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Abstract

We analyze incomplete-information games where an oracle publicly shares
information with privately informed players. One oracle dominates another
if, for every experiment of the latter, it can choose an experiment that sup-
ports, in every game, every equilibrium outcome distribution induced by the
other. We fully characterize equivalence (mutual dominance) and identify the
information-loop obstruction governing one-sided dominance, obtaining neces-
sity in general and sufficiency under separated-loop structures. The analysis
highlights the role of common-knowledge components and develops a theory of
information loops, thereby extending the seminal work of Blackwell (1951) to
strategic environments and |Aumann (1976)’s theory of common knowledge.
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1 Introduction

Public information in strategic environments does more than reveal facts: it changes
how privately informed agents reason about one another. As a result, signals re-
leased by intermediaries may alter equilibrium behavior even when the intermediaries
themselves have only partial information. This introduces a fundamental compara-
tive problem: characterizing when one information intermediary is universally more
informative than another in strategic interactions. The question is central in settings
ranging from financial markets to online platforms, where public information shapes
strategic behavior by selectively revealing information to heterogeneously informed
agents.

This paper examines incomplete-information games where players are partially
informed, both privately and publicly, about the realized state. The private informa-
tion is provided to every player by their specific partition, and the public information
is disclosed by an external source, namely, an oracle.

Formally, an oracle holds a partition of the state space and communicates through
a signaling function that is measurable with respect to the oracle’s partition. Any
such signaling function is a Blackwell experiment (see Blackwell, |1951), so an oracle
can be viewed as a generator of experiments compatible with its information. Each
experiment, combined with the players’ private partitions, induces a “guided game"
with its own set of equilibria. Notably, the oracle need not know what common
knowledge among the players is.

The primary objective is to compare two oracles in terms of their ability to induce
equilibria across all games. Oracle 1 is said to dominate Oracle 2 if, for every exper-
iment available to Oracle 2, Oracle 1 can generate an experiment, such that in every
game, the set of equilibrium distributions over state-action profile pairs contains the
one generated by Oracle 2.

Throughout the paper, we hold the players’ private information fixed, isolating the
variation strictly to the oracles’ experiments. Doing so, we adopt an implementability
notion of dominance requiring Oracle 1 to support every equilibrium outcome distri-
bution induced by Oracle 2. This comparison does not assign an objective to the
oracle, and contrasts with alternative notions that require the comparison to hold for
every configuration of the players’ private information. Further discussion of these

modeling assumptions and the challenges they create is given in Section [3]



Dominance has two complementary components: a local component and a global
one. The local part is governed by the players’ common knowledge components
(CKCs), the minimal commonly known events (see |Aumann, [1976)). The global part
is governed by a new structure, referred to as information loops: closed paths that
link different CKCs through atoms of the oracle’s partition. To see why this struc-
ture is needed, consider three CKCs C; = {w;,w,}, j = 1,2, 3, under a uniform prior.
Let Oracle 1’s partition be F} = {{w1,ws}, {2, w3}, {@ws, w1 }}, as in Figure [l and
let Oracle 2’s partition be Fy = {{w,ws,ws}, {1, W2, w3}}. Inside each CKC, both
oracles separate the two states, so they are equally informative locally. Yet Oracle 2
can send a signal s with probability 1/3 at each w; and 2/3 at each @;, producing
likelihood ratio 1/2 in every CKC. Oracle 1 cannot reproduce this: every positive-
probability mimicking signal of Oracle 1 would need a likelihood ratio in {1/2,2} in
each CKC, while Fj-measurability requires the product of the three ratios to be one.
Thus, local informativeness is not enough, as likelihood ratios inside different CKCs

must be globally compatible with a single oracle-measurable public signal.
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Figure 1: An illustration of an Fj-loop. The loop intersects three CKCs (C1, Co, C3), each containing
two states, via three distinct atoms of Oracle 1’s partition (F}).

Information loops capture this additional layer of structure. They arise from
the interaction between the players’ common-knowledge structure and the external
oracle’s partition, and they determine whether local mimicking constructions inside
CKCs can be glued into a single oracle-measurable experiment. As a consequence,
refinement within every CKC is not sufficient for dominance: even a locally more
informative oracle may face cyclic compatibility constraints across CKCs.

Before developing the loop analysis, Section [3.2] records a posterior characteriza-

tion of dominance. Proposition [I|shows that Oracle 1 dominates Oracle 2 if and only



if every experiment of Oracle 2 can be matched by an experiment of Oracle 1 in terms
of the distribution of posterior beliefs generated within each CKC. This result is used
throughout the analysis to translate strategic dominance into posterior mimicry.

Our main analysis begins with the study of loop geometry. We identify several
essential properties of information loops, the central one being the existence of an
order-preserving cover. An Fj-loop admits an order-preserving Fj-cover if its pairs
can be partitioned into Fy-sub-loops and a set of pairs that F, does not distinguish,
with each sub-loop preserving the cyclic order inherited from the original F}-loop.
This property, along with several others studied in Section [4, underlies our two main
results.

The first main result, Theorem [I] characterizes equivalent oracles, defined through
mutual dominance. The equivalence problem is the cleanest benchmark: mutual
dominance forces both oracles to agree locally within every CKC and globally on
their primitive loop structure. Specifically, Oracles 1 and 2, with partitions F; and
F5 respectively, are equivalent if and only if F} and Fy refine each other within every
CKC and every irreducibleE] F;-loop admits an order-preserving F_;-cover, for ¢ = 1, 2.

We then turn to one-sided dominance, Theorem [2 our second main result and a
loop-cover theorem. If Oracle 1 dominates Oracle 2, then F} refines F5 inside every
CKC, every irreducible Fi-loop is Fy-covered, and every unique cover of an irreducible
loop must preserve the cyclic order of the original loop. Conversely, local refinement
together with order-preserving covers of irreducible loops implies dominance under
separated-loop structures. Thus, one-sided dominance is governed by local refinement
and by the global compatibility of cyclic likelihood-ratio constraints.ﬂ

Finally, these results immediately yield several benchmark cases. For example,
if the state space consists of a single CKC, or if there are no Fj-loops, the global

loop condition is vacuous, and dominance collapses to refinement within every CKC

(Corollary [1)).

1.1 Who generates public information?

An oracle is any institution or intermediary that makes public statements on the basis

of potentially incomplete information, that might not be identical to the information

LAn Fj-loop is irreducible if its states do not comprise a shorter Fj-sub-loop.
2Notably, by confining the oracles to deterministic signaling functions, [Lagziel et al.| (2026) pro-
vide a complete characterization using a simultaneous posterior-matching condition.



held by the players. The oracle’s partition represents what this intermediary can
observe, verify, or certify, and its experiment represents how that evidence is trans-
lated into public information. The object being compared is therefore neither a single
signal nor a specific experiment, but a technology for generating public information.

Public disclosure by regulators is a leading example. In financial supervision, in-
vestors, creditors, and analysts hold heterogeneous private information about financial
institutions and market conditions. A central bank or supervisory authority may ob-
serve stress-test data or confidential balance-sheet information, but must still choose
how to disclose it. The supervisor’s evidence determines what its experiment can con-
dition on, while the disclosure rule determines the experiment itself. Comparing two
transparency regimes is therefore a comparison between two experiment-generating
technologies, not merely between two realized announcements.

A related interpretation arises in public mediation. In commercial disputes, regu-
latory settlements, or political negotiations, the parties hold private information that
shapes the scope for agreement. A mediator may observe evidence that cuts across
these private fragments and then issue a public statement that changes the parties’
beliefs about the state and about one another. Our framework ranks such media-
tion technologies without assigning a payoff function to the mediator or imposing an
equilibrium-selection rule. This differs from standard persuasion, where the sender’s
objective is specified, and is complementary to work on coordination under strategic
uncertainty, where a designer jointly uses incentives and information to guarantee
desirable outcomes (see |[Halac et al., [2022]).

By contrast, we study public-information technologies in which the intermediary
neither observes nor elicits players’ private information. Allowing multidirectional
communication and player-specific private recommendations would enable richer forms
of coordination. Our model instead restricts the intermediary to a public experiment
measurable with respect to its own partition. Public labels may still coordinate equi-
librium selection, but only through a signal observed by all players. This resembles a
firm making a public market announcement without first eliciting investors’ hetero-
geneous private information. Accordingly, the model isolates how public information
interacts with fixed common-knowledge components and separates public disclosure
from elicitation-based mechanism design.

A mediation-game application is developed in Section [2, and a fact-checking ex-

ample is given in Appendix [B.I} These applications share a structure that is not cap-



tured by standard concavification tools] The intermediary cannot choose arbitrary
Bayes-plausible distributions over joint posteriors, but can only choose experiments
measurable with respect to its own information, and the effect of any such experiment
depends on how it interacts with the players’ private partitions. Oracle dominance
addresses this directly by asking whether one intermediary can replicate the joint
posterior profiles, and hence the equilibrium outcome distributions, that another can
generate. Two structural objects govern the comparison: the CKCs of the players’
partitions, which determine local mimicking, and the information loops linking these
components, which determine global compatibility. The theory then ranks the genera-
tors of public information, but without solving a separate information-design problem

for each possible objective.

1.2 Information endowments

Our framework assumes that the initial information endowments of all agents, oracles
and players, are given by partitions of the state space, rather than by stochastically
generated information structures. This restriction applies only to their initial infor-
mation: oracles may employ stochastic experiments to transmit information to the
players.

This structural boundary is methodologically deliberate. Evaluating the compar-
ative value of oracles in a multi-player environment introduces substantial combina-
torial and strategic complexity. Indeed, characterizing the feasible posterior regions,
the limits of information transmission, and the resulting strategic implications is al-
ready a highly non-trivial mathematical task when initial information is partitioned,
even before introducing general type spaces.

Consequently, focusing on partitions allows us to isolate the fundamental mecha-
nisms of the model without the confounding analytical tractability issues introduced
by stochastic noise. This framework serves as the necessary foundation for this line
of research. The formal analysis established here provides the benchmark structures
and tools required to extend the model to fully stochastic information environments
in subsequent studies. This baseline partition structure also clarifies the boundaries

of the signaling mechanism itself.

3Lagziel and Lehrer| (2025) show that the feasible set of joint posterior beliefs is typically non-
convex given a non-binary state space, when both the oracle and the players possess private and
partial information.



1.3 Relation to literature

Blackwell| (1951}, |1953) provides the classic comparison of experiments for a single de-
cision maker: one information structure dominates another if it yields weakly higher
expected utility in every decision problem. We extend this framework along two di-
mensions. First, we move from decision problems to incomplete-information games,
where the objects being compared are equilibria of “guided games” induced by an
oracle’s signals. Second, instead of a fixed experiment, an oracle is a generator of ex-
periments compatible with its partition. Our dominance notion is therefore about the
ability of one oracle to replicate the equilibrium outcome distributions that another
oracle can induce, rather than optimizing a particular decision maker’s payoff.

Brooks et al.| (2024) strengthen Blackwell by requiring robustness to arbitrary
auxiliary signals and decision problems and characterize strong Blackwell dominance
between two signals. In contrast, we fix the players’ private information structures and
the prior, and compare oracles that can implement any experiment measurable with
respect to their partitions. Our dominance relation is specific to a given configuration
of players’ information and to strategic interaction, not to a universal set of decision
problems.

A related literature compares information structures in games and establishes par-
tial orders. |Peski (2008) analyzed zero-sum games, offering an analogous result to
Blackwell’s by characterizing when one information structure is more advantageous
for the maximizer. Lehrer et al. (2010, 2013) analyze signaling and mediation in
common-interest games and show how variants of Blackwell garbling characterize out-
come equivalence. Likewise, Bergemann and Morris| (2016 characterize dominance
between two information structures through the concept of individual sufficiency, an
extension of Blackwell’s notion of garbling to n-player games. A common feature
of these papers is that they compare fized information structures (typically private
signals) and use versions of Blackwell’s garbling to capture dominance. We instead
hold players’ private information fixed and compare oracles that provide public sig-
nals, subject to an oracle-measurability constraint (the oracle cannot condition on
players’ private signals). For this reason, oracle dominance is not meant to coin-
cide with, or simply specialize, [Bergemann and Morris| (2016)) to public signals: even
under a “public-signal-only” restriction, their order is a pairwise comparison of two

fixed information structures, whereas ours is a comparison over the menus of feasible



public experiments generated by different oracle partitions. Dominance in our set-
ting is driven by the implementable joint posterior beliefs, constrained by CKCs and
information loops.

Another strand studies mediators in incomplete-information games who correlate
players’ actions through private recommendations, often without adding information
about the realized state; see [Forges| (1993)) and (Gossner| (2000) among others. Our
oracles instead communicate through a common public signal and cannot issue player-
specific recommendations. Thus, oracles can affect outcomes through both belief
changes and public coordination. The distinction from standard mediation is that this
coordination must be generated by a single public experiment measurable with respect
to the oracle’s partition, rather than through privately correlated recommendations.
Consequently, oracle dominance cannot be reduced to the richness of the correlated-
equilibrium correspondence.

