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Abstract

We study a mechanism-design problem in which spiteful agents strive to not only
maximize their rewards but also, contingent upon their own payoff levels, seek to lower
the opponents’ rewards. We characterize all individually rational (IR) and incentive-
compatible (IC) mechanisms that are immune to spiteful behavior, showing they take
the form of threshold mechanisms. Building on this characterization, we prove two
impossibility results: under either anonymity or efficiency, any such IR and IC mech-
anism collapses to the null mechanism, which never allocates the item to any agent.
Leveraging these findings, we partially extend our analysis to a multi-item setup.
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1 Introduction

On August 12, 2020, the Israeli Ministry of Communications announced the surprising re-
sults of the 5G spectrum auction held earlier that month, in which three groups participated
— Cellcom, Pelephone, and Partner. Although all telecommunications groups secured band-
width bundles enabling 5G operations, the Cellcom group was required to pay 30% more
than the Pelephone group despite receiving an inferior bundle.E] That evening, the CEO of
the Cellcom group tweeted an explanation for the seemingly poor outcome, stating: “We
chose not to hurt the others, and they chose to hurt us; it’s as simple as that!” Interestingly,
the Cellcom group challenged the 5G spectrum auction in real time and appealed to the Ad-
ministrative Court, claiming that the auction design allowed for manipulation and spiteful
bidding. The appeal was ultimately rejected.

The phenomenon of spiteful bidding is not unique to the Israeli 2020 spectrum auction.
In the Swiss 2012 spectrum auction, Sunrise paid 34% more than Swisscom for an inferior
bundle. Similarly, in the Austrian 2013 spectrum auction, revenues were much higher than
expected due to highly aggressive bidding in the sealed-bid stage. This led Georg Serentschy,
the Managing Director of the Telecommunications and Postal Services Division of the Aus-
trian Regulatory Authority for Broadcasting and Telecommunications, to remark: “In the
opinion of the regulatory authority, the price of EUR 2 billion, which was surprisingly high
for us, is to be attributed to the consistently offensive strategy followed by the bidders.”P
These auctions and public comments mark the starting point of our study: a mechanism
design problem with spiteful agents.

This study builds upon the notion of spiteful agents—those who not only aim to maximize
their rewards but also, given their own payoff levels, seek to minimize the rewards of their
opponents. Such other-regarding preferences are quite natural, even expected, in scenarios
where the competitive interaction among agents extends beyond a single auction. A prime
example is spectrum auctions, where participants also compete in the telecommunications
market. However, this dynamic is not limited to telecommunications; it is equally applicable
to construction projects, retail businesses, the food industry, and any other economic sector
where agents compete for advantage in external markets.

The main analysis considers a single-item, private-value auction where the agents strive
to maximize their own payoffs, and conditional on their own rewards, exhibit a spitefulness

property. We refer to this property as spitefulness, meaning that each agent prefers to reduce

!The Cellcom group also paid 80% more than the Partner group, though the latter did not secure a
superior bundle.

2Earlier examples of potential spiteful bidding in spectrum auctions can be found in the studies of Borgers
and Dustmann| (2005)); Brandt et al.| (2007)); Maasland and Onderstal (2007)).



the payoffs of some other agents provided that no agent is made better off. We embed this
property into the solution concept of a Spite-Free Nash Equilibrium (SNE), in which no
player can increase her own payoff through a unilateral deviation, nor can they reduce the
payoffs of others while keeping her own payoff fixed. Within this framework, we aim to
characterize mechanisms that are Incentive Compatible (IC) and Individually Rational (IR)
while admitting an SNE.

Our first and main result provides a characterization that links the aforementioned prop-
erties to threshold mechanisms. Formally, a threshold mechanism consists of an ordering
of the agents and an individual threshold value assigned to each agent. According to their
predetermined ordering, the agents are sequentially offered take-it-or-leave-it offers to pur-
chase the item at a price which is equal to their threshold. The first agent to accept the
offer receives the item; if no agent accepts, the item remains unallocatedﬁ We show that a
mechanism is IR and IC with an SNE if and only if it is a threshold mechanism.

It is straightforward to see why threshold mechanisms satisfy the stated properties. Since
payments are predetermined and offers are made sequentially, agents have no ability to bid
spitefully in a way that reduces others’ expected payoffs without also decreasing their own.
Figure (1] provides some visual intuition for this result by depicting a threshold mechanism
in a two-agent setting. By contrast, the second-price mechanism does not admit a truthful
SNE as non-winning agents can spitefully raise their bids to reduce the expected payoff of the
winning agent (as was shown in [Brandt and Weif3 (2002) and Morgan et al. (2003), among
others). The more challenging part, however, is to show that no other mechanism satisfies
IR, IC, and has an SNE.

A complementary interpretation of this characterization is that it functions as an im-
possibility result rather than a constructive one: requiring determinism and spite-freeness
(together with IR and IC) restricts implementable outcomes to a narrow class of thresh-
old mechanisms, which need not be desirable or practical in many applications. A (grim)
conclusion of our study is, therefore, that spitefulness is inevitable in most auctioning scenar-
ios: whenever threshold mechanisms are not appropriate, we should expect to find spiteful
behavior.

We use the characterization to establish two impossibility results, both of which concern
the null mechanism, under which the item is never allocated and no agent pays anything,
regardless of the agents’ bids. The first result shows that any IC, IR, and anonymous

(i.e., symmetric) mechanism that admits an SNE must be the null mechanism. The second

3To be precise, if no bid is above the respective threshold, then the item is allocated according to some
tie-breaking rule among the agents whose bid coincides with their threshold, or is not allocated. If all bids
are below the respective thresholds, the item is not allocated.
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Figure 1: A two-agent threshold mechanism represented in the valuation plane. The thresholds of the two
agents are t; and to, respectively. If agent 1 bids above her threshold ¢;, she receives the item and pays t¢;.
Otherwise, the item is allocated to agent 2, provided that her bid exceeds t5, in which case she pays to.

result shows that any IC, IR, and efficient mechanism[f] that admits an SNE must also be
the null mechanism. The intuition behind both results is straightforward in light of our
characterization. A symmetric threshold mechanism must be null in order to eliminate the
role of the initial ordering of agents. Similarly, an efficient threshold mechanism must be
null to eliminate the possibility that agents with lower valuations are ranked ahead of agents
with higher valuations.

We also extend the notion of SNE to the multi-item setup. A bid profile is an SNE in this
setup if there is no unilateral deviation of any agent that (a) increases that agent’s payoff,
or (b) keeps that agent’s payoff fixed, does not increase the payoff of any other agent, and
strictly decreases the payoff of at least one other agent. While the characterization of IR
mechanisms where truthful reporting is an SNE is beyond our reach, we are able to provide

some guidance and insights on their structure.

1.1 Related work

A growing body of research examines the impact of spiteful or ‘antisocial’ preferences on
auction outcomes. Early contributions include Morgan et al. (2003), who derive symmetric
equilibria for several common auction mechanisms under the assumption that bidders attach
disutility to the surplus of their rivals. They demonstrate that standard equivalence results
between auction formats no longer hold in this setting, and that spitefulness induces more
aggressive bidding relative to the classical framework without such preferences. Related work
by, e.g., Brandt and Weif} (2002); Brandt et al.| (2007)); Vetsikas and Jennings| (2007)); Tang
and Sandholm| (2012), and |Chen and Micali (2016) develops models in which spiteful agents

4Efficiency here means that no losing agent bids above the winning agent.



maximize a weighted difference between their own profit and that of their competitors, again
leading to more aggressive bidding behavior. In addition, Brandt and Weif (2002) explores
how repeated interactions may enable bidders to infer one another’s private valuations, while
Brandt et al.| (2007) compare the symmetric Bayes-Nash equilibria of first- and second-price
auctions. The latter study shows that expected revenue in second-price auctions is higher
under spiteful bidding, converging to equivalence across formats only in the extreme case
where agents exclusively care about reducing rivals’ profits. Extending this line of research,
Vetsikas and Jennings (2007) consider auctions with multiple identical items where each
agent can win at most one unit, and show that the revenue-maximizing choice between m-
and (m + 1)-price auctions depends on the degree of spitefulness.

Beyond these models, Maasland and Onderstal (2007) study the equilibrium behavior
of spiteful agents when they care about the amount paid by the winner rather than the
winner’s profit. They refer to this as a case of “financial externalities” and analyze first-
and second-price auctions, with and without reserve prices. Their analysis shows that such
externalities reduce expected prices in the first-price format but have an ambiguous effect in
second-price settings.E]

Another strand of the literature examines spiteful bidding in combinatorial settings.
Janssen and Karamychev| (2016); Janssen and Kasberger| (2019) show that truthful bidding
does not constitute an equilibrium in combinatorial auctions, and that agents’ types are not
fully revealed even in efficient outcomes. As do we, their model also represents spitefulness
via lexicographic preferences, but in terms of raising rivals’ costs. |Gretschko et al. (2016))
extend this discussion to practical applications, showing how spiteful bidding can increase
the complexity of strategies in combinatorial clock auctions, where truthful bidding may
become suboptimal due to other-regarding preferences.

Several papers examine extensions and variations on these themes. [Sharma and Sandholm
(2010) consider asymmetric environments in which agents differ in their degree of spiteful-
ness, finding that equilibria can yield inefficient allocations and alter the revenue ranking
between first- and second-price formats. Zhou and Lukose| (2007)) focus on keyword auctions
run by search engines such as Google, where bidders with fixed private values may exhibit
“vindictive” behavior. They show that in such environments a pure-strategy equilibrium
may fail to exist.

