω and ω′ belong to the

same information set of F .

Fix a vertex C0, and set f := fC0 on C0. We proceed by induction on the distance of a

vertex C from C0. Suppose that an F -measurable function f > 0, satisfying Eq. (11), has

20The distance between two states in C is defined as the minimal number of edges in a path connecting
them.
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been defined on all vertices whose distance from C0 is less than or equal to k. Let C be a

vertex at distance k + 1 from C0. Then there exists a path of edges in Ē,

(C0, C1), (C1, C2), . . . , (Ck, C),

and in particular, there exist ω̄k ∈ Ck and ω ∈ C such that ωk and ω belong to the same

information set of F. Define

f := fC · f(ω̄k)

fC(ω)
(17)

on C. Clearly, if f is well defined in C, then it satisfies Eq. (11), since it differs from fC by

a multiplicative factor of a positive constant. Moreover, f(ω) = f(ω̄k).

We first verify that f is well defined and then show that it is F -measurable. To establish

that f is well defined, suppose that there exists another path

(C0, C
′
1), (C

′
1, C

′
2), . . . , (C

′
ℓ, C),

connecting C0 and C, with ω′
ℓ ∈ C ′

ℓ and ω′ ∈ C such that ω′
ℓ and ω′ belong to the same

information set of F.21 We have to show that

f(ω̄k)

fC(ω)
=

f(ω′
ℓ)

fC(ω′)
. (18)

Note that the path

(C0, C1), (C1, C2), . . . , (Ck, C), (C,C ′
ℓ), . . . , (C

′
2, C

′
1), (C

′
1, C0)

is a cycle in the graph Ḡ, that corresponds to an F-loop:

(ω0, ω̄0), (ω1, ω̄1), . . . , (ωk−1, ω̄k−1), (ωk, ω̄k), (ω, ω
′), (ω′

ℓ, ω̄
′
ℓ), . . . , (ω

′
2, ω̄

′
2), (ω

′
1, ω̄

′
1).

That is, any two states in a pair belong to the same vertex in Ḡ, e.g., ω0 and ω̄0 belong to

C0, ω1 and ω̄1 belong to C1; ω and ω′ belong to C, and ω′
j, ω̄

′
j belong to C ′

j. Also, in two

adjacent pairs, the second coordinate of the left pair belongs to the same information set of

F as the first coordinate of the right pair. For instance, ω̄i ∈ F (ωi+1), ω̄k ∈ F (ω), ω′ ∈ F (ω′
ℓ)

and ω′
j+1 ∈ F (ω̄′

j). Finally, ω̄
′
1 ∈ F (ω0).

21The asymmetry in the notation between ω̄k (with a bar) and ω′
ℓ (without) will become clear immediately.
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By [EXC], and specifically by Eq. (10), the corresponding product equals 1. That is,[
k∏

i=0

φ(ωi, ω̄i)

]
· φ(ω, ω′) ·

[
1∏

j=ℓ

φ(ω′
j, ω̄

′
j)

]
= 1. (19)

Due to F-measurability and to Eq. (11), we get
∏k

i=0 φ(ωi, ω̄i) =
f(ω0)
f(ω̄k)

, φ(ω, ω′) = fC(ω)
fC(ω′)

,

and
∏1

j=ℓ φ(ω
′
j, ω̄

′
j) =

f(ω′
k)

f(ω̄′
1)
. Thus, by Eq. (19) we obtain the following:

f(ω0)

f(ω̄k)
· fC(ω)
fC(ω′)

· f(ω
′
ℓ)

f(ω̄′
1)

= 1.

Due to F-measurability f(ω0) = f(ω̄′
1) and we conclude that

f(ω′
ℓ)

f(ω̄k)
· fC(ω)
fC(ω′)

= 1.

which confirms Eq. (18).

The final step in the proof is to show that f is F -measurable. We consider two cases:

Case I. Let ω ∈ C and ω′ ∈ C ′, where the distance from C ′ to C0 is less than or equal

to k, and suppose that ω ∈ F (ω′). We need to show that f(ω) = f(ω′). By assumption,

(C,C ′) ∈ Ē and (C,Ck) ∈ Ē. Moreover, C ′ and Ck are connected by paths of length at most

k. This forms a cycle in the graph Ḡ, which in turn corresponds to an F -loop. Applying the

same technique used earlier, we conclude that f(ω) = f(ω′).