Our departure from existing dominance notions (see, e.g., |Gossner, 2000/ and
Bergemann and Morris|, [2016) lies in restricting information provision to public disclo-
sure, given players’ private information and the Oracle’s information. This restriction
creates global measurability and consistency constraints across CKCs. If players’ pri-
vate information is trivial, or if the comparison is required to hold uniformly over all
possible player-information structures, the loop constraints disappear and dominance
reduces to partition refinement. Allowing private recommendations instead defines a
different mediation problem and does not, by itself, remove the oracle-measurability
constraint. The conceptual contribution of this paper is to isolate and clarify the role
of public disclosure in shaping the interaction between fixed players’ private informa-
tion and the Oracle’s information, and to show how this interaction fundamentally
alters the set of attainable equilibrium outcomes.

Our use of CKCs is rooted in the epistemic foundations of games. |[Aumann (1976))
defines common knowledge and the induced partition into CKCs. Monderer and
Samet| (1989), Mertens and Zamir (1985)), Brandenburger and Dekel (1993), and
Battigalli and Siniscalchi (1999)) clarify how hierarchies of beliefs and type spaces
encode such information. Our model builds on these studies by fixing the partition
structures while varying only the oracle’s public experiment. The novel constraints
we study arise from global measurability across CKCs (via loops), not from additional
complexity in private belief hierarchies. Information loops then formalize how public

measurability links different CKCs and constrains the set of posterior profiles that an



oracle can generate.

The dominance problem, and in particular the analysis of order-preserving cov-
ers, can be partially translated into the study of Eulerian directed multigraphs. In
the unique-cover case, the associated Fsr-atom multigraph has a unique directed-cycle
partition and, by |Cooper and Okur| (2025), is a bridgeless cactus; in particular, dis-
tinct covering cycles intersect in at most one Fy-atom. We are not aware of a general

characterization of the order-preservation problem beyond such benchmark regimes.

1.4 The structure of the paper

Section [2] presents the motivating example. Section [3| introduces the model, domi-
nance, and posterior mimicry. Section [4| develops local refinement and loop geometry.
Sections [5] and [] present the equivalence and one-sided dominance results. Section

collects the benchmark cases, and Section [§ concludes.

2 A mediation game: motivating example

The following example shows that two oracles carrying identical information within
every CKC can nonetheless support markedly different sets of equilibrium outcomes.
Consider a game with two players, indexed by ¢ = 1,2, each with two actions:
either attack (A) or compromise (C). The set of states is 2 = {w;,wq,ws,wa},
endowed with a uniform common prior. The players hold asymmetric informa-
tion: player 1’s partition is II; = {{wi,wa},{ws}, {ws}}, and player 2’s partition
is Iy = {{w1 }, {wa}, {ws,ws}}. Thus, when either w; or wy is realized, player 2 learns
the state with probability 1, while player 1’s posterior is uniform over {wy, ws}. Sim-
ilarly, when ws or wy is realized, then player 1 learns the state with probability 1,
while player 2’s posterior is uniform over {ws, wy}.

The payoffs of the game are presented in Figure 2] Let G; denote the payoff
matrix when state w; is realized. In G; and Gj3, player 1’s dominant strategy is A and
player 2’s dominant strategy is C, whereas in G5 and G4 the dominant strategies are
reversed.

The interpretation of the game is straightforward. Each player can either attack
the other or compromise by agreeing to a peace treaty. In states w; and ws, player 1

holds the superior attacking position, whereas in states w, and w, player 2 holds
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Given that w € {wy, w3} Given that w € {wa, w4}

Figure 2: Two payoff matrices with Player 1 (row player) and Player 2 (column player).

this advantage. Nevertheless, from a social perspective, it might be optimal to reach
a peace agreement, as it maximizes the aggregate payoff. Such a treaty, however,
requires a joint concession by both players.

Consider now the players’ equilibrium behavior. If the realized state is either w,
or wy, then player 2 is fully informed while player 1’s posterior is (1/2,1/2,0,0). In
this case, given that player 2’s dominant strategies are C'in w; and A in ws, player 1’s
optimal action is A. On the other hand, if the realized state is either ws or wy, the
roles reverse, and player 2’s optimal action is A. Hence, in every equilibrium of the
game, the profile (C, C) is never played.

Now consider the role of a mediator. There are two possible mediators, indexed
j = 1,2, and each possesses private information. Mediator 1 is represented by the
partition F} = {{wi,ws}, {ws2,ws}}, and Mediator 2 is represented by the partition
Fy = {{wi,ws}, {wa,ws}}. Figure 3] depicts the players’ and the mediators’ infor-
mation structures. Notably, conditional on any CKC, both mediators have perfect
information of the realized state. Thus, in every CKC they can induce any Bayes-
plausible posterior profile. Yet, their ability to induce equilibrium outcomes differs
substantially.

Assume, for simplicity, that each mediator tries to persuade both players to accept
a peace treaty in equilibrium. This can never succeed in states w, and ws, since
in those states the fully informed player holds the superior attacking position and
necessarily chooses A. Thus peace can be induced only in states w; and w,, where
the fully informed player is willing to compromise, and the uninformed player must
be persuaded to do the same.

The relevant incentive constraints are simple. In {w;,ws}, player 1 is willing to

play C iff his posterior probability of w; is at most 1/3. In {ws,ws}, player 2 is
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Figure 3: On the left, Figure (a) illustrates the information structure of player 1 (blue) and player
2 (red). On the right, Figure (b) portrays the information structure of the Mediator 1 (teal) and
Mediator 2 (orange).

willing to play C' iff his posterior probability of ws is at least 2/3. Hence, a signal
that supports peace must make the first uncertain player sufficiently pessimistic about
having the attacking advantage, and the second uncertain player sufficiently optimistic
that the other player has it.

This is where the two mediators differ. Under Fi, any signal that induces posterior
(p,1 —p,0,0) for player 1 also induces posterior (0,0,p,1 — p) for player 2. Hence,
the same signal can support peace in both regions only if p < 1/3 and p > 2/3, which
is impossible. Thus Mediator 1 cannot use a single signal to make both uncertain
players willing to compromise. He can still induce peace by using different signals for
the two regions, but this is somewhat inefficient, as the induced probability of peace
is bounded by 1/6[]

By contrast, under Fy, any signal that induces posterior (p, 1 —p,0,0) for player 1
induces posterior (0,0,1 — p,p) for player 2. Now the two incentive constraints coin-
cide: the same signal supports peace in both regions whenever p < 1/3. For example,
a signal sent with probability 1/2 in states w; and wy, and with probability 1 in states
wy and wsg, induces posteriors (1/3,2/3,0,0) and (0,0,2/3,1/3). After this signal,

both uncertain players are willing to play C, so there is an equilibrium in which

iLet 2 = P((C,0) | w1) and y = P((C,C) | wy). By Fi-measurability and the incentive con-
straints, a signal supporting peace at wy (or at ws) must be at least twice as likely at wo (at ws,
respectively). Since no signal supports peace in both regions, 2z + y < 1 and = 4+ 2y < 1. Thus the
ex ante peace probability is at most (z +y)/4 < 1/6.
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(C,C) is played in states w; and w,s whenever the signal is sent. This yields an ex
ante probability of peace equal to 1/4.

Consequently, the difference between the mediators does not lie in the information
they possess within each CKC, as they are equally informative in that respect. The
difference is how their information “glues" the two CKCs together. Mediator 1 glues
the states in a way that makes the two incentive constraints incompatible, while
Mediator 2 glues them in a way that makes them coincide. Hence, two mediators
with the same perfect information in every CKC can induce different equilibrium
outcomes. Indeed, our results would show that the mediators are not equivalent, and
that neither dominates the other. The fact-checking example in Appendix gives
a similar loop mechanism, by showing that even when a partition is finer inside every
CKC it can still be inferior in mitigating differences in the posterior beliefs of players,
simply because its atoms are globally glued differently.ﬂ

Finally, consider a third mediator with the partition Fy = {{w1}, {ws}, {ws2, w3} }.
This mediator reveals the states in which peace can be induced and pools the states
in which peace is impossible. It can use the same experiment as Mediator 2 above.
The induced probability of peace remains 1/4, which is the highest possible since in
each of the states w; and wy, the relevant likelihood of the peace-inducing signal is at
most 1/2.

This third mediator is useful because it separates the game-theoretic point from
the informational one. While Fj is not itself the full-information partition, our char-
acterization (Theorem [1|) implies that it is equivalent to a perfectly informed oracle:
it imposes no loop restriction beyond Bayes plausibility. Theorem [2land Proposition
below imply that F3 dominates not only Fy, which it refines, but also F}, despite not

refining it.

5The information structure underlying the mediation game also admits an alternative economic
interpretation in the context of a takeover contest. In that setting, the two oracles can be viewed as
outside analysts whose public disclosures affect whether competing bidders engage in a bidding war.
Appendix develops this interpretation and shows that two analysts who are equally informative
within each CKC may nevertheless support different bidding outcomes because their information
connects the CKCs differently.
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3 The model and posterior mimicry

A guided game comprises a Bayesian game and an oracle. The oracle’s role is to pro-
vide information that enables a different, and preferably broader, range of equilibria.
It does so through public signaling, and our analysis seeks to characterize the extent
to which oracles can expand the set of equilibrium payoffs.

We first define the underlying Bayesian game. Let N = {1,2,...,n} be a finite set
of n > 2 players, and let 2 denote a non-empty, finite state space. Each player : € N
has a non-empty finite set of actions A; and a partition II; over €2, representing the
information available to player i. Denote the set of action profiles by A = X;cnA;.
The utility function for each player i € N is u; : £ x A — R, which maps states and
action profiles to real-valued payoffs[]

The players’ partitions determine a common-knowledge partition. Following Au-
mann (1976), a common knowledge component (CKC) is an atom of the meet A}_, II;,
the finest common coarsening of the players’ partitions. Equivalently, a CKC is a
minimal event, with respect to set inclusion, that is common knowledge among the
players. We denote the set of CKCs by C, and for each w € Q, let C'(w) € C be the
CKC containing w.

To extend the basic game into a guided game, we introduce an oracle that provides
public information before players choose their actions. The oracle is endowed with a
partition F of the state space €2, and a countable set S of possible signals. A signaling
function of the oracle is an F-measurable experiment 7 : Q — A(S), where A(S) is
the set of probability distributions on S with finite support. We denote by 7(s|w) the
probability that the oracle sends signal s when the realized state is w.

The guided game evolves as follows. First, the oracle publicly announces an
experiment 7. Then, a state w € §2 is drawn according to a common prior p € A(S2)
with full support. Each player i is privately informed of I1;(w), which is a set of states
containing w and also an atom of player i’s private partition. Finally, a signal s € S

is drawn according to 7(w) and is publicly announced.

6The underlying state space  represents payoff-relevant fundamentals only, referred to in
Maschler et al.| (2013) as the states of nature. Agents’ information is modeled by their informa-
tion partitions, and payoffs do not depend directly on agents’ information or beliefs. The states
of nature together with these partitions and prior, when they are common knowledge among all
players, determine the players’ types, which are characterized by the full hierarchy of beliefs, a la
Harsanyi.

12



Let ,uiws = pu(- | Ii(w),7,s) € A(Q2) denote player i’s posterior belief after ob-
serving I1;(w) and a realized signal s according to 7(w), whenever this observation has
positive probability. The experiment 7, together with the prior and the players’ par-
titions, induces a finite set Post(7) of realized joint posterior profiles. The prior, the
players’ partitions, and the experiment 7 induce the guided incomplete-information
game G(7). When there is no risk of ambiguity, we denote the incomplete-information

game without 7 by G.

3.1 Comparing Oracles: Dominance and Equivalence Classes

To discuss the role of the oracle in the current framework, we define a relevant solution
concept, referred to as a Guided equilibrium, which incorporates the oracle’s strategy.
Formally, let o; : IT; x S — A(A;) be a strategy of player i. A tuple (7,049,...,0,)is a
Guided equilibrium if (o4, ..., 0,) is a Nash equilibrium in the incomplete-information
game G(7).

The notion of a Guided equilibrium defines a preorder of oracles, i.e., a reflexive
and transitive relation over their partitions according to the sets of equilibria. To
define this relation, let NED(G(7)) € A(2 x A) be the set of distributions over {2 x A
induced by Nash equilibria given G and 7[] Now consider two oracles, Oracle 1 and
Oracle 2, and denote the generic partition and experiment of Oracle j by Fj; and 7;,

respectively.

Definition 1 (Dominance and equivalence of oracles). Fiz the players’ information
structures. We say that Oracle 1 dominates Oracle 2, denoted Fy =g Fs, if for every
Ty, there exists Ty such that for every game G, we have NED(G(72)) € NED(G(n)).
We say that Oracle 1 and Oracle 2 are equivalent, denoted Fy ~ng F3, if F; =~y F_,

for every i =1, 2.

Oracle 1 dominates Oracle 2 if, for each experiment chosen by Oracle 2, Oracle 1
can choose a single experiment that implements, in every game, all equilibrium out-
come distributions implementable under Oracle 2’s experiment. A direct comparison
of players’ equilibrium strategies is ill-defined across oracles, as their domains are

endogenously determined by the chosen experiment.

"Note that a Nash equilibrium (o7}, ..., 0}) induces a probability distribution over Q x A. Specifi-
cally, fix w and an action profile a, the probability of (w, a) under the equilibrium strategy (o7, ...,0%)
and the experiment 7 is given by pu(w) > o 7(s|w) [T72; 07 (a;|I;(w), s). Since multiple equilibria

can exist, NED(G(7)) is a subset of A(Q2 x A).