Finally, experimental work provides evidence in line with these theoretical predictions.

Cooper and Fang (2008]) and Kimbrough and Reiss| (2012), for example, document that in

5This framework connects naturally to a broader literature on auctions with externalities, including Jehiel
et al.| (1996)); Jehiel and Moldovanul (1996)); [Jehiel et al.| (1999); |Jehiel and Moldovanu| (2000)), among many
others.



controlled laboratory settings agents who perceive their opponents as having substantially

higher valuations tend to overbid, thereby reducing their opponents’ expected payoffs.

1.2 The structure of the paper

The paper is organized as follows. Section 2] introduces the model and basic definitions. Sec-
tion [3] presents the main characterization and two impossibility results. Section 4.1] discusses
the efficiency of threshold mechanisms, and Section studies the multi-item setup.

2 The Model

We study the problem of assigning a single indivisible item among n agents I = {1,...,n},
where each agent ¢ € I has a private valuation v; € R, for the item. Let V' = R, denote
the set of feasible valuations, and further assume that the reservation value of each agent,
conditional on not receiving the item, is 0. A bid b; € R of agent 7 is the agent’s reported
valuation, and a bid profile b = (b, ...,b,) € R’} is a tuple of bids, one for each agent. When
relating to agent 4, we follow the standard notation of b = (b;, b_;).

An allocation determines the assignment of the item. The set of allocations is Z = TU{0},
so that the allocation ¢ € [ corresponds to the item being assigned to agent i, and the
allocation 0 corresponds to the item being unassigned. Agent i’s payment is a non-negative
real number. A mechanism M = (A, P) consists of an allocation function A : V" — Z and
a payment function P : V" — R’. The allocation function determines the allocation given
a bid profile b, and the payment function determines the payments vector given b. Abusing
notations, for every agent i we denote by A; : V™ — {0, 1} the function which is equal to 1
if agent ¢ gets the item, and 0 otherwise. We denote by P; : V" — R, agent i’s payment
function.

For a given mechanism M, agent i’s utility function u; : V" x V' — R depends on the

bid profile and on agent i’s private value, and is defined by

In case b; # v;, we say that agent i misreports (his valuation).

Our use of R, as the agents’ action space involves some loss of generality compared to a
more general, potentially multi-dimensional, action space (that allows agents to individually
reveal the fixed valuations of other agents). Nonetheless, this assumption is quite natural
in practical settings where a single item is being allocated. In Section [4.2], where we extend

the model to the allocation of multiple items, the action space is generalized accordingly.



2.1 Simple properties of mechanisms

In this section we list several well-known properties of mechanisms, namely anonymity, effi-
ciency, individual rationality, and incentive compatibility, that will be used throughout the
analysis and characterization.

A mechanism M = (A, P) is anonymous if its outcome is independent of the agents’

indices. Formally, for every permutation 7 on I and every bid profile b,
(As (7 (D), ., An(7(B)) = 7(As(D), .., Au()), and P(x(b) = 7(P()).

A mechanism is efficient if the winning agent’s bid is at least as high as every other bid.
Formally, for every bid profile b such that A(b) = ¢ for some agent i, we have b; > b; for
every j € I. The mechanism is Individually Rational (IR) if every agent can secure the
reservation value (normalized to 0) by bidding truthfully: w;(b;v;) > 0 for every agent i,
every private valuation v;, and every bid profile b such that b; = v;. The mechanism is
Incentive Compatible (IC) if for every valuation profile v, the profile b = v of truthful bids
is a Nash equilibrium.

The following result lists standard properties of IR and IC mechanisms: (a) if the mech-
anism is IR, then an agent who did not receive the item pays 0; (b) if the mechanism is
IC, then given the bids of all non-winning agents, the payment of the winning agent ¢ is
independent of her bid, conditional on winning; and (c) if the mechanism is IR and IC, then
any agent who receives the item under a given bid profile will also receives the item if she

increases her bid; For proofs, see, e.g., [Myerson (1981) or Krishna| (2009)).

Lemma 1. 1. Assume the mechanism M = (A, P) is IR. Then, for any agent i and any
bid profile b € V™, if A(b) # i, then P;(b) = 0.

2. Assume that M is 1C. Then, for any agent i and bid profiles (b;,b—;) and (b, b_;), if
Az(bla b—z) = Az(bga b—z); then R(bh b—z) - R(bga b—z)

3. Assume that M is IR and IC. Then, for any agent i € I, bid profile b = (b;,b_;) € V™,
and bid b, > b;, if A(b) =1, then A(b},b_;) = 1.

Our notion of IC is ex post: truthful bidding is a Nash equilibrium for every valuation
profile. The standard properties listed in Lemma still follow under this notion (rather than
IC in dominant strategies), since the deviations we consider are from truthful profiles with

others bidding their true valuations.



2.2 A notion of spitefulness

The main theme of this study concerns the property of spitefulness, for which we provide a
formal definition incorporated in the solution concept. We say that a bid profile is a Spite-
Free Nash equilibrium if it maximizes every agent’s payoff and there is no unilateral deviation
that maintains the same payoff level for the deviating agent, while weakly reducing the payoffs
of all other agents and strictly reducing the payoffs of some. This notion is formally given
in Definition [1l below.

Definition 1. Fixz a mechanism M and a profile v of private valuations. A bid profile b is
a Spite-Free Nash equilibrium (SNE) if, for any agent i, there is no bid profile b’ = (b}, b_;)
such that either u;(V';v;) > w;i(b;v;), or w;(b';v;) = u;(b;v;) and w;(b';v;) < wi(b;v;) for all

other agents j # i, with a strict inequality for at least one agent j # 1.

The SNE condition fits agents who have lexicographic preferences: they maximize their
own utility, and, conditional on that, seek to reduce the payoffs of others.

As with the standard Nash equilibrium and other solution concepts, the SNE specifies
a particular action profile but does not describe how agents might converge to it. In prac-
tice, implementing an equilibrium in a model that involves incomplete information can be
non-trivial, since an agent’s payoff depends on her privately known type. In our model,
where the utility is linear in payment, increasing the winner’s payment without affecting her
winning probability is a spiteful behavior. Such a behavior occurs naturally in combinatorial
clock auctions, where in the supplementary round an agent who bids her knock-out bid is
guaranteed to obtain her final bundle in the dynamic phase. Therefore, if all items have been
allocated in the dynamic phase, then posting additional bids in the supplementary round
only leads to an increase in the payment of other bidders.

We next present the main solution concept that we introduce, which is robust to spiteful
bidding. A mechanism is spite-free incentive compatible if the profile where all agents bid
truthfully is an SNE.

Definition 2. A mechanism is Spite-Free Incentive Compatible (SIC) if, for every profile
v, the bid profile b = v of truthful bids is an SNE.

Second price sealed-bid auctions are not SIC. Indeed, since the concept of SIC is an
ex-post concept, an agent who did not obtain the item can increase its bid to be a bit less
than the winning bid, thereby increasing the payment of the winner without changing the
identity of the winner.

The symmetric equilibrium in first price sealed-bid auctions with symmetric bidders is

not SIC as well. Indeed, under this equilibrium, bidders usually bid strictly less than their



private value. Since the concept of SIC is ex post, a bidder who did not win the item but
whose private value lies above the winning bid has an incentive to increase her bid and obtain

the item.

2.3 Modeling assumptions

There are several modeling assumptions that merit broader discussion: (i) ex-post spiteful-
ness; (ii) lexicographic preferences; (iii) one-dimensional bids; and (iv) deterministic alloca-
tions. A unifying feature is that these assumptions capture simple, practically interpretable

sources of strategic behavior, while keeping the mechanism-design problem tractable.

ex-post spitefulness. Our notion of spitefulness is ex post: after information is realized,
an agent may choose among payoff-equivalent behaviors in order to reduce a rival’s payoff.
Importantly, this assumption does not require that bidders literally observe one another’s
private values. Rather, it is motivated by environments in which bidders can condition their
behavior on publicly observable outcomes (e.g., bids, eligibility, standing high bids, or other
audit-relevant reports) and thereby exploit payoff-neutral deviations that are strategically
meaningful only once those outcomes are realized. Such opportunities arise, for example,
when bidders must disclose valuation-relevant information to regulators or courts (as in
asset divestitures mandated by antitrust authorities or bankruptcy sales), when extensive
due diligence and public coverage reveal valuation components (as in corporate takeovers), or
when institutional features make rivals’ positions partially inferable (as in many procurement
and spectrum auctions). We view ex-post spitefulness as a robustness benchmark: it rules
out mechanisms that admit costless, payoff-neutral manipulations whose sole effect is to

harm competitors.

Lexicographic preferences. The literature study spiteful behavior mainly by altering the
utility functions of the agents: an agent’s utility function is the weighted difference between
the gain of the agent and the gain of her competitors. This approach implicitly assumes that
an agent is willing to bear a loss if this will cause her competitors to suffer a much greater
loss.

However, shareholders may not be willing to suffer a loss just to inflict a larger loss on
their competitors. Similarly, a CEO may not be willing to bear a sure loss today, hoping
that in the future, when the competitor’s larger loss will benefit her firm, she will still hold
her position. This makes the agents’ utility lexicographic: agents would like to maximize

their gain, and contingent upon their own gain, they may seek to lower their competitors’



gains. As mentioned earlier, the supplementary phase of combinatorial clock auctions gives
bidders an opportunity to exercise such behavior.