Case II. Let ω ∈ C and ω′ ∈ C ′, where the distance from C ′ to C0 is exactly k+1, so that

both C and C ′ are introduced in the induction process at the same step, and assume that

ω ∈ F (ω′). Then (C,C ′) ∈ Ē, and both C and C ′ are connected to C0 by paths of length

k + 1. This forms a cycle in Ḡ passing through C and C ′, which corresponds to an F -loop.

Using [EXC], we conclude that f(ω) = f(ω′), verifying that f is F -measurable.

A.3 The proof of Theorem 1

Proof. Assume that τ is a signaling function and that s is a signal generated by τ with

positive probability such that µτ,s = JB. Then, clearly, the set of states ω such that τ(s |
ω) > 0 is measurable w.r.t. the mediator’s partition F , and matches the set Ω+, previously

defined according to JB.

Similarly to Eq. (4), the equality µτ,s = JB implies that τ(s|ω)µ(ω)
τ(s|ω′)µ(ω′)

= JB(ω,i)(ω)
JB(ω′,i)(ω′)

. Applying
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Eq. (13), we get

φJB(ω, ω
′) =

JB(ω, i)(ω)

JB(ω′, i)(ω′)
· µ(ω

′)

µ(ω)
=

τ(s|ω)
τ(s|ω′)

,

and Proposition 1 guarantees that φJB satisfies conditions [INC] and [EXC] in G+. This

proves the necessary direction.

For the sufficiency direction, assume that JB satisfies conditions (i) and (ii). Since Ω+ is

measurable w.r.t. F , we can define τ(s | ω) = 0 for every ω /∈ Ω+, and otherwise, τ(s | ω) is
positive.

On Ω+, since φJB satisfies [INC] and [EXC] in G+, Proposition 1 ensures the existence

of a function f > 0 satisfying Eq. (11) and we get

JB(ω, i)(ω)

JB(ω′, i)(ω′)
· µ(ω

′)

µ(ω)
=

f(ω)

f(ω′)
,

By multiplying f by a constant if needed, we may assume without loss of generality that

supω f(ω) < 1. We then define τ(s | ω) = f(ω) for all ω ∈ Ω+, so that the previous equation

can be written as
τ(s | ω)µ(ω)
τ(s | ω′)µ(ω′)

=
JB(ω, i)(ω)

JB(ω′, i)(ω′)
,

which matches Eq. (4). This guarantees that τ(s | ·) implements JB, as needed. To ensure

that τ is a well-defined kernel, we can extend it using an arbitrary signal s0, so that τ(s0|ω) =
1− f(ω) for every ω ∈ Ω+.

A.4 The proof of Theorem 2

Proof. We start by proving that no informative F -loops implies pseudo-independence. Define

the bipartite graph G = (P1, F, E) where (p, f) ∈ E if there exists ω ∈ p∩f . So two vertices

p and f are connected if and only if they share a state ω ∈ Ω. Notice that a cycle exists

in G if and only if an informative loops exists. To see this, consider a cycle whose length is

even and at least 4 (because this is a bipartite graph). Take the states that yield the edges

along this cycle. This sequence of states constitutes a loop across at least 4 different CKCs,

two from each side of the graph, thus an informative loop. The same applies in the other

direction. We therefore conclude that each connected component in G is a tree.

For every p ∈ P1 and f ∈ F define mp,f = µ(p ∩ f). Take a tree in G, denote a root by

p0 ∈ P1 and define ap0 = 1. For every f0 connected to p0 in G define bf0 = µ(p0∩ f0). Fix an

f0 and for every p1 connected to it (in G; not including p0) define ap1 = µ(p1∩f0)
bf0

. Continue

inductively and similarly for every tree in G, until all parameters ap and bf are defined, to

conclude that P1 and F are pseudo-independent.
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Next, we prove that the stated pseudo-independence implies a convex feasible set. Con-

sider a feasible posterior belief µτ,1(· | p, s) given a signal s and a partition element p ∈ P1.