13



Three points are worth noting here. First, one could consider defining dominance
between oracles in a more robust manner by allowing players’ information structures
to vary over a set of possible partitions. If dominance were required to hold uniformly
over all such partitions, the comparison problem would become rather simple. In
particular, the set of admissible information structures would include the case of
trivial private information. In that case, the common-knowledge structure admits
no loops and, by our results, oracle dominance reduces to partition refinement. The
substantive challenge in our framework arises precisely because players’ information
partitions are fixed and predetermined, so that dominance must be assessed under
binding measurability and common-knowledge constraints.

Second, Definition [I| compares oracles via inclusion of equilibrium outcome distri-
butions. Analogously, one can define dominance in terms of equilibrium payoff sets.
Outcome-based dominance implies the corresponding payoff-based notion, but the
former is more natural when the objective is to control actions and aggregate out-
comes, whereas payoff—based notions suit environments that focus on agents’ utilities.
Evidently, Oracle 1 may support additional equilibrium outcomes.

Third, one can compare oracles by treating them as strategic players in some
sender—receiver game, assigning payoff functions, and saying that Oracle 1 is more
informative than Oracle 2 if it obtains weakly higher equilibrium payoffs in every
such game. This approach faces two difficulties: (i) equilibria are typically multiple,
so oracle payoffs depend on an arbitrary selection rule; and (ii) it ties the comparison
of information structures to particular oracle objectives. Our dominance notion is
instead an analyst’s environment-specific implementability comparison. The players’
information partitions are fixed, and the matching experiment may depend on that
configuration; an operational rule for selecting it would therefore generally require
knowledge of the fixed information structure. The formal relation itself, however,
neither assigns an objective to the oracle nor requires the oracle to know those par-

titions.

3.2 A CKC-posterior characterization of dominance

The following proposition reduces strategic dominance to posterior mimicry within
CKCs. For an experiment 7, a CKC C, and a signal s with P,(s | C) := > - p(w |
C)r(s | w) > 0, let P.sc € A(C) denote the posterior on C' induced by s, and let
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Q-(C) == {Prsc : P-(s| C) > 0}. Let Ji, | denote the distribution of P, ;¢ when s
is drawn according to P.(- | C'). Since players’ information partitions are fixed, the
CKC-posterior P; ; ¢ also determines each player’s posterior within C' by conditioning

on her information cell. (All main proofs are deferred to Appendix )

Proposition 1. Oracle 1 dominates Oracle 2 if and only if for every experiment

there exists an experiment 71 such that i, o = T, for every CKC C.

The equality 7i, | = K., matches the distribution of posterior beliefs within
each CKC, but it need not preserve the signal-label structure of 7. This matters
because payoff-irrelevant public labels can serve as coordination devices in equilib-
rium. In the proof, Oracle 1 restores this coordination structure by augmenting its
experiment with state-independent common randomness that selects, conditional on
each posterior ¢ € Q,,(C), among the 7o-signals inducing ¢ with the same conditional
probabilities as under 75. In particular, Oracle 1 dominates Oracle 2 if every Fj-
measurable experiment can be reproduced inside every CKC, up to common noise,

by a single Fj-measurable experiment.

4 Information loops

Our characterization of dominance has two components: a local one, comparing the
oracles’ partitions within each CKC, and a global one, capturing how the two parti-
tions link different CKCs. To analyze the global component, we develop a theory of

information loops, presented below.

4.1 Local refinement inside CKCs

The local component of dominance compares the two oracles within each CKC. For
a partition F' and a CKC C|, write F|c for the restriction of ' to C, namely the
collection of non-empty sets ANC with A € F. We say that F} refines F» in the CKC
C' if Fi|c refines Fy|c, and we say that Fj refines F; in every CKC if this condition
holds for every CKC. This local refinement condition is the within-component part
of dominance. The remaining difficulty is global: a single F}-measurable experiment
must be chosen across all CKCs, and this creates additional measurability constraints.

When there is a single CKC, dominance is essentially local: refinement inside that

component is enough to reproduce the relevant posterior distributions. With several
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CKCs, this local argument no longer settles the problem. Atoms of the oracle partition
may connect different CKCs, and the mimicking experiment must be measurable
across all these links simultaneously. The compatibility constraints generated by such
cross-component links are the source of the loop restrictions below. Appendix
gives examples showing that, with several CKCs, a mimicking oracle may need to use
a different signal space than the oracle it mimics, even when the two oracles have the

same information inside each CKC.

4.2 Information loops and covers

We now define the loop objects that create global constraints across CKCs. Let
Ci,...,C; be the CKCs. A key aspect of our analysis is that atoms of an oracle
partition may connect different CKCs. A sequence of such connections can form a

closed path, which we call an information loop, or simply a loop.

Definition 2. An Fj-loop is a sequence (wy,w1,ws,Wa, ... ,Wm,Wm) of 2m distinct

states, with m > 2 where indices are taken modulo m, such that
a. wj,wj € Cp forall j = 1,...,m,ﬂ
b. wjp € Fi(w;) forallj=1,...,m;
c. Cp, #Cp,, forallj=1,...,m.

The concept of an information loop captures a strategic tension between the play-
ers’ common-knowledge structure and the oracle’s information partition. An infor-
mation loop links distinct CKCs because the oracle need not know what is common
knowledge among the players. Consequently, its partition cells may cross CKC bound-
aries. Formally, an Fj-loop relies on the property that two states belonging to different
CKCs, namely wW; and w41, satisfy F;(w;) = Fi(w;41). Since the oracle cannot dis-
tinguish between these states, any Fj;-measurable signal structure must treat them
identically, generating global consistency restrictions across distinct CKCs.

At the same time, a loop may contain pairs of states that lie within the same CKC,
namely, that the players cannot commonly distinguish, while the oracle can. Accord-
ingly, each pair (w;,w;) in the loop consists of states that may belong to different

information sets of F;, even though they are drawn from the same CKC. Information

SHere C,., refers to the CKC that contains the j-th pair of states (w;,w;).
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loops, therefore, arise from the following tension: (a) The oracle identifies states across
different CKCs, because it does not observe the players’ common-knowledge bound-
aries; (b) The oracle may distinguish states within a CKC that are not separated by
common knowledge among the players.

Information loops admit a useful graph-theoretic interpretation. Consider the
CKCs as the vertices of a multigraph, and connect two CKCs whenever there exist
states W; and w41 in the same Fj-partition element. An information loop then corre-
sponds to a closed walk through selected cross-CKC links. The condition C,, # C,,
ensures that attention is restricted to genuinely cross-CKC links, since these are pre-
cisely the links generating global compatibility constraints.

The importance of loops follows directly from measurability. If ; is Fj-measurable

and (wq,W1, ..., Wn,Wy,) is an Fi-loop, then for every fully supported signal s,
H Ti(s |iy> 1 (1)
o Tils [ 9)

Indeed, since W; and w;;; belong to the same Fj-atom, the denominator in one term
equals the numerator in the next. Thus, every F;-measurable experiment must satisfy
the loop-product restriction induced by the corresponding information loops.

The central question is therefore whether every Fh-measurable experiment that
can be locally replicated within each CKC also satisfies the loop restrictions imposed

by F;. We address this question through the notion of covers.

Definition 3. An F;-loop (w1, @1, ws, W2, - - -, Wi, W) 18 F_j-covered if the set {1,...,m}
can be partitioned into disjoint sets of indices J, I,..., 1, such that ((wj’wj))jelt
yields an F_;-loop for each t = 1,...,r (also referred to as an F_;-sub-loop) and
w; € F_;(w;) for every j € J.ﬂ The cover is order-preserving if every F_;-sub-loop
in the cover follows the same cyclic ordering of pairs as the original Fi-loop, up to a
cyclic rotation. An F_;-non-informative pair need not belong to J; it may instead be

retained in an F_;-sub-loop.

In intuitive terms, an F'_;-cover decomposes an Fj;-loop into a collection of F'_;-

loops together with pairs for which Oracle —i is non-informative. Figure [4] illustrates

9The order of the pairs (w;,w;) in the F_;-loop need not coincide with their order in the orig-
inal Fj-loop. For instance, an Fj-loop (wi,w1,ws,ws,ws,ws) might be covered by the Fy-loop
(w1,W1,ws, W3, wa,wWa). Whenever F_;(w;) = F_;(w;), Oracle —i cannot distinguish between w;
and @;, so the pair may be placed in J.
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these definitions. In all panels, each rectangle represents a CKC, and the underlying
structure is the same Fj-loop, namely ((w;,@;));=1,..4. The panels differ only in the
informational structure induced by F,. Panel (a) depicts a cover consisting of two
order-preserving Fy-loops. Panel (b) presents a partition F3 that fails to cover the
original Fi-loop: w; is matched with w3 rather than with ws. The panel also contains
two Fh-non-informative pairs, namely (ws,ws) and (w4,w4). Panel (c) illustrates a
cover that is not order-preserving. The sequence (wy,w1,ws, W3, wq, W) forms an Fj-
loop, while (wy,,) is an Fy-non-informative pair. In this case, the pair (ws,ws)
appears before (wq,ws), thereby violating the original ordering induced by the Fj-

loop. Our main theorems demonstrate that the order-preservation requirement is

essential.
F2/Q)1)F2/(_f<~)3) Fy(wy) Fo(w3) Fy(wr) Fzﬁc\_m
wl\ m\ Fy(wa) (wl o Fy(wa)\ ol [o,

4\\ II \\ I)wg 4 o 4 lwz\B

VY AN ok
(b) (©)

Figure 4: All panels show an Fi-loop, consisting of ((w;,@;));j=1
relative to the same F}-loop.

4, with different F-configurations

.....

4.3 Irreducible and informative loops

The ability to classify covers, and specifically order-preserving covers, is rather diffi-
cult. It appears that there is currently no relevant theory for this classification. To
face these challenges, we decompose loops and covers into smaller objects, referred
to as irreducible loops, and use these objects as building blocks in our main results.
Formally, an Fj-loop is irreducible if it does not contain a smaller Fj-loop using only

states from the original loop.
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Definition 4. Let L; = (wy, W1, wa, Wa, . . ., W, W) be an F;-loop. We say that L; is
irreducible if there is no strict subset of {w;,w; : j =1,...,m} that forms an F;-loop.

A cover is irreducible if every loop in the cover is irreducible.

We also distinguish loops according to whether another oracle separates the two
states that lie in the same CKC-pair. The non-informative case will be used in

Corollary |2 as a sufficient condition for dominance.

Definition 5. An F;-loop (w1, W1, wa, Wa, - . . , W, W) 18 F-non-informative if Fy(w,;) =
Fy.(w;) for every j. The loop is Fi-fully informative if Fj(w;) # Fy(w;) for every j,

and it is Fj-informative if this inequality holds for some j.

If an Fi-loop is Fy-non-informative, then the loop does not pose a mimicking

challenge for Oracle 1, as Oracle 2 cannot provide any relevant information in any
T2(slw;)
72(s[w;)

equals one. Thus, the Fj-loop product restriction in Eq. is automatically satisfied.

of the pairs. Algebraically, every well-defined Fy-measurable likelihood ratio

5 Equivalent oracles

We begin the substantive comparison of oracles with the two-sided problem, char-
acterizing necessary and sufficient conditions for each oracle to dominate the other.
The loop geometry developed above is sharpest in this setting. Equivalence requires
that the two partitions agree within every CKC and satisfy the primitive global loop
constraints jointly generated by the two partitions. In particular, every irreducible
F;-loop must have an order-preserving F';-cover. Theorem [l| provides this character-

1zation.

Theorem 1. F| ~ng F5 if and only if, for each 1 = 1,2, the partition F; refines F_;

in every CKC and every irreducible F;-loop has an order-preserving F_;-cover.

Theorem [1| separates equivalence into a local condition and a global one. The
local condition is mutual refinement within each CKC, or equivalently Fi|c = Fa|c
for every CKC C'. This requirement is unavoidable: if, inside some CKC, Oracle 1 can
distinguish two states that Oracle 2 merges, then the former can generate posterior
odds within that CKC that the latter cannot reproduce. By designing a local game
embedded within this CKC based on a strictly proper scoring rule, Oracle 1 can force

an equilibrium distribution reflecting these distinct posteriors. Oracle 2, bound by
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its internal measurability constraint, would be forced to assign equal likelihoods to
both states, rendering it incapable of mimicking this belief profile.

The global condition concerns how the oracle’s atoms link different CKCs. Every
Fi-loop imposes a likelihood-ratio constraint, but irreducible loops are the primitive
cyclic restrictions. The theorem therefore requires an order-preserving cover only for
irreducible loops. This restriction is essential: reducing a non-irreducible loop may
require switching partners within a repeated CKC, so the original CKC-pairs need
not themselves admit a cover in the sense of Definition Bl

To conclude, Theorem [1| shows that equivalent oracles are not merely those with
identical information loops, but those whose public measurability constraints map out
the same geometric obstructions across the players’ belief hierarchies. When these
cyclic constraints align symmetrically on both sides, each experiment of either oracle
admits a globally measurable mimicking experiment for the other.