The lexicographic utility modeling choice is also natural when decision makers face fidu-
ciary duties or internal accountability, so that sacrificing one’s own payoff to hurt competitors
is implausible, while selecting among payoff-equivalent options in a way that harms com-
petitors can still be feasible and strategically relevant in high-stakes auctions.

We note that the lexicographic notion of spitefulness is neither stronger nor weaker than
the weighted difference notion. Indeed, as mentioned above, threshold mechanisms are the
only ones that satisfy the lexicographic notion, but fail the weighted difference notion, which

other mechanisms do satisfy.

Lexicographic preferences and the non-bossy property. An additional motivation
for studying lexicographic preferences is provided by [Thomson (2016)), in his critique of
the non-bossy property, originally introduced by [Satterthwaite and Sonnenschein| (1981)). A
mechanism satisfies the non-bossy property if any deviation by an agent that does not affect
her own assignment also leaves the overall assignment unchanged. In settings with utilities,
this notion can be translated as follows: a mechanism is non-bossy if whenever an agent’s
deviation does not affect her own utility, it does not affect the utility of any other agent.

By definition, every IC and non-bossy mechanism is SIC, while the converse does not
hold; it is not difficult to construct SIC mechanisms that fail to be non-bossy.

Thomson| (2016 argues that “Situations in which there may be externalities in consump-
tion are not ones in which non-bossiness has been formulated and studied,” and goes on to
ask’] “What would non-bossiness mean in such a situation? The minimal departure from
the standard self-regarding specification of preferences that accommodates external effects
is perhaps a lexicographic formulation: an agent gives precedence to his own assignment,
and in ranking two allocations, first considers a relation that only depends on what he gets;
if that relation places his assignments at these two allocations on the same level, he refines

his ranking by turning to the other agents’ assignments or welfare.”

One-dimensional bids. Our baseline action space is R, which is appropriate for the
allocation of a single indivisible item under private values. In some applications, it is more
appropriate to assume multi-dimensional reports. The restriction to one-dimensional bids
isolates the core tension created by payoff-neutral spiteful deviations even in the simplest
domain. In Section [£.2] where we extend the model to the allocation of multiple items, the

action space is generalized accordingly.

STtalicized text in [Thomson| (2016)).



Deterministic allocations. Finally, we restrict attention to deterministic mechanisms.
Randomization can enlarge the set of feasible outcomes and may provide natural ways to
mitigate spiteful behavior (e.g., by breaking ties or symmetrizing allocations). However,
more often than not, randomized allocations are viewed by participants and regulators as
difficult to justify, especially when the objects are politically salient. Accordingly, we treat
determinism as a substantive constraint and interpret our results as delineating the deter-
ministic frontier: if one insists on individual rationality and robustness to payoff-neutral
spiteful deviations, then deterministic implementability is sharply constrained. Conversely,
our characterization provides a precise sense in which allowing randomization (or relaxing

robustness) is not merely a technical extension but a meaningful design choice.

3 Characterizing Spite-Free mechanisms

In this section, we present the paper’s main characterization result—Theorem[l] The section is
divided into two parts. In Section 3.1} we define threshold mechanisms for a single indivisible
good and characterize them as all IR and SIC mechanisms. In Section [3.2] we present two
impossibility results (Corollaries [1] and [2)) that build on Theorem [1] showing that the only
mechanism satisfying IR and SIC, and that is also either anonymous or efficient, is the null

mechanism in which the item is never allocated.

3.1 Main result

We here formally define threshold mechanisms in Definition [3] below. Roughly, a threshold
mechanism consists of a sequence of take-it-or-leave-it offers, one for each agent, made ac-
cording to a predetermined ordering of the agents and at exogenously fixed prices. The first

agent who accepts her offer obtains the item at the stated price.

Definition 3. A mechanism M = (A, P) is a threshold mechanism if there exist a permuta-
tion R: I — {1,...,n} on agents (i.e., a priority ranking), and a threshold t; € R, U {0}
for each agent i € I, such that for any bid profile b € V":

o If there exists an agent j € I such that b; > t;, then A(b) = i and P;(b) = t; where
i = argmin{R(j) : b; > t;}.

o Ifb; <t; for every agent j, then either A(b) = i and P,(b) = t; where i = arg min{R(j) :
bj = tj}, or A(b) = 0.

The permutation R in Definition [3| specifies a priority ranking of the agents, with each

agent assigned a threshold value for obtaining the item. If no agent bids above her assigned

10



threshold, all agents receive zero ex-post payoffs, as in the case where the item remains unal-
located. Even when the priority ranking and thresholds are fixed, the threshold mechanism
is not unique, since variations in the allocation rule may arise when no agent bids strictly
above her threshold.

The next result asserts that a mechanism is IR and SIC if and only if it is a threshold
mechanism. To build some intuition, consider the second-price mechanism which we dis-
cussed earlier. This mechanism is IR and IC, yet not spite-free: any non-winning agent can
increase her bid to reduce the payoff of the winning agent. Such a behavior is impossible un-
der threshold mechanisms, since the priority ranking and payments are predetermined. This
observation captures the essence of the spitefulness property: the price paid by the winning
agent cannot depend on the actions of non-winning agents, as such dependence would allow

them to act spitefully.
Theorem 1. A mechanism is IR and SIC if and only if it is a threshold mechanism.

The proof of Theorem [I]is extensive and is therefore deferred to Appendix [Al Threshold
mechanisms satisfy SIC because in these mechanisms, an agent can harm the winning agent
only by bidding (and paying) more than her private value. The main challenge lies in
showing that no other mechanism satisfies SIC. The driving force is the requirement that ex
post, non-winning agents cannot influence the price paid by the winning agent. To ensure
this, the price paid by the winner should be independent of the other agents’ bids. When
the mechanism is IC, the price paid by the winner (conditional on winning) should not be
affected by that agent’s bid as well. Therefore, the amount an agent pays when winning
must be predetermined, and these amounts form the thresholds.

In addition, the SIC requirement necessitates that if by changing her bid an agent can
affect the identity of the winner while not losing, then the winner’s profit was 0. This explains
the priority ranking and the structure of the tie-breaking rule in mechanisms that satisfy
SIC.

The formal proof is based on a stronger notion of spitefulness, referred to as Ezxtreme SIC
(ESIC), in which agents not only bid truthfully to maximize their own payoffs in equilibrium,
but also satisfy the following stricter (equilibrium) condition: there exists no unilateral
deviation that leaves the deviator’s payoff unchanged while strictly reducing the payoff of at
least one other agent (even if such a deviation increases the payoffs of others). Clearly, every
ESIC mechanism is also a SIC mechanism. We will show that an IR mechanism is ESIC if
and only if it is a threshold mechanism, and then extend the result to SIC mechanisms. In

particular, our proof implies that all SIC mechanisms are ESIC.

11



3.2 Efficient and Anonymous Spite-Free mechanisms

There are two immediate impossibility results that follow from Theorem |1, These results
state that the only IR and SIC mechanism that sustains an additional condition of either
efficiency, or anonymity, is the null mechanism, where, for each bid profile, all payments
are zero and the item is never allocated to any agent. Formally, a mechanism M is a null
mechanism if A(b) =0 and P;(b) = 0 for each agent i and every bid profile b. Alternatively,
a null mechanism is a threshold mechanism where t; = oo for every agent 1.

Under the (threshold) null mechanism, the utility of each agent is always zero. Therefore,
this mechanism is anonymous. Since under the null mechanism the item is never allocated,
this mechanism is also efficient. The first impossibility result, stated in Corollary (1], asserts
that any anonymous, IR, and SIC mechanism must be a null mechanism. Given the charac-
terization of IR and SIC mechanisms as threshold mechanisms, the intuition is immediate:
once a priority ranking is fixed with some feasible payments, the mechanism can no longer

be anonymous.
Corollary 1. If a mechanism is IR, Anonymous, and SIC, then it is the null mechanism.

The second impossibility result, stated in Corollary 2] asserts that any efficient, IR, and
SIC mechanism must also be a null mechanism. The intuition again follows directly from the
characterization of IR and SIC mechanisms as threshold mechanisms: once (finite) thresholds
and a priority ranking are fixed, the outcome need not be efficient, since agents with higher
valuations may be ranked below agents with lower valuation, implying that the winning

agent does not necessarily submit the highest bid.
Corollary 2. If a mechanism is IR, efficient and SIC, then it is the null mechanism.

Both Corollaries 1] and [2| follow directly from Theorem (1} and hence their proofs are

omitted.

4 Extensions and Open problems

4.1 Efficiency of the threshold mechanism

A natural question regards the efficiency loss due to the SIC requirement. To properly
compare the efficiency of optimal auctions to those of threshold mechanisms, we need to
assume that the agents’ private values are distributed according to some distribution. As
we now argue, when the agents are symmetric and their private values are independent,

as the number of bidders tend to infinity, there is no efficiency loss. Indeed, suppose that

12



each agent’s private value is distributed according to some CDF F. Assume w.l.o.g. that
the upper end of the support of F' is 1. Consider the threshold mechanism in which the
thresholds of all agents are 1 — ¢, for some € > 0. As n goes to infinity, the probability
that at least one agent’s private value exceeds 1 — ¢ goes to 1, and hence asymptotically
the seller’s gain is at least 1 — . Since ¢ is arbitrary, the efficiency loss is asymptotically
negligible.