For every ω ∈ p ∩ τ−1(s), we get

µτ,1(ω | p, s) =
τ(s|F (ω))µ(ω)∑

f ′∈F τ(s|f ′)µ(p ∩ f ′)
=

τ(s|F (ω))
∑

f∈F µ(ω|p ∩ f)µ(p ∩ f)∑
f ′∈F τ(s|f ′)µ(p ∩ f ′)

=
∑
f∈F

[
τ(s|f)µ(p ∩ f)∑

f ′∈F τ(s|f ′)µ(p ∩ f ′)

]
µ(ω|p ∩ f)

=
∑
f∈F

[
τ(s|f)apbf∑

f ′∈F τ(s|f ′)apbf ′

]
µ(ω|p ∩ f)

=
∑
f∈F

[
τ(s|f)bf∑

f ′∈F τ(s|f ′)bf ′

]
µ(ω|p ∩ f),

where the second line follows the fact that µ(ω|p∩ f) = 0 if ω /∈ f and the third line follows

from pseudo-independence. Define λs,f =
τ(s|f)bf∑

f ′∈F τ(s|f ′)bf ′
and note that these weights are

independent of any partition element p ∈ P1. Thus, for every set of partition elements/CKCs

p1 ⊆ P1, every feasible posterior belief generated by signal s is represented by a probability

vector λs ∈ ∆(F ). Thus, the map λs 7→
(∑

f λs,fµ(·|p ∩ f)
)
p∈p1⊆P1

is affine and defined

over a convex set ∆(F ), so the feasible set is indeed convex.

For the last part, assume by contradiction that there exists an informative loop L. Reduce

it to a minimal size, so it intersects any CKC at most once (one can consider the equivalent

cycle in G and contracting it). Assume, w.l.o.g., that ω1 /∈ F (ω1). For every ω /∈ L, define

µ(ω) = 0 (we can later assign a sufficiently small probability for any such state to maintain

a strictly positive prior), and for every ω ∈ L \ {ω1} set µ(ω1) = 2µ(ω). This establishes a

prior µ.

Define the signaling function τ as follows: τ(s1|F (ω1)) = 1/3 = 1 − τ(s2|F (ω1)) and

τ(s1|F \ F (ω1)) = 2/3 = 1 − τ(s2|F \ F (ω1)). This strategy induces two feasible posterior

beliefs, one for each signal, defined over the loop L. We can take the average of two poste-

rior beliefs and check whether it is also feasible, specifically using the external consistency

condition across the loop.

Notice that in every partition element p ̸= P1(ω1),P1(ω2), we have a uniform prior and

non-informative signals, so the posteriors match the priors and the likelihood ratios for

external consistency, as in Eq. 13, equal 1. This ratio holds for the partition element P1(ω2)
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as well, because the prior is uniform, so

1
2
µτ,1(ω2 | P1(ω2), s1) +

1
2
µτ,1(ω2 | P1(ω2), s2)

1
2
µτ,1(ω2 | P1(ω2), s1) +

1
2
µτ,1(ω2 | P1(ω2), s2)

· µ(ω2)

µ(ω2)
=

1
3
+ 2

3
2
3
+ 1

3

· 1 = 1.

Hence, the external consistency condition reduces to the likelihood ratio induced in P1(ω1),

however

1
2
µτ,1(ω1 | P1(ω1), s1) +

1
2
µτ,1(ω1 | P1(ω1), s2)

1
2
µτ,1(ω1 | P1(ω1), s1) +

1
2
µτ,1(ω1 | P1(ω1), s2)

· µ(ω1)

µ(ω1)
=

1
2
+ 1

5
1
2
+ 4

5

· 2µ(ω1)

µ(ω1)
=

14

13
̸= 1.

We thus conclude that external consistency fails and the average of the two posterior beliefs

is not feasible, implying that the feasible set in not convex.

A.5 The Proof of Proposition 2

Proof. Fix an informative loop
(
(ωi, ω̄i)

)m
i=1

. Using the construction of the bipartite graph,

as in the proof of Theorem 2, there exists an equivalent cycle, which contains a simple cycle

of even length, at least 4. Thus, w.l.o.g., we can assume that F (ωi) ̸= F (ω̄i) for every i and

the loop intersect any CKC at most once. For every 1 ≤ i ≤ m, denote fi = F (ω̄i) and

pi = P1(ωi), so that all fis and pis are distinct.