At first glance, Theorem [I] may suggest that equivalence between oracles coincides
with equality of informational content, in the sense that each oracle refines the other,
but this is false. Consider, for example, a state space Q = {wy,ws,ws,wy}, with two
players whose private-information partitions are II; = {{w;,ws}, {ws},{ws}}, and
I, = {{wi}, {w2}, {ws, ws}}, and the oracles’ partitions are F; = {{w1,ws}, {w2}, {wa}},
and F» = {{w}, {ws},{ws,ws}}. This environment admits two CKCs, namely
{w1,ws} and {ws,ws}. Within each CKC, both oracles induce the discrete partition
and therefore fully resolve uncertainty inside the component. Nevertheless, neither
F) refines F5 nor F) refines F.

Despite this, Theorem [I| implies that the oracles are equivalent. The reason is
that the environment contains no information loops connecting the two CKCs. Con-
sequently, the different cross-component identifications induced by the two oracles are
strategically irrelevant. If we refine Fy further and define F{ = {{w:}, {ws}, {ws}, {ws}},
then F] does refine F». However, Theorem still implies that F| ~xg Fs. In fact, the
theorem introduces a notion of structural equivalence, distinct from mutual refine-

ment, that incorporates the players’ underlying information structure via the CKCs.

6 One-sided dominance

We can now state the main one-sided dominance result. The theorem has two parts:

the first gives necessary conditions for dominance in general, and the second gives
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a sufficient condition when the Fi-loops are separated. Formally, in the bipartite
incidence graph between CKCs and Fi-atoms, separation means that simple cycles
are vertex-disjoint; equivalently, no CKC or Fj-atom lies on two distinct simple cycles.
Together, the two parts isolate the two forces underlying dominance: local refinement

within CKCs and global compatibility of loop constraints.
Theorem 2. Fix partitions Fy and F5.
(a) Necessity. If Oracle 1 dominates Oracle 2, then:

(i) Fy refines Fy in every CKC;
(ii) every irreducible Fy-loop has an Fy-cover; and

(iii) if an irreducible Fi-loop has a unique Fy-cover, then the cover is order-

PTreserving.

(b) Sufficiency. If Fy refines Fy in every CKC, every irreducible Fy-loop has an order-
preserving Fy-cover, and the Fi-loops are separated, then Oracle 1 dominates
Oracle 2.

The necessity part shows that a dominant oracle must satisfy both local and
global constraints. The local constraint is that Fj refines Fy within every CKC. The
global constraint is that every irreducible Fi-loop is Fiy-covered, where a cover may
combine Fy-sub-loops with Fy-non-informative pairs. Proposition |3|shows that cover-
ability is exactly what guarantees the scalar loop-product identity for every positive
F>-measurable likelihood vector. When the cover is unique, Lemma [4] imposes the
additional requirement that it preserve cyclic order. This requirement concerns the
stronger experiment-level problem of assembling signal-specific likelihood vectors into
normalized probability laws that reproduce the required CKC posterior distributions,
not the scalar loop-product identity itself. In the unique-cover case, the associated
Fy-atom multigraph has a unique directed-cycle partition and is a bridgeless cactus,
so distinct covering cycles intersect in at most one Fh-atom.

The sufficiency part shows that local refinement together with order-preserving
covers of irreducible loops implies dominance whenever the Fi-loops are separated.
Order-preserving covers permit the normalized single-loop laws to be constructed
consistently, while the separation condition allows these local constructions to be

glued across loops.
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Remark 1. Theorem |9 leaves two distinct questions open. First, when an irre-
ducible Fy-loop has several Fy-covers, we do not know whether dominance forces at
least one cover to preserve order. Second, even when every irreducible loop has an
order-preserving cover, overlapping incidence cycles may prevent the corresponding
local constructions from being chosen consistently. These are distinct combinatorial
obstructions: the first concerns order preservation within individual covers, whereas
the second concerns their global compatibility. We view the identification of these ob-
structions as a substantive feature of the problem: oracle dominance depends on the
compatibility of cyclic likelithood-ratio constraints, both within individual covers and
across overlapping incidence cycles, and resolving these issues appears to require new

graph-theoretic tools.

7 Benchmark cases

We conclude the body of the paper with several benchmark environments in which
the general constraints simplify. In unique-CKC and no Fj-loop structures, the global
ingredient is vacuous, and dominance reduces to local refinement. Under a two-CKC

benchmark, global loop geometry reduces to the existence of a cover.

Corollary 1 (Unique-CKC and acyclic benchmarks). Assume that either Q comprises
a unique CKC, or there is no Fi-loop. Then, Oracle 1 dominates Oracle 2 if and only
if By refines Fy in every CKC.

This follows from Theorem [2; a unique CKC admits no Fj-loop, and without such
loops the cover and separation conditions are vacuous (the proof is thus omitted).
Next, we record two useful special cases. The first is the case of non-informative
loops, in which the loop constraints imposed by Fi are already respected by F,. The
second is the two-CKC case, where the refinement and cover conditions are both

necessary and sufficient.

Corollary 2 (Non-informative loops). If Fy refines Fy in every CKC and every F;-

loop is Fs-non-informative, then Oracle 1 dominates Oracle 2.

Proposition 2. Assume there are only two CKCs. Then, Oracle 1 dominates Ora-

cle 2 if and only if Fy refines Fy in every CKC and any F-loop is Fs-covered.
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The two-CKC case is especially tractable. Every loop can be decomposed to
irreducible loops, and every irreducible loop consists of two CKC-pairs so that a
cover leaves only two possibilities: either the loop is Fy-non-informative, or it is itself

an Fy-loop. In both cases, the order-preservation requirement is vacuous.

8 Conclusion

This paper develops a comparative theory of generators of public information in
incomplete-information games. Fixing the players’ information structures and the
prior, we compare oracles by their ability to support one another’s equilibrium out-
come distributions across all games. This extends the comparison problem of [Black-
well| (1951)) from decision problems to games and from single experiments to generators
of experiments, and connects it to Aumann’s theory of common knowledge through
CKCs and information loops.

The main conceptual object is the information loop. Local refinement inside each
CKC is necessary for stochastic dominance, but it is not sufficient once the oracle’s
partition connects several CKCs. Loops create global measurability constraints: the
local experiments that mimic another oracle inside different CKCs must be glued into
a single oracle-measurable public experiment. Covers and order-preserving covers
describe when these loop constraints can be reproduced by the other oracle.

Using this geometry, we characterize oracle equivalence (mutual dominance) via
two-sided refinement and order-preserving covers of irreducible loops (Theorem .
For one-sided stochastic dominance, we prove that dominance implies refinement
within each CKC and that every irreducible loop of the dominating oracle must ad-
mit a cover by the dominated oracle; when the relevant cover is unique, it must pre-
serve cyclic order (Theorem . Conversely, refinement together with order-preserving
covers of irreducible F-loops is sufficient under separated-loop structures. The bench-
mark cases then follow naturally: with a unique CKC, or with no Fi-loops, dominance
reduces to refinement inside CKCs (Corollary ; non-informative loops and the two-
CKC case provide additional tractable environments.

Open issues. A full one-sided characterization remains open beyond the partial
characterization and benchmark cases, and this also relates to challenging problems
in graph theory.

Extending the comparison to general stochastic information structures, in which
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Markov kernels generate both the oracles’ and the players’ primitive information,
raises further challenges. In particular, such an extension would require an analogue
of information loops for stochastic information environments. We leave this for future
research.

As noted earlier, following Definition [I there may be alternative ways to compare
oracles beyond the one adopted here. It would be interesting to understand the logical

relationship between these notions of comparison, if any exists.
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A Proofs and supplementary results

Appendix [A]is organized as follows. We first prove the CKC-posterior characterization
of dominance. We then derive local refinement inside a single CKC and the graph-

theoretic loop constraints. The constructive sufficiency tools are collected afterward.
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A.1 Posterior characterization and local refinement
We first prove Proposition [I}

Proof. If direction. Recall that Q. (C) = {Prsc : P.(s | C) > 0}. By construction,
Hrjc = e if and only if the two experiments induce the same distribution over the
posteriors P, ;¢ and Py, 5 c.

Assume first that for every experiment 75 there exists an experiment 77 such that
Hpjc = firy)c for every CKC C. Fix an experiment 7, with signal space Sy, and let 7
be an experiment of Oracle 1, with signal space 51, such that fi,, o = i, o for every
CKC C. We construct below an augmented experiment 7; that depends only on 7,
and 71. Now fix an arbitrary game G and an equilibrium (o;); of G(7y).

For each pair (¢,C) with ¢ € Q.,(C), let Ry(q,C) := {s € Sy : Pr,sc = q}.
Thus, Rs(q,C) is the set of my-signals that induce the same posterior on C, and
hence the same joint posterior profile within C. Different signals in Rs(q,C') may
correspond to different public labels and therefore may support different coordination
behavior. So the augmented Oracle 1 experiment needs to randomly choose one
of these Oracle 2 signal labels and match its distribution. For s € Ry(q,C), let
Kego(S) = ZS,ERTZS;; 10 be the conditional distribution of the original 7»-signal
label, given that the realized CKC is C' and the induced CKC-posterior is q. Let Z

be the finite set of such pairs (¢, C) that may arise under 7. We introduce auxiliary

common randomness by considering a selection rule.

Let R={r:Z — Sy:1(q,C) € R2(q,C), V(q,C) € Z}. Thus r specifies, for ev-
ery possible pair (¢q,C), a signal label r(q,C) € Rs(q,C). Equip R with the product
probability p given by p(r) =[], cyez Ko (r(q,C)). Hence the coordinate (g, C) is
distributed according to k, ¢, independently across different pairs (¢, C'). In the aug-
mented experiment, only the coordinate corresponding to the realized pair (¢, C) is
used. This coordinate reproduces the conditional distribution of the original 7»-signal
labels among all signals that induce the same posterior ¢ in C'. Define the augmented
signal space S := S; x R and the experiment 7 by 74 ((t,7) | w) = 7 (t | w)p(r).
This preserves Fj-measurability since the auxiliary randomization is independent of
the state.

We now define strategies under 7;. Fix w, let C' be the CKC containing w, and
suppose the realized signal is (¢,r). I P, (¢ | C) > 0, put ¢ == Pr,;c. By li;)c =
Ao We have ¢ € Qr, (C), so (g, O) is well defined. Set 6;(a; | I;(w), (¢, 7)) = oi(a; |
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II;(w),r(q,C)). Conditional on each CKC C' and posterior ¢, the state distribution
and all players’ posteriors under 7, after ¢ are the same as under 75 after any signal
in Ry(q,C). The auxiliary coordinate selects among those strategically distinct 7o-
signals with the same conditional probabilities as 7. Hence each player faces the same
best-response problem under 7; as under 73, so (d;); is an equilibrium of G(7;) and
induces the same state—-action distribution as (¢;); under 7. Therefore NED(G(73)) C
NED(G(71)). Since 71 was chosen before fixing G and the equilibrium, the same
experiment 7; works for every game G.

Only if direction. Conversely, suppose the condition in the proposition fails.
Then there exists an experiment 73 of Oracle 2, with finite signal space S,, such
that for every experiment 7 of Oracle 1, there is a CKC C' for which 7 o # Tio9/c-
We may assume that the posteriors induced by this experiment have full support
on each CKC. Indeed, choose A € A(S2) with A(s) > 0 for every s, and define
5(s | w) = (1 —&)7d(s | w) + eA(s). This perturbation preserves measurability
with respect to Oracle 2 and, assuming the prior has full support on each CKC,
makes every posterior P ;¢ have full support on C. If every sufficiently small 75
were mimicked by some Oracle 1 experiment, then compactness and continuity would
yield an Oracle 1 experiment mimicking 79, contradicting the choice of 75" Hence,
for some € > 0, 75 still cannot be mimicked by Oracle 1. Rename this experiment 7.

To disprove dominance, it suffices to show that, for every experiment 7 of Oracle 1,
some finite game has an equilibrium outcome under 75 that 7; cannot reproduce.
Fix an arbitrary experiment 71 of Oracle 1. For every player ¢ and CKC C, let
P;(C) € A(C) be the finite set of private posteriors of player ¢ that arise with positive
probability in C' under either 7, or 7.

We construct a finite game (G, which may depend on 71. Identify each distribution
on a CKC with its zero extension to €2, and give each player the fixed action set
A = (U @r(C)) x (Us Pi(C)), where the unions are over CKCs. Thus an action is
a pair (g;, p;) of distributions on Q. At state w, let C' be the CKC containing w. Let S¢
be a bounded strictly proper scoring rule on A(C'), normalized so that Sc(p,w) > 0

10 Any mimicking signal has, in each CKC, either zero conditional probability or a posterior in
Q- (C). Hence there are at most K = (| S|+ 1)/l support-—posterior profiles. Signals with the same
profile can be merged, since their likelihood vectors are proportional in every supported CKC, and
merging preserves both Fj-measurability and every CKC posterior law. After padding with null
signals, mimickers lie in the compact set of Fj-measurable experiments on a fixed K-signal space,
and continuity yields the required limit.
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for every p € A(C') and w € C. If all players report the same ¢; € Q.,,(C) and player
i’s second report satisfies p; € P;(C), player i receives Sc¢(p;,w); otherwise, she gets
0.

In G(73), consider the equilibrium in which, after signal s in CKC C| all players
report ¢; = P, ¢, and player i reports p; = Pr,sc(- | ILi(w) N C). This is an
equilibrium: given that other players report the same ¢, strict propriety makes the
truthful p;-report optimal, and changing the ¢;-coordinate breaks coordination and
gives payoff 0. Suppose that some equilibrium of G(7;) induces the same state—
joint-action distribution. We show that this implies 1, o = fi, ¢ for every CKC C,
contradicting the choice of 7.