In fact, when F'is the uniform distribution, if the ranking of the agents is given by the
decreasing order where agent n is the first, and agent 1 is the last in line, then the optimal
thresholds (¢;)!", satisfy the following recursion:

1 1+ ()% .
th=—=, tignz=——Vi>1,
1 27 —+1 2 [

which converges to 1 as n increases (see analysis in Appendix . In addition, the seller’s
expected revenue under these thresholds, denoted ,,, satisfies the recursive equation

1
T = 17 Tn+1 = (]- - tn+1>tn+1 + tn—i—l’}/ny Vn Z 17

which converges to 1 as well.
Yet, an open and interesting question for future research is the efficiency loss due to
the SIC requirement for a given n (rather than asymptotically), and the efficiency loss for

heterogeneous agents.

4.2 Extension to a multi-item setting

An applicative extension of the SIC requirement is to environments with multiple items.
Once agents can choose bundles, whenever an agent is indifferent between several bundles,
by misreporting her valuations she may be able to determine which of those bundles she would
obtain. This way, the agent can change the residual supply, thereby producing sharp changes
in others’ opportunities, making general positive results significantly harder to obtain.
Nevertheless, there exists a broad class of multi-item mechanisms that are spite-free:
mechanisms that eliminate cross-agent externalities by design. One possibility is to partition
the market into agent-separable sub-markets, so that each agent optimizes over a distinct
subset of items that affects only her own allocation and payment. Since an agent’s report
cannot change anyone else’s feasible set or prices, deviations cannot harm others, and truthful
reporting maximizes the true objective given that sub-market. Another possibility is to treat
all items as a single indivisible bundle, reducing the multi-item problem to a single-item one.

These mechanisms, however, are limited and need not generate desirable allocations.

13



In this section we will extend the basic model to a multi-item setting and discuss threshold

mechanisms within this framework.

4.2.1 The updated model

In the multiple items setting, we study the problem of assigning a finite set S = {ay, as, ..., ax}
of items to the set of agents I = {1,2,...,n}. The set of all bundles is 2°. For each
agent i € I, the valuation function v; : 2° — R, determines the worth agent i assigns to
each bundle, with v;(f)) = 0 for each i € I. The set of valuation functions is denoted by
V= {veR¥: u(0) =0}

A bid b; € V of agent i is the reported valuation of agent i. A bid profile b= (by,...,b,) €
V™ is a vector of bids, one for each agent. An allocation is an assignment of bundles for
each agent that satisfies the feasibility constraint |J,,;(7; NT}) = (), where T; and T} are the
assigned bundles of agents ¢ and j, respectively. A payment for each agent is a non-negative
real number. The mechanism, the utility of agents, and the SIC property are defined similarly

to the analogous concepts in the single item setup.

4.2.2 Two extensions of threshold mechanisms

We here present two natural extensions of threshold mechanisms, called cluster mechanisms
and sequential mechanisms.

In a cluster mechanism, agents are ranked, and each agent i has a threshold ¢! for each
bundle T, which defines agent ¢’s payment for that bundle. In her turn, each agent 7 is
allocated a bundle (out of the items that have not been allocated so far) which maximizes
her gain according to her bid: T; € argmaxycg\._ 1, { b;(T) —tT }, where T} is the bundle

allocated to agent j, for each j < 4, so that S\ |J,_, 7} is the set of remaining items for

j<i
agent ¢ and the following agents. If there are Severajl bundles that attain the maximum for
agent i, some tie-breaking rule dictates which among them will be allocated to the agent.

In a sequential mechanism, each agent ¢ has a threshold ¢; (that denotes the agent’s
payment per item), and the items are allocated one after the other: Item a; is allocated to
the highest-ranked agent ¢ that satisfies that the item’s marginal contribution to the set of
items already allocated to ¢ is at least her threshold.

These mechanisms are not SIC. In fact, sequential mechanisms are not even IC. Indeed,
suppose there are two items, a single agent, and thresholds are til}, t?}. Suppose the agent
values one item at 0 and two items at til} + tiz} + ¢ for some € > 0. By submitting her true
valuation the agent is not allocated any item and gains 0, while by submitting a bid b, such

that by ({a1}) = til} +¢e/2 and by({a1,a2}) = til} +t§2} + ¢, the agent is allocated both items

14



and gains €[]

A more delicate weakness of these two mechanisms arises when agents are indifferent
between several bundles, and by submitting a bid different from their true valuation, can
change the bundle they are allocated, and hence also the bundle subsequent agents are
allocated. Consider, for example, the case of two items and two bidders. Consider a cluster
mechanism with agent-independent thresholds t{1, t2}, and t{2} and suppose that when
the bid of agent 1 is

bi({a1}) =t bi({az}) =¥, bi({a1, a2}) =0, (1)

the tie-breaking rule allocates {a;} to agent 1. Suppose that agent 1’s valuation coincides
with the bid that appears in Eq. , and that agent 2’s valuation is

va({ar}) =t w({a}) =t + e, w({a1,a2}) =0,

for some € > 0. The cluster mechanism will allocate {a;} to agent 1 and {as} to agent 2,

yielding them gains of 0 and ¢, respectively. However, if agent 1 spitefully bids

bi({ai}) =0, bi({as}) =ta, bi({ar,a2}) =0,

the allocation will be {as} to agent 1 and {a;} to agent 2, yielding both a gain of 0. Thus,
by misreporting, agent 1 lowers agent 2’s gain without lowering her gain. A similar example

can be constructed for the sequential mechanism.

4.2.3 Homogeneous items and submodular valuations

The examples provided in Section [4.2.2] show that in the multi-item setup, general positive
results are difficult to obtain. To eliminate equal-payoff bundles that are the source of this
difficulty, we will restrict ourselves here to the case where items are homogeneous and the
agents’ valuations are submodular. In that case, the value an agent assigns to each bundle
depends only on the number of items in the bundle: v;(T;) = v;(|7;|), for some function
v; : N = R,. Moreover, the function v; is submodular, namely, the marginal contribution
of each item is weakly decreasing with the number of items the agent is already allocated:

the function k — (v;(k 4+ 1) —v;(k)) is non-increasing. We call such valuations homogeneous

"The failure described above is due to the fact that the mechanism is sequential. Another failure of IC
in sequential mechanisms arises since the items are allocated in a given order. Consider the example above,
where the agent’s valuation is vy ({a1}) = til}, v1({az}) = t?} + ¢ for some ¢ > 0, and v1({a1,a2}) =0. A
sequential mechanism will allocate a; to the agent, generating a gain of 0, while if the agent submits the bid
b1({a1}) = bi({a1,a2}) = 0 and by ({az}) = t?} + ¢, she will be allocated ay and gain €.
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and submodular.

Theorem 2. Consider the multi-item setup, when agents valuations and bids are restricted

to homogeneous and submodular valuations. Then, sequential mechanisms are IR, 1C, and

SIC.

The proof is given in Appendix [C] Let us explain the intuition for this result with the
highest ranked agent, agent 1. Consider the sequential mechanism, and suppose that by truly
reporting her valuation, agent 1 is allocated r items. In particular, the marginal contribution
of the (r+1)’st item to agent 1 is lower than her threshold. Since valuations are homogeneous
and submodular, the marginal contribution of more than one item to agent 1’s current bundle
is lower than her threshold as well. Hence, agent 1 does not profit by misreporting in a way
that enlarges her allocated bundles. If agent 1 misreports her valuation in a way that her
allocated bundle becomes smaller, then more items are left to the other agents. Suppose
that under truthful reporting agent 2 obtained s items. If r + s = K, agent 2 may now get
a larger bundle and profit, while subsequent agents cannot lose, because they got the empty
bundle under truthful reporting. If r + s < K, then agent 2 does not want more than s
items, and hence the excess that is caused by the misreport of agent 1 leads to an excess
supply to agent 3 (and possibly to subsequent agents), and by induction they cannot lose.

In threshold mechanisms, the threshold for a bundle is the size of the bundle times
the threshold of a single item. Therefore, when valuations are submodular, the difference
between the valuation of the bundle and its threshold is submodular as well. In cluster
mechanisms, without imposing further restrictions on the thresholds, this difference need
not be submodular, and hence the mechanism is not necessarily IC even when valuations
are submodular. To overcome this difficulty, one option is to restrict attention to cluster
mechanisms where the thresholds are strictly supermodular. This condition eliminates size-
based indifferences and ensures that agents’ incentives are aligned across all relevant bundle

choices.

4.2.4 Necessary conditions for SIC

Although we do not have a general characterization of SIC mechanisms in the multi-item
setup, we can derive necessary conditions for a mechanism to be IR and SIC in a general
valuation domain.