Fix two public signals s1, s2 and define an F -measurable kernel τ by τ(s1 | f1) = 1
3
,

τ(s1 | f) = 2
3
for every f ∈ F \ {f1}, and τ(s2 | f) = 1 − τ(s1 | f) for every f ∈ F . Since

µ has full support, both s1 and s2 occur with positive probability at every state. Let JB(1)

and JB(2) denote the joint beliefs induced by conditioning on s1 and s2, respectively. Both

are feasible by construction and have matching support (given any state), so their average

JB(avg) := 1
2
JB(1) + 1

2
JB(2) is a well-defined joint belief.

To maintain convexity, [EXC] must hold given φJB(avg) . Because s1 and s2 are completely

uninformative in every pi ̸= p1, p2 along the loop, φJB(avg)(ωi, ω̄i) = 1 for every i = 3, 4, . . . ,m.

Thus, [EXC] reduces to
∏2

i=1 φJB(avg)(ωi, ω̄i) = 1.

For any CKC p ∈ {p1, p2} define the (prior) mass of the mediator partition element f1

inside p by xp :=
µ(p∩f1)
µ(p)

∈ (0, 1), and letD
(k)
p =

∑
f∈F τ(sk | f)µ(p∩f) be the (unnormalized)

probability that signal sk occurs given p. We thus get

D(1)
p =

1

3
µ(p ∩ f1) +

2

3

(
µ(p)− µ(p ∩ f1)

)
=

µ(p)

3
(2− xp),

D(2)
p =

2

3
µ(p ∩ f1) +

1

3

(
µ(p)− µ(p ∩ f1)

)
=

µ(p)

3
(1 + xp).
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Because JB(avg) is an average of two joint beliefs, for any ω ∈ p ∩ f , we get

JB(avg)(ω, 1)(ω) = µ(ω)

(
1

2
· τ(s1 | f)

D
(1)
p

+
1

2
· τ(s2 | f)

D
(2)
p

)
.

We can now substitute these values in the simplified [EXC] condition above, and get

1 =

µ(ω1) ·
(

1
2
· 2/3

D
(1)
p1

+ 1
2
· 1/3

D
(2)
p1

)
µ(ω̄1) ·

(
1
2
· 1/3

D
(1)
p1

+ 1
2
· 2/3

D
(2)
p1

) · µ(ω̄1)

µ(ω1)
·
µ(ω2) ·

(
1
2
· 1/3

D
(1)
p2

+ 1
2
· 2/3

D
(2)
p2

)
µ(ω̄2) ·

(
1
2
· 2/3

D
(1)
p2

+ 1
2
· 1/3

D
(2)
p2

) · µ(ω̄2)

µ(ω2)

=

(
2

D
(1)
p1

+ 1

D
(2)
p1

)
(

1

D
(1)
p1

+ 2

D
(2)
p1

) ·

(
1

D
(1)
p2

+ 2

D
(2)
p2

)
(

2

D
(1)
p2

+ 1

D
(2)
p2

) =

(
2

2−xp1
+ 1

1+xp1

)
(

1
2−xp1

+ 2
1+xp1

) ·

(
1

2−xp2
+ 2

1+xp2

)
(

2
2−xp2

+ 1
1+xp2

)
=

4 + xp1

5− xp1

· 5− xp2

4 + xp2

,

where the third equality follows from substituting the different values of D
(i)
p .

Define the function R(x) = 4+x
5−x

and note it is strictly increasing on (0, 1). Thus, the last

equality is equivalent to

R(xp1) = R(xp2) ⇔ xp1 = xp2 ⇔ µ(p1 ∩ f1)µ(p2)− µ(p2 ∩ f1)µ(p1) = 0. (20)

Let N ⊂ ∆(Ω) be the set of priors satisfying Equation (20). The left-hand side of Equa-

tion (20) is a nonzero polynomial in the coordinates of µ, hence its zero set N has Lebesgue

measure zero in the interior simplex. Therefore, for every full-support prior, excluding a set

of Lebesgue measure zero, the feasible set is not convex.

A.6 The proof of Theorem 3

Proof. Part (i) We start by proving sufficiency. Suppose there exists an F -measurable

signaling function τ as described in the theorem. The induced posteriors thus form a mar-

tingale. That is, if the posterior µi is realized with probability qi, where
∑

i qi = 1, then∑
i

qiµi = µ.
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Let u be an option. So,

Eµ(u) =
∑
i

qiEµi
(u).

If each Eµi
(u) ≥ 0, then Eµ(u) ≥ 0 as well. Therefore, the family {µ1, . . . , µm} PP w.r.t. µ.