Fix a CKC C. Since the selected equilibrium under 7, always has a common
g-report, equality of state—joint-action distributions implies the same almost surely
under the mimicking equilibrium of 7. Fix a signal ¢t with P, (¢ | C) > 0, and
choose w € C such that (¢ | w) > 0. Conditional on (w,t), players’ reports are
independently drawn, so diagonal support forces all g-report marginals to be degen-
erate at a common g € Q.,(C). For every player i, strict propriety makes her second
report equal her posterior after (II;(w),?), while outcome matching makes this pos-
terior equal to ¢(- | II;(w) N C). Since ¢ has full support on C' and the prior has
full support, 71(t | ') > 0 for every w' € II;(w) N C. Player i’s g-report is there-
fore ¢ throughout this cell, and diagonal support forces all players to report ¢ at
every newly reached state. Iterating along information-cell paths in C' shows that
t is positive throughout C' and that the common g-report is constant. Denote it
by gco(t) € Q(C). Equality of state—joint-action distributions then implies that
P.(gc(t) =q | C) =P (P,sc = q | C) for every q € Q,,(C). We claim that if
go(t) =g, then P, ;o =q. Put rp,:= P, 4 c.

Suppose gc(t) = q. By strict propriety, after (II;(w),t), player i’s p;-report is
degenerate at r¢(- | II;(w) N C). Under the selected equilibrium of G(72), condi-
tional on state w and the common ¢-report, the corresponding report is degenerate
at ¢(- | IL;(w) N C). Under 71, this conditional report distribution is a mixture over
signals ¢’ satisfying go(t') = ¢. Since it must equal the same point mass, every com-
ponent receiving positive conditional weight must induce that report. The preceding
paragraph shows that (¢ | w) > 0 for every w € C. Therefore, for every player i
and every w € C, ry(- | ILi(w) N C) = q(- | II;(w) N C). Since ¢ has full support, r;/q

is constant on every information cell. CKC connectedness propagates this constancy
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throughout C, and normalization gives r; = q.

Therefore, whenever g¢(t) = ¢, the posterior induced by 7 and ¢ equals q. Com-
bining this with the preceding probability equality, for every ¢ € Q.,(C) we get
P.(Phic=q]|C)="P,(P,sc =¢q| C). Thus, the two experiments induce the
same distribution over posteriors in C, and therefore fi, | = i, c. Since C' was
arbitrary, this holds for every CKC C', contradicting the choice of 75. Thus, for the
arbitrary experiment 7; fixed above, the finite game G has an equilibrium outcome
under 75 that 71 cannot reproduce. Since 7; was arbitrary, no experiment of Oracle 1
can reproduce every equilibrium outcome of 75 in every game, so Oracle 1 does not

dominate Oracle 2. This completes the proof. ]
The following observation is used only for necessity statements.

Observation 1 (CKC-level proportionality). Fiz a CKC C, experiments 11, T2, and
signals t, s that occur with positive probability conditional on C. If t under 7 and s
under Ty induce the same posterior on C, then there is ¢; s > 0 such that 7 (t|w) =

Cts.cTa(s|w) for every w € C.

Indeed, equality of posteriors on C' means that the two likelihood vectors are pro-
portional on C' by Bayes’ rule and the full-support prior. The last supporting lemma

states that refinement within every CKC is a necessary condition for dominance.

Lemma 1 (Single-CKC refinement). Assume that C' is a CKC. The following are

equivalent:

(i) Fi|lc refines Fy|c;

(i1) for every Fy|c-measurable experiment 1o, there exists an Fy|c-measurable exper-

iment Ty such that fi. o = fir,c-
Consequently, if F1 =~k Fs, then Fi refines Fy in every CKC.

Proof. 1f Fi|c refines Fy|c, every Fy|c-measurable experiment is already F}|c-measurable,
so the claim is immediate. Conversely, suppose F}|¢ does not refine Fy|c. Then there
are w,w € C with Fi(w) = Fi(w) but Fy(w) # Fo(w). Let A = Fy(w) N C, and let
Ty be the binary Fy|c-measurable experiment that reveals whether the state lies in
A. Under 7y, the signal A induces the posterior p(-|A) on C. If an F}|c-measurable

experiment 7y satisfied 7i,, o = I, ¢, then some signal ¢ of 7 would induce f(-|A) on
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C. But Fj-measurability implies 71 (¢t|w) = 71(t|@), while w € A and @ ¢ A. Hence
t cannot induce a posterior supported on A, a contradiction. The final statement
follows from Proposition O

A.2 Loop algebra

The cover condition has a useful algebraic characterization. The next definition is
mainly a test for coverability: it asks whether every binary F_;-measurable split of

the loop has the same number of transitions in the two directions.

Definition 6. An F;-loop (w1, @1, ws, Wa, - . ., Wi, W) s F_;-balanced if for every pair
of disjoint F_;-measurable sets A and B such that U7l {w;,w;} € AU B, it follows
that

#(A—B):=|{j:w; €A w;€B} =|{j:w; €B, W€ A} = #(B— A). (2)

Figure [f(a) depicts an Fy-loop with three CKCs. Panel (b) shows a binary Fp-
measurable split of this loop into A = {w;,ws, w3} and B = {w;,ws,w3}. Since
#(A — B) = 3 and #(B — A) = 0, the loop is not Fy-balanced and therefore, by
Proposition [3] not Fy-covered.

/Wl) (51 A= Fylw) w1 ><Gl _ B(@)

Cs | 1 Cy Co
@ F 1 (w3) 52 w3 >< 52

(a) (b)

Figure 5: Figure (a) depicts an Fi-loop with three CKCs and six states overall. Figure (b) illustrates
how the irreducible Fj-loop, presented in (a), is non-balanced with respect to F». Namely, F5 has
two elements A = {wy,wa,ws}, and B = {w;,ws,ws} such that the number of transitions from A to
B are 3, while the reverse equals 0. See Appendix for a discussion on this figure and motivation.

Proposition 3 (Cover criterion). Let (wy,w,ws, W, ... ,Wn,Wm) be an irreducible

Fi-loop. The following statements are equivalent:
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i. The loop is Fy-balanced;
ii. The loop is Fy-covered;

iii. For every Fy-measurable function f : {wi,w1,ws, Wa,... ,Wn,wm} — (0,00), it

follows that Tj, ;wﬂ) =

For irreducible loops, the third part of Proposition , combined with Eq. ,
shows that covers are exactly the configurations under which every F,-measurable
likelihood-ratio product is neutral around the loop, and is therefore necessary for

dominance.

Proof. iii = i. Suppose that L = (wy, w1, ..., wWn, W) is not Fy-balanced. Then there
is an Fy-measurable partition { A, B} of the states of the loop such that #(A — B) #

#(B — A). Define f(w) = 1,eay+2- 1{wepy. Then [}, }”g@ = HASon(Boa)

1, contradicting iii.

i = ii. Assume that L is Fy-balanced. For any Fh-atom D that meets the loop,
apply balancedness to the partition {D,D°}. Since |{j : w; € D} = #(D —
D)+ #(D — D) and |{j : w; € D} = #(D° — D)+ #(D — D), balancedness
implies |{j : w; € D}| = |{j : w; € D}|. Call this condition atom-balance.

Let J = {j : wj € F5(w;)}. These indices are already covered by the trivial part
of the cover. Remove them from the list. Since each removed pair has both states in
the same Fy-atom, atom-balance continues to hold for the remaining pairs.

If no pairs remain, we are done. Otherwise choose one remaining pair (w;,,@;, ).
Since j1 ¢ J, w;, ¢ Fo(wj,). By atom-balance, the atom F(w;,) contains some state
wj, from a remaining pair. Thus w;, € F5(w;,). Repeating the same argument gives
a sequence ji, jo,... such that w; ,, € Fy(w,;, ) for every r. Since there are finitely
many remaining indices, some index eventually repeats. The first closed segment
obtained in this way is an Fy-loop. Indeed, since the original loop is irreducible, no
CKC appears more than once in it; hence the closed segment satisfies the distinct-
CKC condition in Definition 2] All selected states are distinct, and the remaining
conditions follow from the construction.

Remove the indices of this Fy-loop. This preserves atom-balance, because from
each Fj-atom it removes the same number of w-states and @w-states. Repeating the
procedure decomposes all remaining pairs into Fh-loops. Together with J, this gives

an Fs-cover of L.

31



ii = iii. Assume that L is Fy-covered. Then {1,...,m} is partitioned into
J Ih,..., I, where w; € Fy(w;) for every j € J and each I; forms an Fy-loop. Let
f be positive and Fy-measurable. If j € J, then f(w;) = f(®;), so He) — g 1f

f(@j)
I; is an Fy-loop, then Hj el % = 1, because the denominator at each step equals
J
the numerator at the next step around the loop. Hence H;n:l ;Egﬂ g = 1. This proves
J
iii. O

The next Proposition [4| records elementary facts about irreducible and informative

loops.
Proposition 4. Consider an F;-loop L;.
o [f L; intersects the same CKC more than once, then it is not irreducible.
o [f L; is irreducible and consists of at least 6 states, then it is F;-fully informative.

o If L; is not irreducible, then either it intersects the same CKC more than once,

or it has at least 4 states in the same partition element of F;.

Proof. We prove the three claims in order.

First, suppose L; contains two non-adjacent pairs (w,,@,) and (wj, @) in the same
CKC. By switching the partners inside that CKC, the two outside arcs between the
pairs close to two shorter Fi-loops. The resulting sequences satisfy Definition [2} their
connecting sets are inherited from the original loop, and the newly paired states are
distinct. Hence, the original loop is not irreducible.

Second, suppose L; is irreducible, has at least three CKC-pairs, and contains a
non-informative pair (wy,w;) with F;(w,) = F;(wy). If deleting this pair from the
loop creates two neighboring pairs in the same CKC, the first paragraph applies.
Otherwise, the remaining pairs still form an Fj-loop, contradicting irreducibility. Thus
an irreducible loop with at least six states is Fj-fully informative.

Finally, assume that L; is not irreducible and does not intersect any CKC more
than once. Suppose, toward a contradiction, that no Fj-atom contains four states of
L;. Each original connecting pair {@w;,w;1} where j =1,...,m, is contained in one
Fi-atom. Because all states of the loop are distinct, an atom meeting two different
connecting pairs would contain both pairs and hence at least four states. Thus the
original connecting pairs lie in distinct Fj-atoms, and every Fj-connection between

states of L; is one of these original connections. Since the CKC-pairs are also distinct,
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the CKC-pairs and the original Fj-connections form a simple alternating cycle, which

contains no strict sub-cycle. This contradicts the existence of a strict sub-loop. [
The following graph decomposition is used in the proof of Theorem [I]

Lemma 2 (Atom-block decomposition). For a partition F', let I'r be the bipartite
incidence graph whose vertices are the CKCs and the F-atoms, with C' adjacent to A
if CNA#0. Define C ~p C"if C and C' remain connected in T'r \ {A} for every

F-atom A. Then ~p is an equivalence relation. Moreover:

(i) if C #C", C ~p C', and an F-atom A meets both C' and C', then any prescribed
states w € ANC and W' € ANC" belong to a fully informative irreducible F'-loop

containing the designated F'-connection between w and w';

(i1) the bipartite graph whose vertices are the ~p-classes and the F-atoms meeting

more than one class, with adjacency defined by intersection, is a forest.

Proof. Reflexivity and symmetry are immediate. For transitivity, fix an F-atom A:
paths from C to C’ and from C’ to C” in I'r \ {A} concatenate to a path from C' to
c”.

For (i), choose a shortest path from C to C’" in I'p\ { A} and add the two incidences
C — A —(C'. This gives a simple cycle. Selecting one state from each incidence, using
the prescribed states at A, produces a fully informative irreducible F-loop satisfying
Definition [2| and containing the designated connection.

For (ii), suppose the stated quotient graph contains a cycle By, Ay, By, As, . .., Bg, Ag, B.
Choose CKCs ('} € By and Cy € By met by A;. If D # Ay, the path C; — A — Oy
survives in I'r \ {D}. If D = A, follow the remainder of the quotient cycle and,
inside each class Bj, join the relevant CKCs by a path in I's \ {A4;}. Thus C4 and Cs

remain connected after deletion of every F-atom, contradicting By # Bs. m

A.3 Necessity of loop covers

Lemma 3 (Cover necessity). If Fy =ng F», then every irreducible Fi-loop is Fy-

covered.

Proof. Suppose, to the contrary, that an irreducible Fi-loop (wi, w1, ..., Wn,Wmn) 18

not Fy-covered. By Proposition [3], it is not Fy-balanced. This means that there is
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an Fy-measurable partition {A, B} of these states such that Eq. is not satisfied.

Define an F>-measurable experiment that obtains two signals, a and f3,

r, ifwéeA,
Ta(0w) = (3)

y, ifwéeB,

and 7o(f|w) = 1 —7e(a|w). On other states (outside the loop), 7, is defined arbitrarily.

Inz—Iny
In(1—z)—In (1—y)

and Proposition |1i I there is an Fj-measurable experiment 71 such that n. o = [, c

The numbers x, y € (0,1) are chosen so that is irrational. By dominance
for every CKC C'. The following claims are straightforward.