The following lemma, which serves as the multi-item analog of Lemma , establishes
that the payment of agent ¢ depends only on T} and b_;. Intuitively, once an agent’s allocation
is determined, any further dependence of her payment on her report would generate profitable

deviations, violating incentive compatibility.
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Lemma 2. Assume that the mechanism M is SIC. For any agent i and any bid profiles
(bl, b_1> and (b;, b_l>, ’Lf Az<bl, b_l) = Al(b;, b_z), then Pz(b“ b_z) = Pz(b;, b_z)

Proof. Assume to the contrary that A;(b;,b_;) = A;(b,b_;) = T; € S and Pi(b;,b_;) >
P;(b;,b_;). Then we have

i (bi, b_i; b)) = bi(T;) — Py(bs, b—;) < b(T;) — Pi(b;,b—;) = Ui(b;,b—z‘; bi)-

Hence, b is a profitable deviation at (b;,b_;), contradiction to the assumption that M is
SIC. 0

For T; C S, let
W = {b_; eV, : 3b €V, with A;(b;,b_;) =T, }

be the set of all b_; € V! for which there exists b; € V; with A4;(b;,b_;) = T;. By Lemma ,
the payment to agent i conditional on receiving 7; depends only on (7;,b_;), so we denote it
by P : W' — R, and extend it to all V_; by setting P/*(b_;) = oo when b_; ¢ W™
The next result provides necessary conditions for a mechanism to be both IR and SIC.
It shows that allocations must coincide with the agent’s utility-maximizing choice under the
corresponding payment schedule, and it also bounds the richness of feasible payment profiles

in the two-agent case. The proof is deferred to Appendix [D]

Theorem 3. Assume M is IR and SIC. Fiz agent i, a non-empty T; C S, and b = (b;,b_;) €
V.. Then:

7

3. If there are only two agents, then the range of PiTi : WT; — R has cardinality at most
QK —|Ti|

Theorem |3| establishes the structure that any IR and SIC mechanism must satisfy.
Parts (1) and (2) are natural extensions of Theorem [l Together they imply that the al-
location rule must coincide with the agent’s utility-maximizing bundle under the induced
payment schedule, effectively embedding a choice-theoretic consistency condition into the
mechanism. Part (3) adds a combinatorial restriction: in two-agent environments, the num-
ber of distinct attainable payments is bounded by the number of possible residual allocations

of the remaining items. This bound reflects the tight informational linkage between agents’
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allocations and payments, a feature that highlights the limited degrees of freedom available
in designing multi-item SIC mechanisms.

Parts (1) and (2) of Theorem 3| provide a geometric interpretation of the allocation rule.
For each agent i, every possible allocation 7; C S, and every fixed profile of other agents’

bids b_; € V_;, define the set

V(b)) = {bi € Vi bi(Ty) — Pl (by) > bi(S;) — PP(b_y) for all S; C S, S; # T}

)

Theorem 3| implies that for any b; € V7 (b_;), we have A;(b;,b_;) = T;. Thus, for a fixed b_;,
the sets {V;"'(b_;)}1cs partition the space of bids V; into regions in which each allocation
is strictly optimal. Each such region is a convex polytope, and these polytopes are pairwise
disjoint except possibly along their boundaries. The theorem therefore determines the allo-
cation for all bids lying in the interior of one such polytope. However, on the boundaries, the
allocation may correspond to any of the sets whose regions meet at that point, as Part (2)
indicates. We illustrate this with the following example.

Example 1 (two items, two agents, additive bids). Let S = {ai, a2}, and let M = (A, P)
be an IR and SIC mechanism. By Theorem [3, agent 1’s payment depends on the bundle she
gets and on agent 2’s bid. Suppose that for a fixed bid by of agent 2,

Pl{al}(b2) — 4, P1{a2}(b2) =3, Pl{al,az}(bg) =0, le(bQ) =0.

Suppose moreover that agent 1’s valuation is additive: v;({a1}) = x, v;({a2}) =y, vi({a1, a2}) =
x +y with =,y > 0. For each bundle 7" C S, agent 1’s utility from obtaining bundle 7',
denoted U] = v;(T) — PT', is, then,

Uit =z -4, U =y-3 U™ =zty-6  Uy=0.

By Parts (1)-(2) of Theorem [3| the region V;7(by) in which A, (b, by) = T is the set of
(z,y) where U] strictly exceeds all other U{". These regions are intersections of half-spaces

(hence convex polyhedrons), meeting on shared boundaries where ties occur.

e So that A;(by, bs) = {a1} we need U™ > max{U{**}, U{**2} U?}. Hence, V;™ (by) =
{(z,y): >4, y<2, x—y>1}.

e So that Ay (by, bs) = {as} we need Ui" > max{U{*, U{"""} U?}. Hence, V;1" (by) =
{(z,y): y>3, <3, y>ux—1}.

e Sothat A;(by,bs) = {ay, as} we need UL > max{U{*}, UL}, U?}. Hence, V") (by) =
{(z,y): >3, y>2, x+y>6}
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The boundaries of these regions represent bid profiles where there are ties: the lines y = 2
(between {a} and {a,b}), z = 3 (between {b} and {a,b}), and = +y = 6 (between {a, b}
and 0), see Figure 2l By Part (2), on the boundary, the allocation can be any of the tied
sets. Outside these regions, () is weakly optimal (Uy = 0), consistent with IR.

Vi (by)

4
S8 i N
N b
owen 1 F vy
1 2 3 4 ) 6 7 :c>

Figure 2: The partition of the valuation space into the sets (V' (bs))rc{as.q,) for a given by.

5 Directions for future research

This work shows that in the single-item environment, threshold mechanisms are the only
mechanisms that satisfy individual rationality and robustness to spiteful deviations. We
here discuss several natural extensions of this fundamental result that we leave for future
research.

An important direction is to extend the characterization to multi-item environments. The
results in Section form a basis for this analysis. A second issue that is worth exploring
is how the interaction between spite-freeness and different allocation domains affects the set
of implementable outcomes. A third open problem concerns stochastic mechanisms. While
Corollary (1] states that the only IR, anonymous, and SIC mechanism is the null mechanism,
when one allows the mechanism to use randomness, there are non-null, IR, anonymous, and
SIC mechanisms. For example, the threshold mechanism that uniformly selects the ranking
of the agents, and uses the same threshold for all agents, is IR, anonymous, and SIC. It would

be interesting to characterize the set of all IR, anonymous, and SIC stochastic mechanism.
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Another natural direction for future research is to examine robustness to altruistic devia-
tions, namely, deviations that reduce a player’s own payoff while (weakly) benefiting all other
agents and strictly benefiting at least one. The second-price mechanism is not altruism-proof
in this sense. Threshold mechanisms are not altruism-proof as well. Indeed, suppose there
are two agents, R(1) = 1, R(2) = 2, v; = t1, and vy > t5. When bidding truthfully, the
payoft of both agents is 0. If agent 1 instead reports b; < vy, then the payoff of agent 1
remains 0, while the payoff of agent 2 is vy — t; > 0. It will be interesting to characterize
the set of mechanisms that are robust to deviations to other-regarding-preferences beyond
spiteful behavior.

Finally, a natural extension is to drop the ex-post point of view of the solution concept,
and consider alternative ex-ante notions of spitefulness.

We view the impossibility results established in this paper, including the main character-
ization theorem, as providing a useful benchmark for these extensions, by clarifying which
restrictions depend on various modeling assumptions and which arise from robustness to

spiteful behavior.
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Appendix A A notion of Extreme Spitefulness and the
proof of Theorem

To prove our main result, we require an additional spitefulness notion, referred to as Fxtreme
Spite-Free Nash equilibrium (ESNE) which allows agents to deviate if the deviating agent
maintains the same utility level, while strictly reducing the payoffs of some other agents, but

not necessarily all of them.

Definition 4. A profile b is an Extreme Spite-Free Nash equilibrium (ESNE) if, for any
agent i, there is no bid profile b = (b}, b_;) such that either u;(b'; b;) > u;(b; b;), or w;(V';b;) =
w;(b;b;) and w;(b';b;) < u;(b;b;) for at least one agent j # i. A mechanism is Extreme
Spite-Free Incentive Compatible (ESIC) if the profile b = v of truthful bids is an ESNE.

Notice that an ESIC mechanism is also a SIC mechanism, and in case of two agents
(n = 2), the two spite-free notions of SIC and ESIC coincide.
The proof of Theorem [1] consists of three steps:

e Every threshold mechanism is IR and ESIC (and therefore also SIC) (Lemma [3)).
e Every IR and ESIC mechanism is a threshold mechanism (Theorem [4)).

e Every IR and SIC mechanism is ESIC (Theorem [f)).

The proof yields a stronger property of IR and SIC mechanisms: they are in fact ESIC.
An important concept we will need is that of single perturbation paths, which is a se-
quence of bid profiles (b"),—o1,., such that b" and b"+1 coincide in all coordinate except

possibly the bid of agent r + 1, for each 0 < r < n — 1. Formally,
Definition 5. A sequence of bid profiles (b"),—o.1,..n is called a single perturbation path if
for eachr=0,1,...,n— 1, we have b}, = b;“ for each k # 1+ 1.

A.1 Threshold mechanisms are IR and ESIC

In this section we prove the following result.
Lemma 3. FEvery threshold mechanism is IR and ESIC.

Proof. Let M be a threshold mechanism with permutation R and thresholds (;);c;.
M is IR because the item can be allocated only to an agent ¢« whose bid is at least t;, and

if agent 7 obtains the item, she pays t;.
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We next prove that M is IC. Fix a profile of private values v, and suppose the agents
bid truthfully, that is, b = v. If A(b) = ¢, then necessarily v; > t;, and agent i’s utility is
v; —t; > 0. By deviating, either agent ¢ still get the item and pays ¢;, or does not get the
item. In both cases agent ¢ does not profit.

If A(b) # i, then agent ¢’s utility is 0. If agent ¢ has a profitable deviation, then necessarily
v; > t;. But since A(b) # i, this means that A(b) = j # ¢ and j is ranked higher than 7, so
that no deviation of ¢ can change the identity of the winner, a contradiction.