Moving on to prove necessity, suppose that no F -measurable signaling function τ exists

such that all the posteriors it generates are in {µ1, . . . , µn}. Note however, that every µi

can be generated through a specific F -measurable strategy and appropriate signal, and also

note that convex combinations of F -measurable kernels are F -measurable as well. Thus,

by standard results on Blackwell experiments, if µ ∈ conv{ν1, . . . , νk}, namely if µ can be

expressed as a convex combination of the νi’s, then there is an experiment that produces

signals whose posteriors are precisely {ν1, . . . , νm}.
Our assumption implies that µ /∈ conv{µ1, . . . , µm}. Since this convex hull is closed, the

separating hyperplane theorem guarantees the existence of a nonzero vector u ∈ RΩ and a

constant c, such that

Eµi
(u) = ⟨µi, u⟩ > c for all i,

while

Eµ(u) = ⟨µ, u⟩ < c.

By subtracting c in the two inequalities above and replacing u with u − (c, . . . , c), noting

that the separation theorem is applied here to probability distributions, we conclude that

the family {µ1, . . . , µm} does not PP w.r.t. µ. This is a contradiction.

Part (ii) We prove sufficiency first. Suppose there exists an F -measurable signaling

function τ as described in Part (ii) of the theorem. Let u be an option such that Eµ(u) = 0

and Eµi
(u) ≥ 0 for every i. We show that Eµi

(u) = 0 for every i. As before, if the posterior

µi is realized with probability qi > 0, where
∑

i qi = 1, then∑
i

qiµi = µ.

Let u be an option. So,

Eµ(u) =
m∑
i=1

qiEµi
(u).

If each Eµi
(u) ≥ 0 and Eµ(u) = 0, then Eµi

(u) = 0 for every i . Therefore, the family

{µ1, . . . , µm} SPP w.r.t. µ.

To establish necessity and similarly to the proof of Part (i), we show that µ can be

expressed as a convex combination of µ1, . . . , µm, each with a positive weight. For this

purpose, we prove the two following lemmas.
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Lemma 2. SPP implies that for every j there is a convex combination µ =
∑

i qiµi, where

qj > 0.

Proof. Fix an index j. Suppose, to the contrary, that there is no convex combination µ =∑
i qiµi with qj > 0. This implies that the set

D :=
{
qjµj +

∑
i ̸=j

qiµi ; qj > 0, qi ≥ 0 for i ̸= j, and qj +
∑
i ̸=j

qi = 1
}

does not contain µ. Note that D is convex and has a nonempty interior relative to the

simplex of all distributions over Ω; in particular, the point 1
n

∑
i µi is an interior point of D.

Consider now the closure of D, denoted D̄. This set is also convex and contains all

the µi’s (including µj). The point µ may lie outside D̄ or on its boundary. In either case,

there exists a nonzero hyperplane u (referred to here as an option) such that Eµ(u) = 0 and

Eν(u) ≥ 0 for every ν ∈ D̄.22 In particular, this implies that Eµi
(u) ≥ 0 for every i.

We now apply SPP to the option u, which yields Eµi
[u] = 0 for all i. Consider, however,

the interior point ν = 1
m

∑
i µi, which belongs to D̄. Being an interior point, we have on the

one hand Eν [u] > 0 (see Theorem 11.3 in Rockafellar, 1970), while on the other hand,

Eν [u] = E 1
m

∑
i µi

[u] =
1

m

∑
i

Eµi
[u] = 0.

This is a contradiction. Hence, there must exist a convex combination µ =
∑

i qiµi with qj >

0, as required.

Given Lemma 2, we now turn to the next lemma, which shows that µ can be expressed

as a convex combination of µ1, . . . , µm, each with a positive weight.

Lemma 3. If for every j there is a convex combination of µ1, . . . , µm such that µ =
∑

i qiµi,

where qj > 0, then there exists a combination where all qi are strictly positive.

Proof. Fix j and suppose that µ =
∑

i q
j
iµi is a convex combination, where qjj > 0. Take

µ = 1
n

∑m
j=1

∑
i q

j
iµi, and note that in this combination, the weight of every µi is positive.

Combining the two lemmas, we derive from SPP that µ is a convex combination (with

strictly positive weights) of µ1, . . . , µm, as needed.

22Note that every option u derived from the separating hyperplane theorem can be adjusted with a positive
constant to ensure the stated conditions.
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