Claim 1: In every CKC C, any signal of 7; that has positive probability conditional
on C' induces the same CKC-posterior as either a or 5 under 75.

Claim 2: For any signal s of 7; that has positive probability at some state of the loop,

and hence at every loop state, and for any 1, 71(5:52 {m ;‘; o 1 Y 1}. Therefore,

175 - () (=)0 <”)'”

-1 Ti(s[w;) Y 1—y T l—z)

where 01 + 05 = |{i;w; € A and W; € B}| and ky + ko = [{i;w; € B and w; € A}|.
Claim 3: For any signal s of 7; that has positive probability at some state of the
loop, and hence at every loop state, [];", % =

We therefore obtain (5)41(1 Loyl (L)l (=8)k2 = 1. We conclude that there are

1—y 11—z
whole numbers, say ¢ = ¢; — k; and k = ko — {5 such that (5) = (ﬁ)k Since
InZ
m(ll_“x"”’)”jﬁ%l_y) = % Is irrational, £ = k = 0, implying that Eq. is satisfied. A
1—
contradiction. ! N

Lemma 4 (Unique covers are order-preserving). Assume Fy =g Fy. If an irreducible

Fy-loop has a unique Fy-cover, then that cover is order-preserving.

Proof. Let Ly = (w1, @1, ..., wWn,wn) be an irreducible Fi-loop with a unique Fy-cover,
and let I = {1,...,m}. In a unique cover, every Fy-non-informative pair belongs to
J: otherwise it can be moved from its sub-loop to J (and, in the two-pair case, both
pairs can be moved), producing another cover. For each i € I, write a(i) = Fy(w;)

and (i) = Fy(w;), and form the directed atom multigraph H whose edge e; goes from

a(1) to v(i).
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Let H° be obtained by deleting its self-loops. Thus the self-loops of H are exactly
the indices in J. Each F,-sub-loop gives a directed closed trail in H°. By Proposi-
tion [4] L, visits every CKC at most once, so every directed simple cycle in a decom-
position of such a trail is an admissible F3-sub-loop: it inherits distinct states and
CKC-pairs from Lq, and its edge incidences give the required Fs-connections. Hence
any alternative directed-cycle partition of H°, together with the same J, would give
a second Fy-cover. Therefore, the induced directed-cycle partition is unique.

Fix a weakly connected component K of H°. The cover supplies a directed-cycle
partition of K, and that partition is unique. Hence Theorem 2.8 of [Cooper and
Okur| (2025) applies: K is a bridgeless cactus digraph and its unique partition is
the set B(K) of directed cycles. Moreover, the proof of Lemma 2.7 of |(Cooper and
Okur| (2025) implies that, for every 5 € B(K), each weakly connected component of
K\ E(B) meets § in exactly one vertex.

Fix a directed cycle § € B(K), and let U C I be the set of indices of the edges
of B. Suppose, toward a contradiction, that the corresponding Fs-sub-loop is not
order-preserving relative to the cyclic order of L;. After cyclically renaming the
relevant indices, write the selected three indices as 1 < 7 < k in the Fj-order, with
wy, preceding w; in the Fh-order of (.

Partition the vertices of 3 into three directed arcs. Let V2 be the vertices encoun-
tered from (1) through a(k), let V;2 be those encountered from ~(k) through a(j),
and let V2 be those encountered from +(j) through a(1). These three sets are disjoint
and partition V(). Similarly, partition the states of L; into the three Fj-arcs Al
from @y to wy; Aj, from @; to wy; and Ay, from @y, to wy.

Set p; = %, Py = %, p3 = %, and py = % Define a binary Fy-measurable experiment
Ty with distinct signals s;, sy by setting m(si|w) = p, whenever Fy(w) € V2, for
r € {1,k j}, where p; := ps and p; := p3. For each weak component C of K \ E(3),
assign to every atom of C' the same probability as its unique attachment atom on f.
On atoms outside K, set 7o(s1]-) = ps. Finally set m(sq|-) = 1 — ma(s1]-). Because
the three vertex arcs partition V(f) and every attached component has a unique
attachment vertex, this is well-defined and F;-measurable. By construction, for every
¢ {1,7,k} and every s € {s1, s2}, we have m(s|w,) = T2(s|we).

By dominance and Proposition [I there is an Fj-measurable experiment 7; such
that 7i,,|c = H, o for every CKC C. Fix a signal ¢ that is assigned positive probability

at some state of L;. Signals assigning zero probability to every state of L; do not
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enter the row-sum equations below. Since 75 has full-support posteriors, equality of
iy c and Tip, o, together with Fj-measurability along L, implies that ¢ is positive in
every CKC of the loop. In each such CKC, the posterior induced by ¢ under 7 is
induced by either s; or s, under 75. By Observation [T}, the likelihood ratio of ¢ under
71 in that CKC is equal to the likelihood ratio of either s; or s, under 7. Hence
71 (t|lwe) = 71 (t|ewe) for every ¢ ¢ {1,4,k}. Together with Fj-measurability along L,
this implies that, on the states of L;, the likelihood vector of ¢ is constant on the
three Fy-arcs: write these constants as a; on Af, by on Aj, and ¢, on Aj.

At the three exceptional CKCs, Observationgives *e {g—f 1opsy o {Z—i, 1=p2y

7 1-p1 77 by 1-p3

by p1 l=p1 i e ar by i ; ; 1 1
and t € {m, 1_m}. Since - ¢t - % = 1, a direct calculation using p; = ¢, p2 = 3, and

. . . 1— 1— 1—
p3 = 2 shows that the only possible choices are either (22, 22 PL) op ps 2Pz STPL)
3 P1’ p3’ p2 1-p1’ 1=p3’ 1—p2

Call signals of the first kind type 1, and signals of the second kind type 2. Let

x and y denote the total probability mass of types 1 and 2 at w; respectively. The
row-sum constraint at w; gives Z—;x + %y = 1. Together with « +y = 1, this
implies = p3. The row-sum constraint at w; gives z—;:}: + %y = 1. Together with
x +y = 1, this implies x = py. This contradiction shows that § must be order-
preserving. Since € B(K) was arbitrary, every directed cycle in the unique cycle
partition of K is order-preserving. Since K was arbitrary, the unique Fs-cover of L

is order-preserving. O]

A.4 Constructive sufficiency tools

Definition 7 (Posterior-equivalent extension of a binary experiment). Let a,b €
A(Sy) be two probability laws on a finite signal set S1. Let q,¢ € A(Ss) be two
probability laws on another finite signal set Sy. We say that the ordered pair (q,q') is

a posterior-equivalent extension of (a,b) if one of the following holds:

1. There exist a finite set R, a probability law v € A(R), and an identification
Sy = S1 X R such that q(s,r) = a(s)v(r) and ¢'(s,r) = b(s)v(r) for all (s,r) €
5& x R.

2.a=band q=1¢.

In case (1), the coordinate r is common noise; in case (2), both experiments are

uninformative.
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The next lemma constructs a mimicking experiment on a single loop with an

order-preserving cover.

Lemma 5 (Single-loop construction). Let L = (wy,@1,...,Wn,0m) be an Fi-loop,
with an order-preserving Fy-cover {1,...,m} = JUIL U---U Ik, where w; € Fy(w;)
for every i € J. Let 15 be an Fy-measurable experiment on a finite set Sy. Assume
that the Fy-atoms Fy(w;) = Fi(wir1), t = 1,...,m, are distinct. Then there is an
Fi-measurable experiment Ty on SX x S3 such that, for every i, the ordered pair
(11(+|wi), 71 (+|@4)) is a posterior-equivalent extension of (To(-|w;), T2(+|w;)) satisfying
case (1) of Definition [7.

Proof. For each i, set p; := mo(-|w;) € A(Sy). If i € J, then w; € F5(w;), so a(-|w;) =
pi. If i € I, let pred(i) be the predecessor of i in the Fy-sub-loop indexed by Ij.
Since the cover is order-preserving, 7(-|w;) = Pprea(s) and 7o(-|@;) = p;.

For each block I, write its elements in the cyclic order inherited from L. For
t=1,...,m, let {;(t) be the last element of I weakly before ¢ in that cyclic order,
and if there is no such element before ¢, let ;(t) be the last element of I. Define
q € A(SK x SJ) by

(@i, (Wi)jes) = [ [P (e) T i (wy)-
k=1

jeJ

Now define 7 on the Fij-atoms in the loop by 7 (-|w;) = 71(-|wer1) = @, with in-
dices modulo m. Since these Fj-atoms are distinct, this assignment is unambiguous.
Extend 7 arbitrarily, but Fj-measurably, on Fij-atoms not appearing in the loop.
Fix i. Under 7, the two laws in the CKC-pair (w;, ;) are ¢;—1 and ¢;. If i € I,
then order preservation gives ¢;(i — 1) = pred(i) and ¢, (i) = i, while for every h # k,
lh(i — 1) = £4(i). Hence ¢;_1 and ¢; differ only in coordinate k, whose laws are
To(+|w;) and To(-|w;), while all other coordinates are common noise. If i € J, then
le(i — 1) = Cg(0) for every k, and 7o(-|lw;) = T2(-|@;) = p;. Taking the J-coordinate
indexed by ¢ as the Ss-coordinate, all other coordinates are common noise. Either
way, case (1) of Definition [7| holds. O
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A.5 Proof of Theorem

Proof. Assume first that F} and F; are equivalent. By Lemmallland Lemmal[3] applied
in both directions, for each i, F; refines F_; in every CKC and every irreducible Fj-
loop is F_;-covered. Since refinement holds in both directions, Fi|c = Fi|c for every
CKC C.

Fix i, and let L; be a fully informative irreducible F;-loop. No index in an F_;-
cover of L; can belong to J, because F;|c = F_;|¢ in every CKC. If the cover contained
a proper F_;-sub-loop, a simple-cycle component of that sub-loop would be a fully
informative irreducible F_;-loop. By Lemma [3 applied in the reverse direction, it
has an Fj-cover. Again local equality rules out non-informative pairs, so this cover
contains a proper Fj-sub-loop of L;, contradicting irreducibility. Hence every cover of
L; consists of a single F'_;-loop using all its pairs. This cover is unique: otherwise the
directed F'_;-atom graph would contain a proper directed cycle, and the preceding
argument would again contradict irreducibility. Lemma 4| therefore implies that the
cover preserves the cyclic order. Finally, if an irreducible Fj-loop is not Fj-fully infor-
mative, Proposition [d]implies that it has exactly two CKC-pairs, so order preservation
is automatic. This proves the stated conditions.

Conversely, assume the conditions in the theorem. We prove F; >ng F3; the
reverse direction is symmetric. Mutual local refinement gives Fi|c = Fy|¢ for every
CKC C.

We first show that every fully informative irreducible Fij-loop is an Fy-loop with
the same cyclic order. Let L be such a loop. Its order-preserving Fj-cover contains
no non-informative pair. If it contained a proper Fs-sub-loop, a fully informative
irreducible simple-cycle component of that sub-loop would, by the theorem’s reverse
hypothesis, have an Fj-cover. Local equality again rules out non-informative pairs,
so this cover would contain a proper Fj-sub-loop of L, a contradiction. Hence the
cover consists of a single Fy-loop, and it has the cyclic order of L.

Let I'y := I'p, and let the clusters be the ~p, -classes from Lemma . We claim that
if w and W’ lie in CKCs of the same cluster and F(w) = Fi(w'), then Fy(w) = Fy(w').
If the two states lie in the same CKC, this follows from Fi|c = Fb|c. Otherwise,
Lemma (1) gives a fully informative irreducible Fj-loop containing the designated
Fi-connection between w and w’. By the preceding paragraph, this is an Fy-loop

with the same cyclic order, so Fy(w) = Fy(w’). Consequently, every Fhy-measurable
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experiment restricted to a cluster is also Fj-measurable.

Call a union of clusters solvable if every Fy-measurable experiment on that union
can be mimicked there by an Fj-measurable experiment which, inside each CKC,
reproduces the target experiment up to common noise. Each individual cluster is
solvable. We use the following gluing step. Let Ay, A; be disjoint solvable unions of
clusters and assume that at most one Fj-atom meets both. Fix an Fj-measurable
experiment 7, on A; U Ay, and let 7{ be a mimicking experiment on A; with signal
space S;. If a connecting Fi-atom exists, let \; be the law of 7! on its intersection

with A;; otherwise choose any law on S;. On S; x S5, define

Tll(Sl | W)/\Q(SQ), w € Ah
T1((81,82) |w) = )
)\1(81)7'1 (SQ ’ W), w € AQ.

This experiment is F}-measurable; on the possible connecting atom, both sides assign
A1 ® A9, and inside each A; the other coordinate is common noise. Hence A; U A is
solvable.

We identify each cluster with the union of its CKCs. Let T be the bipartite
forest in Lemma [2{ii). We prove solvability by induction on the number of cluster-
vertices of T'. The one-cluster case follows because every individual cluster is solvable.
Otherwise, T" has a cluster-vertex B of degree at most one: either B is isolated, or
it is a leaf of a nontrivial component, since every atom-vertex has degree at least
two. Let U be the union of all remaining clusters. After deleting B and any atom-
vertices that no longer meet two remaining clusters, one obtains a forest with one
fewer cluster-vertex, so U is solvable by induction. Any Fj-atom meeting both B and
U is an atom-vertex adjacent to B, so there is at most one such atom. The preceding
gluing step therefore implies that B U U = () is solvable.