We finally prove that b = v is an SNE. Suppose by contradiction that agent ¢ has a
deviation that harms agent j. Since M is IR, agent j can be harmed only if at b = v agent j
wins the item, and her payoff is positive. Agent i can affect the identity of the winner only
if she is ranked higher than j. Since A(v) = j, necessarily v; < t;. Therefore a deviation of
agent i that affects the identity of the winner is to a bid b, > ¢;, in which case agent ¢ will

obtain the item and her utility will be v; — t; < 0. O

A.2 Winner’s payment in ESIC mechanisms

In this section we show that, given an IR and ESIC mechanism, and conditional on a winning
agent ¢, the payment of agent ¢ is independent of the bid profile. This is the analog of
Lemma in the multi-item setup.

Lemma 4. Fiz an IR and ESIC mechanism M. If A(b) = A(l') =i for some agent i € I
and bid profiles b,b' € V", then P;(b) = P,(V).

Proof. The proof comprises three steps.
Step 1: Definitions.

Assume to the contrary that there exists an agent i € I and bid profiles b, € V", such
that A(b) = A(V') = i and P;(b) > P,(V/). Define two bid profiles ¢ = (¢;,b_;) and ¢ =
(¢}, V), where ¢; = ¢, = max{b;, b} + € for some € > 0. By Lemma [I8), A(c) = A(c) =,
and by Lemma [1[2)), P;(c) = Pi(b) and P,(¢) = P;(b'). Therefore, P;(c) > P;(¢’), and hence
wi(ds¢) > ui(c ).

Consider the single perturbation path (¢"),—¢, n, where ¢ = ¢ and ¢" = ¢. Note that
P,(c") = P(c) > P(d) = Pi(c"), and since A(c”) = A(c") = 4, we have u;(c’;b;) =
uj(c";b;) = 0 for each agent j # i.

Define a set of agents Iy C I as Iy = {r : u(c¢"™') # u(c")}, where u(b) = (u;(b;b;))jer €
R" is the utility vector when each agent’s bid in the bid profile b matches her true valuation,
and a set [, C I as I, = {j : 3r such that u;(c";¢}) # u;(¢™; i)} Agent @'s bid is

constant throughout the single perturbation path, and therefore ¢'~! = ¢!, which implies

that ¢ ¢ I1. Since u;(c;¢;) > wi(c;¢;), 1 € L.
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Step 2: 11| > |1|.

Define a multi-valued function F': I; — I, as follows. For every r € I; and every j € Is,
set j € F(r) if and only if u;(¢";¢;™") # u;(¢";¢;). By Lemma , at most one agent
has a strictly positive utility in any bid profile, and hence |F(r)| < 2 for every r € I;. For
any j € I such that j # i, we have u;(c”;b;) = u;(c¢"; b)) = 0 and w;(c"; ¢f) > 0 for some
1 < r < n, hence |F~1(j)] > 2. In addition, the condition u;(c’;c;) < u;(c™;¢;) implies that
|F~1(z)| > 1. Therefore,

2] 2 Y [F() =Y IF G 2 1+ 2(L - 1) =21 - 1,

rely j€l>

where the first inequality holds since [F(r)| < 2 for every r € I;, and the second inequality
holds since |F~1(7)| > 1 and |F~1(j)| > 2 for every j € I\ {i}. Thus, |I;] > |I3|, as claimed.

Step 3: Deriving a contradiction.
Because i ¢ I and i € I, there exists an agent j such that j € I; and j ¢ I5. Since j ¢ I,

we have uj(cj_l;cfl) = uj(cj;c;), and since j € I, we have uj/(cj_l;cﬁfl) +# uj/(cj;c;,) for

some agent j'. Hence, at either ¢ or ¢/, agent j can misreport her bid to decrease the utility
of agent j' while keeping her own utility fixed. This contradicts the ESIC property and

concludes the proof. O

A.3 Characterization of IR and ESIC mechanisms

In this subsection, we characterize the set of IR and ESIC mechanisms.
Theorem 4. Every IR and ESIC mechanism is a threshold mechanism.

Proof. Let M = (A, P) be an IR and ESIC mechanism. For each agent i, define a function
H;: V™! 5 R, U{oo} as follows. For any profile b_; € V"1 define

H;(b_;) = inf{b; : A(b;,b_;) =i}

to be the minimum bid of agent i that makes her win against b_;; If A(b;,b_;) # i for all
b; € Vi, then H;(b_;) = co. By Lemmall|[3), A(b;, b_;) =i for every agent i, every bid profile
b_; and any bid b; > H;(b_;). The proof of Theorem 4] is divided into eight steps:

e In Step 1 we prove that the winner ¢ at bid profile b pays H;(b_;).

e In Step 2 we prove that the amount the winner pays is some constant ¢;, which depends

only on her identity and not on the bid profile.
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e In Step 3 we prove that if at bid profile b_; agent ¢ has a bid that makes her win, then
for any bid profile b’ ; that is dominated coordinatewise by b_;, agent ¢ has a bid that

makes her win.

e In Step 4 we prove that if agent ¢’s utility at bid profile b is 0, then agent ¢’s utility is
still 0 if agent j # ¢ lowers her bid.

e In Step 5 we prove that if no agent wins, then the bid of each agent 7 is at most ;.

e In Step 6 we prove that every pair of bid profiles b and o' that have the same set of
agents 7 who bid at least ¢;, such that at b there is a winner and at b’ at least one agent

J bids strictly more than ¢;, then both bid profiles yield the same winner.
e In Step 7 we define a priority ranking R among the agents.

e In Step 8 we finally prove that M is a threshold mechanism with priority ranking R
and thresholds (t;);e;.

Step 1: For every agent ¢ and every bid profile b, if A(b) = i, then P;(b) = H;(b_;).

Suppose first that A(b) = ¢ and P;i(b) > H;(b_;) for some agent i and bid profile b.
Consider a bid b that satisfies P;(b) > b, > H;(b_;). As mentioned above, A(b},b_;) = i, and
by Lemma [J[2), (b, b_;) = Pi(b;,b_;). Thus, w;((b};b_;);b;) = b; — P;(b;,b_;) < 0, which
contradicts the IR condition.

Suppose now that A(b) = i and P;(b) < H;(b_;) for some agent i and bid profile b.
Consider a bid b} that satisfies P;(b) < b < H;(b_;). Since b, < H;(b_;), we have A(b,,b_;) #
i. However, u;(b;b;) = b, — Pi(b) > 0 = u;((};b_;);b;), which contradicts the IC condition.
This concludes the proof of Step 1. o

Step 2: For every agent i, there exists t; € R, U {00} such that for every bid profile
b_; € V1 either H;(b_;) =t; or H;(b_;) = oc.

Assume, to the contrary, that there exists an agent ¢ and bid profiles b_; and I_;, such that
H;(b_;) < Hiy(b_,) < oo. Lemma implies that there is a bid b; > max{H;(b_;), H;(b",)}
such that A(b;,b_;) = A(b;,b";) =i. By Step 1, Pi(b;,b—;) = H;(b_;) < H;(V'_;) = Pi(b;,b",),

contradicting Lemma [4] o

From now on we let (t;);c;r be the constants given by Step 2. If H;(b_;) = oo for each
b_; € V™1 or equivalently, if A(b) # ¢ for each b € V", then we set t; = co. In other words,
for any agent ¢ € I, we have t; € R, if and only if there exists a bid profile b € V" such that
A(b) = 1.
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Step 3: Fix a bid profile b_; such that H;(b_;) = t; < 0o, and consider a bid profile &’ ; such
that b < b; for every agent j # i. Then, H;(b";) = t;.

Fix a bid b; > t;, so that A(b;,b_;) =i, P;(b;,b_;) = t;, and w;((b;,b_;);b;) = b; — t; > 0.
We will show that A(b;, 0’ ;) =d. This will imply that H;(b" ;) < H;(b—;) < oo, and therefore
by Step 2 we will obtain that H;(0',) = t,.

Assume then to the contrary that A(b;, 0’ ;) # i, and consider a single perturbation path
(b")r=0.1....n, where b® = (b;,b_;) and b = (b;,1’;). Let r be the minimal index such that
A(b") = i and A(V"HY) # i. By assumption, b, = by > b = b1 If AW =
A(by41,0" .y 1)) = r+1, then by Lemma , AQ") = A(br41,b" (1)) = r+1, contradicting
the condition A(b") =i. If A(b™™') = j & {r+1,i}, then given the bid profile ", agent r + 1
can misreport b;_ , instead of b,, thereby decreasing the utility of agent i. This contradicts
the ESIC condition. Hence, A(b;,b" ;) = 4, and by Step 2, H;(b" ;) = t;. This concludes the
proof of Step 3. o

Step 4: Let b be a bid profile, let j be an agent, and let b < b;. If u;(b;b;) = 0 for every
agent i, then u;((b},b_;); b;) = 0 for every agent i (including i = j).

Let b, j, and b} be as in the claim, and assume by contradiction that u;((b},b;); b;) # 0 for
some agent i. Since the mechanism is IR, it follows that u;((b},0_;);b;) > 0. By Lemma ,
A(V) = 4, and hence by Lemma [1[3)), ¢ # j. But then at the bid profile ¥, agent j can
misreport b;, thereby lowering agent ¢’s payoff while not affecting her own payoff. This

contradicts ESIC, and conclude the proof of Step 4.

Step 5: Let b be a bid profile such that A(b) = 0. Then b; < t; for every agent i.