Hence, for every Fh-measurable experiment 75, there is an Fj-measurable exper-
iment 7; such that Hrjc = Hmy)c for every CKC C. Proposition [I| gives F} >=ng Fb.

The symmetric argument gives Fy >ng F). O

A.6 Proof of Theorem

Proof. For necessity, local refinement in every CKC follows from Lemma [I} The
existence of an Fy-cover for every irreducible Fj-loop follows from Lemma [3 If such

a loop has a unique cover, order preservation follows from Lemma [4]
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We prove sufficiency. Fix an arbitrary Fy-measurable experiment 7, on a finite
signal set S5. Let C be the CKC partition. We first construct an Fij-measurable
experiment 7 that induces the same distribution of posteriors for a single decision
maker whose information partition is C. For each CKC C and each Fj-atom A with
ANC # 0, define pac € A(S2) by pac = T(|w) for any w € AN C. This is
well-defined because Fj refines F, inside C.

Construct the bipartite incidence graph I': its vertices are the CKCs and the Fj-
atoms, and A is connected to C iff ANC # (). By the separated-loop assumption, no
vertex of I' lies on two distinct simple cycles. Hence Lemma [6] below applies to each
connected component of I'.

We assign to each Fi-atom A a law ¢4 such that, for every CKC C, there is a
law vo with g4 = pac ® ve for every atom A adjacent to C. This condition means
that, inside C', the first coordinate reproduces the experiment 75, while the remaining
coordinates are common noise.

Fix one connected component of I'. First suppose that it is a tree. Denote its
CKCs by T'. Use one coordinate Sp = Ss for each CKC D € T, with signals sp € Sp.
For an Fj-atom A and a CKC D € T, let ¢p(A) be the unique Fj-atom adjacent to
D that lies on the path from D to A. Define

q4((sp)p) = [ Pen(a).n(sp)-

DeT
Fix a CKC C. If A is adjacent to C, then the C-coordinate of g4 is pac. For
every D # () all Fi-atoms adjacent to C remain connected to C' after deleting D.
Hence, the unique path from D to any atom adjacent to C' leaves D through the same
neighboring Fj-atom. Therefore ¢p(A) is the same for all Fj-atoms A adjacent to C'.
Thus all coordinates other than C' are common across atoms adjacent to C', and the
required property holds on tree components.

Now suppose that the component contains at least one simple cycle. Let B be the
set of simple cycles in this component. For each B € B, write B = Ay, C1, Ay, ..., An_1, Ch, Ao,
and put A,, = Ag. For every i, choose w; € A; 1 NC; and w; € A; N C;. Since B is
simple, these 2m states are distinct and (wy, @y, . . ., Wy, W) is an irreducible Fj-loop
whose connecting atoms are Ag,...,A,,_1. By assumption, this loop has an order-
preserving Fy-cover. Applying Lemma [5] to this cycle and 7, gives a signal set Sp and

laws h% for the cycle atoms such that, for each cycle CKC Cj, there is a law 72 with
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h% = pac, ®nP for the two cycle atoms A adjacent to C;.

For any off-cycle atom A adjacent to a cycle CKC C; of B, set hf := pac, @ nP.
This is unambiguous by Lemma [6{i).

Let Rp be the set of Fj-atoms for which h% has just been defined; that is, the
cycle atoms of B and the off-cycle atoms adjacent to CKCs of B. For any atom A in
the component, let Rz(A) be the unique element of R in the component containing
A after deleting the cycle CKC vertices of B and their incident edges. Existence and
uniqueness of this root follow from Lemma [6]ii).

Let T now denote the set of CKCs in the component that do not lie on any simple
cycle. For each D € T, use one coordinate Sp = S,. For an atom A and D € T,
let ¢p(A) be the unique atom adjacent to D that lies in the component of T'\ {D}
containing A. This is well-defined by Lemma [f](iii).

For the whole component, use the signal space (HBGB SB) X (HDGT SD), and

define, for every atom A in the component,

qa = (® hgmm) ® <®p¢D(A)7D> :

BeB DeT

Since B and T are finite and every tensor factor is a probability law, ¢4 is a well-
defined probability law.

Fix a CKC C and two atoms A, A" adjacent to C. Suppose first that C lies on a
cycle Be. Since A, A" € Rp,., we have Rp.(A) = A and Rp_(A’) = A’. Hence the
Be-coordinate gives py o ® ngc at A and pac® ngc at A’

For every other cycle B # B¢, the path A—C' — A’ remains after deleting the CKC
vertices of B, because distinct cycles are vertex-disjoint. Hence Rp(A) = Rp(4').
Likewise, for every D € T, the path A—C — A’ remains in I'\{D}, so ¢p(A) = ¢p(A4').
Thus every coordinate other than the Bo-coordinate is common noise inside C'.

Now suppose that C' € T'. Then ¢¢(A) = A and ¢c(A") = A’, so the C-coordinate
gives pac and pa . For every cycle B, the path A — C' — A’ remains after deleting
the CKC vertices of B, since C' lies on no cycle. Similarly, for every D € T\ {C},
the path remains after deleting D. Therefore Rg(A) = Rg(A’) and ¢p(A) = ¢p(A')
for every non-target coordinate. Consequently, for every CKC C' there exists a law
ve such that g4 = pac ® ve for every atom A adjacent to C.

Doing this component by component and taking the product across components

gives one finite signal space and one law ¢4 for every relevant Fj-atom A. Define
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71 (-|w) := ¢m (w). Then 7y is Fi-measurable. Moreover, for every CKC C, there exists
a common-noise law v such that g4 = pac ® v for every Fi-atom A intersecting
C. Therefore, in the single-DM environment with information partition C, 7, and 7,
induce the same distribution of posteriors.

Finally, return to the original multi-agent environment. The construction pre-
serves the joint law of (w, u(- | C(w), 7, s)), since within each CKC the experiment 7
reproduces 7, up to common noise. Given the realized state and the CKC-level pos-
terior, each player’s posterior is uniquely determined by her information cell II;(w).
Hence, 71 reproduces 7 within each CKC up to common noise. Hence fi, o = o
for every CKC C. By Proposition [I, £} =ng Fb. O

Lemma 6 (Separated incidence graph). Let I' be a connected bipartite graph whose
vertices are CKCs and atoms, and suppose that no vertex belongs to two distinct
simple cycles. Fix a simple cycle B, let C(B) be its CKC wvertices, and let R be the

set of atom vertices adjacent to some vertex of C(B).
(i) Every atom outside B is adjacent to at most one CKC vertex of B.
(i1) Every component of I'\ C(B) contains exactly one element of Rp.

(117) If a CKC vertex D lies on no simple cycle, then every component of '\ {D}

contains exactly one atom adjacent to D.

Proof. For (i), if an atom outside B were adjacent to two CKC vertices of B, these
two edges together with an arc of B would form another simple cycle sharing vertices
with B.

For (ii), connectedness implies that every component of I'\ C(B) contains at least
one element of Rp. If one component contained two roots, choose two at minimum
graph distance and let P be a shortest path between them, so that the interior of P
contains no root. Each endpoint either lies on B or is joined to a CKC vertex of B,
uniquely in the latter case by part (i). Adding these attachment edges and, when the
attachment points are distinct, an arc of B produces a simple cycle distinct from B
that shares a vertex with B, a contradiction.

For (iii), connectedness implies that every component of I'\ {D} contains at least
one neighbor of D. If one component contained two such neighbors, a path between
them together with their two incident edges to D would form a simple cycle through

D, a contradiction. O
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A.7 Proof of Corollary

Proof. Fix an Fy-measurable experiment 75, and let I' be the bipartite incidence graph
between the CKCs and the Fij-atoms. It suffices to work on one connected component
H of T, since the resulting experiments can be combined across components by the
same product construction used in previous proofs.

For every incidence A — C, define ps ¢ := 7o(- | w) where w € ANC'. This is well-
defined because F} refines Fy inside C. For each CKC D in H and each component
K of H \ {D}, choose an Fj-atom Ap(K) adjacent to D and contained in K, and
set Tpx = Pap(x),p- This is independent of the choice of Ap(K'). Indeed, if two
atoms A, A" adjacent to D belong to the same component of H \ {D}, a shortest
path between them, closed through D, induces an Fj-loop. Its D-pair is Fy-non-
informative, so pa,p = pa’,p-

For every Fi-atom A in H, let Kp(A) denote its component in H\ { D}, and define
qa = ®D€C(H) rD,Kp4)- 1f A meets C, then its C-coordinate is ps,c. Moreover, if
A, A" both meet C, then for every D # C the path A — C — A’ survives deletion of
D, so Kp(A) = Kp(A”). Hence there is a law v such that g4 = pac ® ve for every
A meeting C.

Set 71(- | w) := ¢p () and repeat the construction on the other components of I'.
The resulting experiment is Fj-measurable and reproduces 75 within every CKC up

to common noise. Proposition [I] therefore implies F} =ng F5. O

A.8 Proof of Proposition

Proof. Necessity of local refinement follows from Lemma Necessity of the irre-
ducible cover condition follows from Lemma [3] We show that, with two CKCs, this
implies that every Fi-loop is Fh-covered.

Let the two CKCs be Cy and Cy and denote wy,w) € Cy and wsy,w) € Cy. Call an
Fi-atom cross-CKC if it intersects both C} and Cs. By local refinement, if Fj(w;) =
Fi(wsq), then Fi(wy) NCy C Fy(wy) and Fi(wy) N Cy C Fo(ws).

The case with at most one cross-CKC Fi-atom is immediate, so take two distinct
cross-CKC Fi-atoms, Fi(w;) = Fi(wz) and Fi(w)) = Fi(wh). These two atoms form
an irreducible Fj-loop, so are Fh-covered. This produces the following dichotomy:
either the two pairs themselves form an Fj-loop or both CKC-pairs are Fy-non-

informative. This holds for any two cross-CKC Fj-atoms, so either all cross-CKC
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Fi-atoms as above are contained in cross-CKC Fs-atoms, or all cross-CKC Fj-atoms
are contained in the same F, atom within every CKC (namely, Fy(w;) = F(w]) and
Fy(ws) = Fy(w))). Indeed, consider the two cross-CKC Fj-atoms above along with
a third cross-CKC Fj-atom. These atoms generate 3 irreducible Fi-loops. If one of
these atoms is contained in a cross-CKC Fs-atom, then the cover condition implies
that the other two are also contained in Fy-atoms. So either every Fj-loop is itself
an Fy-loop, or every CKC-pair in any Fj-loop is Fh-non-informative, so the loop is
covered by putting all pairs in J. Therefore every Fi-loop is Fy-covered.

For sufficiency, assume local refinement and that every Fi-loop is Fy-covered. If
there is at most one cross-CKC Fj-atom, every Fi-loop is Fj-non-informative and
hence F3-non-informative by local refinement. Corollary [2| therefore implies F; =ng
F5. Otherwise, the same dichotomy applies. In the first case, F} refines F, globally,
so every Fs-measurable experiment is already Fj-measurable, and F} >ng F. In
the second case, every Fi-loop is Fy-non-informative, so Corollary [2| implies F; =ng
. O
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B Online appendix

B.1 Finer in every CKC can be inferior: a fact-checking ex-

ample

In a political debate watched by two citizens, a fair coin toss decides who gets to
make the final claim in the debate: either the incumbent makes a budget (B) claim,
or the challenger makes a security (S) claim. Any claim is rated True (T), Mostly
true (M), or False (F). If a claim made by an individual is rated T or M, it favors that
individual, but if it is rated F, it favors the opponent. The context itself is common
knowledge, so the two CKCs are Cp = {ws,...,ws} and Cs = {wr,...,wi2}. The
political impact is shown by the fill color in Figure [6 blue means +, and red means
—. Rows are CKCs and columns are verdict labels.

The network in charge of this debate can employ two fact-checking report formats:
an issue-specific impact format and a verdict format. The issue-specific impact format
FmP reports whose side is favored by the facts within the public context. Its atoms are
BT = {wi,ws,ws,ws}, B~ = {ws,we}, ST = {wr,ws,wg, w10}, and ST = {wyy,wia}.
This format has no atom crossing CKCs. The verdict format FV°" reports the fact-
check verdict. Its atoms are Vp = {wi,ws,wr,ws}, Vir = {ws,ws,wq,wio}, and
Vi = {ws,ws, w11, wia}. The context is common knowledge, including to the net-
work, but each report format is modeled as a binding reporting technology. Under
the verdict format, the experiment must remain F¥*"-measurable and cannot addi-
tionally condition its report law on the context.

Notably, the verdict format is strictly finer than the issue-specific impact for-
mat inside each CKC, row by row. But every verdict column flips political impact
across rows: True and Mostly true are incumbent-favorable in Budget but challenger-
favorable in Security, while False is challenger-favorable in Budget but incumbent-
favorable in Security.

Formally, each common-knowledge component has prior probability 1/2. Condi-
tional probabilities within each component are obtained by normalizing the multi-

plicities in Figure [6] by 32. The citizens’ partitions are

Hl - {{Wl, Wa, W3, W4, WG}, {Cd5}, {w87 W10, w117w12}7 {w77 WQ}},

H2 — {{wla W3}7 {w27w47w57w6}7 {Cdll}, {w77w87w97w107 wlZ}}~
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True Mostly true False

T M F
, + - -~
Budget claim . . .
o w ws w
by incumbent : ’ ’
w2 5 w4 5 We 12
. . - - +
Security claim A , )
w w w
by challenger ! ’ H
ws 6 w10 6 w12 10

Figure 6: Rows are common-knowledge components, columns are fact-check verdict labels, and
color is political impact: blue 4, incumbent-favorable; red —, challenger-favorable. Numbers =
multiplicities, normalized by 32 within each context. The verdict format refines political impact
within each row, but every verdict column flips political impact across rows.

These partitions generate exactly C'z and Cls.
Let D(7) = E,[||ul — p2|l1] be the ¢i-expected distance between the citizens’

posteriors. With the weights above, the impact format can use the binary experiment

. 0, fweBTUST, _ ,
TP(s1 | w) = TP (s |w) =1 —7"P(s1 | w).
8 fweB US,

This experiment obtains D(7™P) = 31/40. By contrast, every verdict-measurable
experiment satisfies D(7) > 2879/3600, and one can show that this bound is tight

and attained by the binary experiment

fwe VTUVM,

Tver (

81| w) =

7_VE!I'(

Sy lw)=1—71"(

1
> s1 | w).
%, ifwe Vp,

Therefore, a fact-checking format can be strictly finer inside every CKC and still
be strictly worse for depolarization. The coarser impact format is disconnected across
CKCs; the obstruction comes entirely from the globally glued verdict labels, which
create the loop. Moreover, garbling can depolarize strictly more than full revelation

within each CKC.
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Verification. The multiplicities are chosen so that both issues induce the same four-
state depolarization block after marginalizing the split verdict states. This marginal-
ization is applied to the citizens’ posterior beliefs and does not require the verdict
format to identify the aggregated states. In Budget, aggregate wq,ws into base state
1, keep ws as base state 2, aggregate wo, w, into base state 3, and keep wg as base state
4. In Security, keep wy; as base state 1, aggregate wr, wg into base state 2, keep wis as
base state 3, and aggregate ws, wyg into base state 4. In both components, the induced
prior is (1/16,4/16,5/16,6/16), Citizen 1’s induced partition is {{1,3,4},{2}}, and
Citizen 2’s induced partition is {{1},{2,3,4}}.

Under the issue-specific impact format, B and S™ are {1,3} in their respective
components, while B~ and S~ are {2,4}. Hence, the binary experiment 7™P(s; |
Bt) = 7mP(5, | ST) = 0 and 7™P(s; | B™) = 7™P(s; | S7) = 3/4, with sy comple-
mentary, is the aligned four-state experiment in both components. Because it assigns
the same likelihood to the states within every aggregated pair, marginalization is
lossless, and direct calculation gives D(7™P) = 31/40.

Now take any verdict-measurable experiment. Write pr(s) = 7(s | V), pu(s) =
7(s | Vi), qr(s) = 7(s | Vr), and p(s) = (pr(s) + pm(s))/2. The induced marginal
experiment in Budget uses likelihood p(s) on {1,3} and ¢p(s) on {2,4}, while the
induced marginal experiment in Security uses likelihood ¢r(s) on {1,3} and p(s)
on {2,4}. Thus every verdict-measurable experiment induces the looped four-state
experiment with reversed likelihoods across the two components.

To calculate its minimum, consider one signal with likelihood @ on {1, 3} and b on
{2,4}. For a+ b > 0, the citizens’ posteriors on their non-singleton cells are

a, 0, 5a, 6b)

( (0, 4b, ba, 6b)
u(a,b) = = e

b f—
v(a,b) = — %

The signal’s contribution to disagreement in one component is

a 4b
d(a,b) = 1—6Hu(a, b) — el + 1—6H€2 —v(a,b)|
5a + 6b
16

”u(a’ b) - U(CL, b)”b

with d(0,0) = 0. Since the two components reverse the likelihoods and are equally
likely, put G(a,b) := [d(a,b) + d(b,a)]/2. Therefore, with a; = p(s) and by = qr(s),
marginalization implies D(7) > >~ G(as, bs).
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Let ¢ = 2879/7200. Since G is symmetric and homogeneous, for a +b > 0 set
x = af(a+b) and assume z < 1/2. If 0 < z < 1/5, direct simplification gives

G(a,b _ (1—5z)(62+761x—6622 —452> . . G(a,b .
a(+b) —c = )§200(2—x)(1+z) 1> 0. I 1/5 < @ < 1/2, it gives % —c =

(596_13)6%0_(29”_)3?;3;_35”2) > 0. Hence G(a,b) > c(a + b) for all a,b > 0. Since > as; =
Y. bs =1, it follows that D(7) > ¢ (as + bs) = 2879/3600.

For the proposed binary verdict experiment, the likelihood pairs are (1/5,4/5)

and (4/5,1/5), so equality holds in the pointwise bound. Moreover, p; = pys, making
the marginalization lossless. Hence inf.. rvermeasurable D(7) = 2879/3600 > 31/40.

B.2 A takeover bidding war

Consider the information structure given in the mediation-game example (Section ,
where the two players are firms competing in a takeover contest for a target firm. We
interpret the state space as representing the possible synergies from the acquisition:
Firm 1 has higher synergies in w; and w3, while Firm 2 has higher synergies in wy
and wy. Each firm has two actions, R and W, where R denotes raising its offer
and W denotes withdrawing. To simplify the exposition, normalize the payoff from
withdrawal to 0. A high-synergy bidder obtains 1 from raising its offer when its
rival withdraws and 1/2 when both raise; a low-synergy bidder obtains —1 and —2,
respectively. Thus, an informed high-synergy bidder chooses R, whereas an informed
low-synergy bidder chooses W'.

Denote by p the probability that an uninformed firm assigns to having high syn-
ergies. It is easy to verify that it raises its offer iff p > 2/3. Thus, neither a null
report nor a fully revealing report generates a bidding war. Under a null report,
the uncertain bidder withdraws, while under a fully revealing report, the low-synergy
bidder withdraws and the high-synergy bidder raises.

The two analysts have partitions

F = {{wl,wg}, {wQ,w4}}, Fy = {{wl,w4}, {w2,w3}}-

Again, both analysts are perfectly informed within every CKC, but connect the two
CKCs differently. Following the same reasoning as in Section [2, Analyst 2 can send
a partially informative signal s with probability 1 in w; and w, and probability 1/2
in wo and ws. This experiment is Fy-measurable, and conditional on s, the uncertain

bidder assigns probability 2/3 to having high synergies in either CKC. Therefore,
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there exists an equilibrium in which it raises its offer. In ws and ws, that bidder
actually has low synergies, while its informed high-synergy rival also raises. Thus,
the ex ante probability of a bidding war is 1/4. The same analysis as in the mediation-
game example shows that the other analyst can induce a bidding war with an ex ante
probability of at most 1/6.

We can thus show that selective disclosure can generate a bidding war that arises
under neither silence nor full transparency, and that two locally equivalent analysts

can differ solely because their information connects the CKCs differently.

B.3 Tree mimicry

The following result provides an edge-based independent-coordinate construction.
Each edge of a tree is assigned a binary experiment, possibly on a different signal
space. These experiments can be represented simultaneously by laws on a common

signal space, with the additional coordinates acting as common noise.

Lemma 7 (Tree mimicry). Let T = (V, E) be a finite directed tree. For each edge
e = (u,v) € E, fiz a finite signal set S, and two laws ., B € A(S.). Then there exist
a finite signal set St and laws q, € A(St), v € V, such that for every edge e = (u,v),

the ordered pair (qu, q,) is a posterior-equivalent extension of (ae, Be).

Proof. Let Sp = [[,cp Se. For an edge e = (u,v), deleting e leaves two connected
components, so denote by T, the component containing u and by T." the component
containing v. For x € V| define ¢, € A(St) by

e(se), €T,

¢o((sp)rer) = ]

ecF /86(86)7 U T:

This is a probability law because it is a product of probability laws. Fix e = (u,v).
If f # e, then v and v lie in the same component of T'\ {f}, so the f-coordinate has
the same law under ¢, and ¢,. On coordinate e, the law is «, under ¢, and [, under
¢»- Hence (qu, @) is (ae, ) multiplied by the same law on the coordinates E \ {e},

and is therefore a posterior-equivalent extension. O
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B.4 More than one CKC

As the benchmark Corollary [I] states, under a unique CKC, the partition-refinement
condition ensures that Oracle 1 can produce the exact same experiment as Oracle 2.
This conclusion, however, hinges on the existence of a unique CKC. In case there are
several CKCs, Oracle 1 may need to follow a different experiment in order to match
the distribution on posteriors generated by 7. Namely, 7 may require more signals
than 75, even if both oracles have the same (complete) information in every CKC. Let

us provide a concrete example for this.
Example 1. A mimicking experiment 71 may require more signals than .

Consider a uniformly distributed state space Q = {wq, wa, w3, w4}, with two players
whose private information is [Ty = {{w;,wa},{ws}, {ws}} and Iy = {{w: }, {wa}, {ws,wa}}.
The oracles have the following partitions F; = {{wi,ws}, {wa}, {ws}} and F, =
{{w1},{ws}, {wa,ws}}. Notice that there are two CKCs, {w;,ws} and {ws,w,}, and
both oracles have complete information in each of these components. That is, F}
refines F5 in every CKC, and vice versa.

Consider the experiment 7 given in Figure [l Notice it is Fy-measurable, as

To(S|lwa) = Ta(s|ws) for every signal s, but not Fj-measurable.

To(slw) | s1 | s2 | s3
o | 0 [ 1/2[1)2
wa 1/312/3| 0
ws | 0 | 2/3[1/3
w1 | 1/3[2/3] 0

Figure 7: A stochastic Fh-measurable experiment of Oracle 2.
The set of posterior profiles generated by 7, is
(€;,€;), V1<i<d4,
Post(r,) = ((2,2,0,0),¢;), j=1,2 :
(€k7 (Ov 0, %’ %)) , k=34

where the i*® coordinate of e; is 1. The set Post(7;) records the posterior types that

can arise, but mimicry also requires matching their conditional probabilities within
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each CKC. Under 7, in C1s = {w1,ws}, the posterior types eq, (3/7,4/7,0,0), and
ey occur with probabilities 1/4, 7/12, and 1/6, respectively. In C3y = {ws, w4}, the
posterior types es, (0,0,1/2,1/2), and ey occur with probabilities 1/6, 2/3, and 1/6,
respectively.

With only three signals, each posterior type in either CKC must be generated by
exactly one signal, so the common signal labels define a bijection between the three
types in the two CKCs. Under the uniform prior, a signal that occurs with conditional
probability m in a two-state CKC and induces posterior probability ¢ on its first state
has likelihood 2mgq at that state. Therefore, the three signals must have likelihoods
{1/2,1/2,0} at wy, but {2/3,1/3,0} at ws. Since Fi(wy) = Fi(ws), Fi-measurability
requires these likelihoods to coincide signal by signal. No bijection between the two
multisets satisfies this requirement. Hence no three-signal Fj-measurable experiment
can reproduce the required distributions of CKC posteriors.

Oracle 1 therefore requires a fourth signal, as in Figure [§| Thus, even when the
oracles’ partitions refine one another in every CKC, a mimicking experiment may

require more signals than the experiment it mimics.

Ti(s|lw) | s3 | sS4 | S5 | Se
o | 1/2[1/3] 0 |1/6
e 12/3] 0 [1/3] 0
ws | 1/2]1/3] 0 |1/6
Wi | 1/2] 0 [1/3[1/6

Figure 8: An experiment 71 with 4 signals.

Remark 2. Note that dominance does not imply refinement in general. To see this,
consider the information structure I1; = Iy = {{wy,wa}, {ws,wa}}, Fi = {{w1,ws, w3}, {ws}}
and Fy = {{w1,ws},{ws},{ws}}. For every experiment 5, one can devise an exper-
iment T that yields the same distribution over posterior beliefs. Evidently, Oracle 2
provides the players with no additional information regarding states wy and wsy, and

this allows Oracle 1 to replicate 7 on w3 and wy, accordingly.

B.5 Balancedness and the likelihood-ratio obstruction

This subsection provides additional motivation for the cover criterion in Appendix[A.2]
Consider a non-balanced Fj-loop as in Figure (b), and suppose that A and B are
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Fy-measurable sets with #(A — B) # #(B — A). For example, if A = {wy,ws, w3}
and B = {@,ws, w3}, then #(A — B) = 3 and #(B — A) = 0. Let s be a signal
and define an Fy-measurable experiment by

1 1
(s |w) = 5~ Zl{weA}-

Then each transition from A to B contributes the likelihood ratio 1/2; and each
transition from B to A contributes the likelihood ratio 2. Hence, the product of

likelihood ratios around the loop is

11 7a(s [ W) _ opmoa-#(amn)
15615 ’

which is not equal to one whenever the loop is not balanced.
By contrast, any Fj-measurable experiment 7; must satisfy
7i(s | wj)
H ——— =1
+7i(s [ @)
j
because w; and w;y; are in the same Fj-atom. Thus Oracle 1 cannot reproduce this
likelihood vector signal by signal; Lemma [3] establishes the corresponding obstruction
to posterior-law mimicry while allowing signal relabeling and splitting. This is the
likelihood-ratio obstruction behind Proposition [3} for irreducible loops, balancedness

is exactly the algebraic condition that rules out this obstruction, and the proposition

shows that it is equivalent to the geometric condition of being Fb-covered.
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