Assume to the contrary that A(b) = 0 but there exists an agent i such that b; > ¢;. By
the definition of ¢;, there exists a bid profile &' such that b, = b; > t; and A(d') = i. Define
the bid profile ¢ as follows: ¢; = b; > t; and ¢; < min{b;,b},t;} for every j # 4; in case
min{b;, b}, t;} = 0, set ¢; = 0. Since A(b) = 0, the IR condition implies that wu;(b;b;) = 0
for every agent i. By Step 4, applied recursively for all agents k£ such that by > ¢, we have
u;(c;b;) = 0. Consider a single perturbation path (b"),—¢ 1. , where 1° = b and " = c.
Let r be the first stage such that A(b") =4 and A(b"™!) # i. By the construction of ¢ and
Step 1, u;(b";b;) = by —t; > 0 and b1} = ¢,4q < by = b',;. Lemma implies that
A(brY) & {i,r + 1}. Therefore, at the bid profile ", agent r + 1 can misreport ¢, instead
of by, and strictly decrease the utility of agent ¢ without affecting her own utility. This

violates the ESIC property, and concludes the proof of Step 5.
For every bid profile b define
[b:{]bjztj}g[
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This is the set of agents j who bid at least ¢;.

Step 6: For every two bid profiles b and b’ such that (i) I, = Iy, (ii) A(b) # 0, and (iii)
there exists an agent j such that b, > t;, we have A(b) = A(V).

Assume to the contrary that the two bid profiles b and b’ satisfy (i), (ii), and (iii) but
i = A(b) # A(V). By the definition of t;, we have i € I, = I;. By Step 5, A(V) # 0.
Denote j = A(V'). By increasing b; and b/ if necessary and by Lemma , we can assume
w.lo.g. that u;(V;0;) = b —t; > 0 and u;(b;b;) = b; —t; > 0. We can also assume that
b, = b; with no affect over the winner j = A(V); otherwise, at bid profile &' agent ¢ can
misreport b;, thereby decreasing the utility of agent j without decreasing her own utility.

Consider a single perturbation path (0"),—1, . such that 0° = b and b" = b'. We will
show that for each r = 0,1,...,n — 1, if A(b") =i then A(b""!) = i, which contradicts the
facts that A(°) = A(b) =i and A(D") = A(V') # i. Assume that there exists r < n such that
A(b") =i and A(D"*) # 4. Since b; = b, we have r+1 # 4. Since [, = Iy, whether r+1 ¢ I,
or r+ 1 € I, at the bid profile 0", when agent r 4+ 1 misreports b:ﬂ, her utility does not
decrease, while the utility of agent i strictly decreases (because wu;(b";b;) > 0 = u;(b"; b)),
contradicting the ESIC property. Thus, A(b"™') =i as claimed. This concludes the proof of
Step 6. o

We are now ready to define the priority ranking R that will be used in the definition of

the threshold mechanism.

Step 7: A definition of a priority ranking R : I — {1,...,n}.

Let I = {j € I : t; = oo} be the set of agents who never win. To these agents, we
arbitrarily assign ranking between n—|I|+1,...,n. Thatis, R(I») = {n—|le|+1,...,n}.

If I, = I, we are done with the definition of R. Assume then that I # I, and suppose
by induction that we already defined the k agents who have the highest priority, for some
k=0,1,...,n—|Io| — 1; that is, we already defined R7'(1), R7!(2),..., R~ (k).

Denote by By, the set of all bid profiles b that satisfy the following properties:

e b; < t; for each i such that R(i) < k: the bids of agents with high rank is low.

e b; > t; for each i such that i &€ I, U{R7'(1),R7!(2),..., R"*(k)}, with at least one
strict inequality. That is, agents who were not ranked yet have high bids.

By Step 6, for every b, € By we have A(b) = A(V). By Step 5, it cannot be that
A(b) = 0 for each b € By. Since b; < t; for every i such that R(i) < k, we have A(b) ¢
{R7'(1),R7"(2),...,R"*(k)} for each b € By. It follows that there is an agent ir11 ¢
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I, U{R*(1),R7Y2),..., R (k)} such that A(b) = ix,, for every b € B;,. We let iy 1 be
the next agent according to R, so that R(ixs1) =k + 1.

Step 8: M is a threshold mechanism with the priority ranking function R defined in Step 7
and the thresholds (¢;);e; given by Step 2.

We will show that there is a threshold mechanism M* = (A* P*) with the priority
ranking function R and the thresholds (t;);e; such that for every bid profile b € V", A(b)
and P(b) coincide with the agent and payments indicated by M*.

By Steps 1 and 2, if A(b) = i then P*(b) =t; = P(b), while by Lemma [1J[T]), if A(b) # 1,
then P*(b) = 0 = P(b). Hence the payment function in M coincides with the payment
function of any threshold mechanism with the priority ranking function R and the thresholds
(t;)ier- We turn to handle the allocation function.

If I, = 0, that is, every agent ¢ bids below ¢;, then the definition of (¢;);c; implies that
A(b) = 0, Moreover, any threshold mechanism M* = (A*, P*) with the thresholds (t;);e; will
satisfy in this case A*(b) = 0.

Assume from now on that I, # (), and denote by i* € I, the agent with minimal ranking
in [, according to R:

R(i*) < R(i), Vi€ I,

Then, for any threshold mechanism with the priority ranking function R and the thresholds
(ti)ier,

e If there is j € I, such that b; > ¢;, then A*(b) = i*.
e Otherwise, A*(b) € I, U {0}.

We will show that in this case A(b) coincides with the above specifications. By the definition
of I, we have A(b) ¢ I, and since M is IR we have A(b) € I, U{0}. Hence if b; = ¢, for
every j € I, we have A(b) € I, U {0}. It therefore remains to handle the case that b; > t;
for at least one agent j € I,,.

Assume then that this is the case. By Step 5, A(b) # 0. Denote i = A(b). We need to
show that ¢ = ¢*. By Step 1 and since M is IR, we have b; > t;, so that ¢ € I,. Therefore, if
i # 4", then R(i*) < R(7).

Because R is a well-defined priority ranking, there is a bid profile b* such that (i) A(b*) =
i*, and (ii) b7 > t; if and only if R(j) > R(:*) and j € Iw.

If I, = I+, then by Step 6 we have i = A(b) = A(b*) = i*, as needed. Otherwise, I, C [j-.
Consider the bid profile ¢ where ¢; = b; for every j € Iy« \ I, and ¢; = b otherwise. The
bid profile ¢ is generated from b* by reducing the bid of every agent j € Iy- \ I, from b} to
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b= (b;,bg, b_{i}) (b} by bogiy) =V
1 changes bid

k changes bid k changes bid

1 changes bid
c= (bistr, b_finy) (b} thy D_giny) =

Figure 3: The relations between bid profiles b, V', ¢, and ¢.

b;. By Step 3, A(c) = A(b*) = 4*, which implies that /. = I, by construction. Thus, by Step
6 we have i* = A(c) = A(b) = i, as needed. O

A.4 A supporting result for at least 3 agents

The next result implies that for IR and SIC mechanisms, when there are at least three agents
1, j, and k, and agent ¢ increases her bid while all other agents keep their bids fixed, it is

impossible that the winner changes from j to k.

Proposition 1. Suppose the mechanism M is IR and SIC with n > 3. Then, there are
no three distinct agents i,j,k and bid profiles b, b/ = (b}, b_;), and b" = (b/,b_;), such that
b > b > b;, u;(b;b;) >0, ug(b'; ;) >0, and ug(b";by) > 0.

Proof. Step 0: Preparations.

Assume to the contrary that there are three distinct agents i, 7,k and bid profiles b,
b = (b},b_;), and " = (b,b_;), such that b > b, > b;, u;(b;b;) > 0, up(b';b;) > 0, and
uk(b”; b)) > 0.

Since u;(b; b;) > 0, we have A(b) = j, and since ug(b’;by) > 0, we have A(b') = k. Let
tr = Hi(b" ), and consider the profiles ¢ = (t,b_1) and ¢’ = (tg, V) = (tr, 0}, b_firy). See
Figure |3] for the relations between these profiles.

Denote t, = H;(c;).

Step 1: u,,(c;c,) = 0 for all agents m.

o If A(c') =0, then by IR the utilities of all agents is 0: w,,(¢’) = 0 for all agents m.

o If A(c) =k, then Lemma implies that the payment of agent k is Hy(b},b_(;)) =
Hy (b ,) = t), and hence u(c; c},) = 0.
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o If A(d)=1+# k and w(c;¢)) > 0, then at ¢ agent k can misreport by (instead of #;),
and so the bid vector after the deviation is . Since u,(b';0),) = 0 = u,(c;¢),) for
every m # [, and w;(c’;¢)) > 0 = w(V'; 1)), it follows that the mechanism is not SIC at
b, a contradiction. Hence, at the profile ¢/, either the item is unassigned, or the winner

of the item gets 0 utility.
In all cases above, u,,(c; ¢/,) = 0 for all agents m.

Step 2: t, =b..

Assume to the contrary that ¢, # b). If b} > t., then Lemma implies that A(c) = 1,
and hence u;(c; b)) = b, — t; > 0, which contradicts Step 1. Hence b, < t, and therefore by
the definition of ¢, we have A(c/) # i. Since b; < b}, by Lemmal[I|3), we have A(c) # 1.

We next argue that either A(c) = 0, or the winner A(c) has utility 0 at ¢. Indeed, suppose
that | = A(c) # 0 and u;(c; ¢;) > 0. We will derive a contradiction to the assumption that M
is SIC. Note that by the previous paragraph, [ # i, and hence ¢; = ¢]. At bid profile ¢, agent
i can misreport from b; to b, changing the bid profile to ¢’. Since wu;(c;¢) > 0 = w (s ¢))
and u,(d;¢) = 0 = uy(d;¢) for each m # A(c), we reach a contradiction to the SIC
assumption.

We are now ready to derive the contradiction to the conclusion that b, < t.. Suppose
that at the bid profile b, agent k misreports from by to tj, resulting in the profile ¢. The
utility of agent j strictly decreases, while the utility of every other agent remains the same,

contradicting the assumption that M is SIC.

Step 3: The end of the proof.

The argument in Step 2 does not use the bid vector ¥”. Hence, an analogous argument,
to that provided in Step 2 shows that b = ;. But then 0 =t = b/, which contradicts the
assumption that b/ > b.. O

A.5 Every IR and SIC mechanism is ESIC

In this section we prove the last part of the proof of Theorem
Theorem 5. Fvery IR and SIC mechanism is ESIC.

Proof. If n = 2, then SIC and ESIC mechanisms coincide by definition. Assume then that
n > 3, and suppose by contradiction that there exists an IR and SIC mechanism M which is
not a threshold mechanism. By Theorem 4] M is not ESIC. Hence, there exists a bid profile
b= (b1,...,b,), an agent 7, and a bid b, # b; such that either (i) u;((b,b_;);b;) > u;(b;b;) or
(i) w; (b}, b_;); b;) = u;(b; b;) and there exists an agent j such that wu;((b},b_;);b;) < u;(b;b;).
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Since M is SIC, (i) cannot hold, and hence (ii) holds. Moreover, since M is SIC, there exists
an agent k # 7,7 such that ug((0},b_;);bx) > ug(b; bx). Without loss of generality, assume
that b; < b..

Let b = (b,b_;). Since M is IR, we have u;(b;b;) > w;((V},b_;);b;) > 0. This implies
that A(b) = j. Similarly, u((b},0_;);br) > ug(b; br) > 0, which implies that A(b, b;) = k.

If there exists a bid b such that w;((b),b_;);b;) = 0 for all agents [, then (b/,b_;) is a
deviation from (¥}, b_;) that contradicts SIC. Thus, for every b ¢ {b;, .}, either A(b,b_;) =i
or the winner A(b,b_;) has a strictly positive utility.

Let t; = H;(b_;). By definition and Lemma [I|3), for any b > ¢; we have A(b],b_;) = 1,
and for any b/ < t; we have A(b!,b_;) # i. Hence, b; < b <t;. If b, < t;, then (b}, ;) is an
open (non-empty) interval, and there exist two distinct bids b/, b € (b, t;) that yield the
same winner: A(b,b_;) = A(b!",b_;). Because this winner has a strictly positive utility, we
get a contradiction to Proposition |1, so we conclude that b; < b, = t;.

Since t; = b and ug((b},b_;);br) > 0, at the profile (b},b_;) agent ¢ can misreport a bid
higher than b}, so that in the new profile agent ¢ wins the item and pays ¢; (as in Step 1 of
Theorem , so her utility remain zero. In this case, the utility of agent k strictly decreases,

and the utility of every other agent remains 0, contradicting the SNE assumption. O

Appendix B The optimal spite free mechanism in Sec-

tion 4.1]

We here calculate the optimal threshold mechanism for the case where the agents are sym-
metric, and their private values are i.i.d. and uniformly distributed on [0, 1].

The expected revenue is given by

(oo tn) = (1= )t + tn((l )t + bt (1= by )ty + by (1 — t1>t1)).

Indeed, with probability 1—t, the private value of the highest-ranked agent, agent n, exceeds
her threshold t,,, in which case the seller’s revenue is t,,; with probability ¢,, the private value
of agent n is below t,,, and then by induction the expected revenue is given by the term that
multiplies ¢, in the second summand.

The term ¢; appears only in the last term, as (1 — ¢;)t;, and hence the optimal threshold
for agent 1 is t] = % The term t, appears only in the event that agents n,n —1,...,3 did

not win the item. In that case, it appears as
(1 —ta)ta + ta(1 — t])t] = to(1 4 (£])* — ta),
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where the equality holds because t] =1 —t] = % The roots of this function are ¢, = 0 and

ty = 1+ (3)?, hence
L+ (1=t 14 ()2
( 5 1t 2(1) . (2)

The term t3 appears only in the event that agents n,n — 1,...,4 did not win the item. In

5 =

that case, it appears as
(1 —ta)ts +t5((1 — t3)t5 + t5(1 — t)t}) = ta(1 — ts + (1 — t3)t5 + t5(1 — t})t}).

This function is quadratic in t3, one of its root is 0, and hence its maximum is attained at
half the second root, which, by Eq. , is

L+ (1 —t)ts +t5(1 — )ty 1— (t3)2
2 a 2

5 =

Continuing recursively in an analogous manner, we obtain the recursive relation

14 (t%)?
t;‘+1=¥, Vi=1{1,2,...,n—1}.

Appendix C Proof of Theorem

Let M be a sequential mechanism with thresholds (¢;);c;. Let v = (v;);e; be the true
valuations. The marginal contribution of the ¢’th item to agent i’s valuation is A;(q) =
v;i(q) — vi(¢ — 1). By convention, A;(K + 1) = —1. Hence, v;(q) = > ;_; A;(¢), and since
agent i’s valuation is submodular, A;(1) > A;(2) > --- > Ay(K).

Denote by ¢; the quantity that maximizes agent i’s utility, so that A;(q;) > t; > A;(¢;+1).
Assume w.l.o.g. that the priority ranking is the identity function, so that agent 1 is the highest
ranked. The mechanism M allocates ()1 = min{ K, ¢} to agent 1, Q2 = min{K — Q1, ¢} to
agent 2, and, more generally, Q); = min{ K — 23;11 ();, ¢} to each agent i.

Since the number of items allocated to each agent i is at most ¢;, and since agent i’s
valuation is submodular, M is IR. Since in addition agent i’s report does not affect the
allocation of agents 1,2,...,71—1, M is IC.

To see that M is SIC, note that for each ¢, the utility of each agent 7 > i is non-decreasing
in the amount of items not allocated for the first ¢ agents, IAQ = K — Z;: ;. Indeed, if
[?i = 0, then each agent j > 7 is not allocated any item, and hence, since M is IR, increasing
the amount of items allocated to these agents cannot harm them. Suppose then that K; > 0.

The number of items M allocated to agent 7 is Q; = min{[?i, qi}-
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o If Q); = q¢;, agent ¢ is allocated ¢; items also after increasing the supply. Therefore, the
excess supply is transferred to agents ¢ + 1,7 4+ 2,...,n. By induction, the utilities of

these agents are non-decreasing in the supply.

o If Q; = [?i, then no items are left for agents ¢ + 1,7 + 2,...,n. Therefore, when the
supply increases agent ¢ may obtain more items, in which case her utility does not

decrease. And the following agents cannot lose, since M is IR.

We can now conclude that M is SIC. Indeed, when agent ¢ misreports her valuation, the
allocation of agents 1,2,...,7 — 1 is not affected. Recall that Q; = min{K — Z;;ll Qj, ¢}

o If Q); = q;, then, since agent i’s valuation is submodular, any misreport that increases
the amount of items allocated to agent ¢ lowers her utility. And a misreport that lowers
the amount of items allocated to agent ¢ increases the amount of items left to agents

1+ 1,...,n, and hence, by the above discussion, cannot lower their utilities.

o If Q; = K — 23;11 Q;, then agent 7 is allocated all items that are not allocated to
agents 1,...,7 — 1. In particular, all subsequent agents are allocated no item. Since

M is IR, any misreport cannot lower the utility of subsequent agents.

Appendix D Proof of Theorem
Proof of Part 1. Assume by contradiction that A;(b) # T; while
bi(T;) — Pl (b=i) > b;(S;) — P (b-s), VS #T.

By definition of Wi, there exists b} with A;(b},b_;) = T;. By Lemmal2} Pi(b},b_;) = P"(b_,).

)

Hence,
wi (0, b-3);b;) = bs(T3) — Pl (b=y) > b:i(S;) — PP (b—) > wi((bi,b-4); bi),
and therefore b} is a profitable deviation at b, contradicting SIC. Thus A;(b;, b_;) = T;.

Proof of Part 2. Let A;(b) = T; and assume, by contradiction, that there exists S; # T;
with b;(S;) — P (b_;) > b;(T;) — P (b_;). This inequality implies that b_; € W*, and hence
there exists b with A;(b/,0_;) = S;. By Lemma , P(b!,b_;) = P (b_;), hence

wi (B, b=3);b:) = b:(S;) — P (b—g) > bi(T3) — P (b—s) = us((bs, b-); by).
Therefore, 0! is a profitable deviation at b, contradicting SIC.
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Proof of Part 3. Assume I = {7, j}, so that b_; translates to b;. Fix a bundle 7; C S. We
argue that if b; # b; and A(b;, b;) = A(b;, b)), then P(b;, b;) = P(b;, b}). Indeed, Pj(b;,b;) =

j j
P;(b;,0;) by Lemma , and Pi(b;,b;) = Pi(b;, V) because otherwise agent j would have a

J i Yj
deviation that does not change her payoff but harms agent ¢, contradicting SIC: a deviation

Hence, the number of distinct payments when agent j obtains 7} is at most 2517 the

number of subsets of the complement of T;.
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