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Abstract
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1 Introduction

Public information in strategic environments does more than reveal facts: it changes how pri-

vately informed agents reason about one another. As a result, signals released by intermediaries

may alter equilibrium behavior even when the intermediaries themselves have only partial infor-

mation. This introduces a fundamental comparative problem: characterizing when one infor-

mation intermediary is universally more informative than another in strategic interactions. The

question is central in settings ranging from financial markets to online platforms, where public

information shapes strategic behavior by selectively revealing information to heterogeneously

informed agents.

This paper examines incomplete-information games where players are partially informed,

both privately and publicly, about the realized state. The private information is provided to

every player by their specific partition, and the public information is disclosed by an external

source, namely, an oracle.

Formally, an oracle holds a partition of the state space and communicates through a signaling

function that is measurable with respect to the oracle’s partition. Any such signaling function

is a Blackwell experiment (see Blackwell, 1951), so an oracle can be viewed as a generator of

experiments compatible with its information. Each experiment, combined with the players’

private partitions, induces a “guided game” with its own set of equilibria. Notably, the oracle

need not know what is common knowledge among the players.

The primary objective is to compare two oracles in terms of their ability to induce equilibria

across all games. Oracle 1 is said to dominate Oracle 2 if, for every experiment available to

Oracle 2, Oracle 1 can generate an experiment, such that in every game, the set of equilibrium

distributions over state-action profile pairs contains the one generated by Oracle 2.

Throughout the paper, we hold the players’ private information fixed, isolating the vari-

ation strictly to the oracles’ experiments. Doing so, we adopt an implementability notion of

dominance requiring Oracle 1 to support every equilibrium outcome distribution induced by

Oracle 2. This comparison does not assign an objective to the oracle, and contrasts with al-

ternative notions that require the comparison to hold for every configuration of the players’

private information. Further discussion of these modeling assumptions and the challenges they

create is given in Section 3.

Dominance has two complementary components: a local component and a global one. The

local part is governed by the players’ common knowledge components (CKCs), the minimal

commonly known events (see Aumann, 1976). The global part is governed by a new structure,

referred to as information loops : closed paths that link different CKCs through atoms of the

oracle’s partition. To see why this structure is needed, consider three CKCs Cj = {ωj, ωj}, j =
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1, 2, 3, under a uniform prior. Let Oracle 1’s partition be F1 = {{ω1, ω2}, {ω2, ω3}, {ω3, ω1}},
as in Figure 1, and let Oracle 2’s partition be F2 = {{ω1, ω2, ω3}, {ω1, ω2, ω3}}. Inside each

CKC, both oracles separate the two states, so they are equally informative locally. Yet Oracle 2

can send a signal s with probability 1/3 at each ωj and 2/3 at each ωj, producing likelihood

ratio 1/2 in every CKC. Oracle 1 cannot reproduce this: every positive-probability mimicking

signal of Oracle 1 would need a likelihood ratio in {1/2, 2} in each CKC, while F1-measurability

requires the product of the three ratios to be one. Thus, local informativeness is not enough,

as likelihood ratios inside different CKCs must be globally compatible with a single oracle-

measurable public signal.

ω1 ω1

ω2

ω2ω3

ω3

F1(ω2)

F1(ω3)

F1(ω1)

C1

C2C3

Figure 1: An illustration of an F1-loop. The loop intersects three CKCs (C1, C2, C3), each containing two states,
via three distinct atoms of Oracle 1’s partition (F1).

Information loops capture this additional layer of structure. They arise from the interaction

between the players’ common-knowledge structure and the external oracle’s partition, and they

determine whether local mimicking constructions inside CKCs can be glued into a single oracle-

measurable experiment. As a consequence, refinement within every CKC is not sufficient for

dominance: even a locally more informative oracle may face cyclic compatibility constraints

across CKCs.

Before developing the loop analysis, Section 3.2 records a posterior characterization of dom-

inance. Proposition 1 shows that Oracle 1 dominates Oracle 2 if and only if every experiment of

Oracle 2 can be matched by an experiment of Oracle 1 in terms of the distribution of posterior

beliefs generated within each CKC. This result is used throughout the analysis to translate

strategic dominance into posterior mimicry.

Our main analysis begins with the study of loop geometry. We identify several essential

properties of information loops, the central one being the existence of an order-preserving

cover. An F1-loop admits an order-preserving F2-cover if its pairs can be partitioned into F2-

sub-loops and a set of pairs that F2 does not distinguish, with each sub-loop preserving the

cyclic order inherited from the original F1-loop. This property, along with several others studied

in Section 4, underlies our two main results.
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The first main result, Theorem 1, characterizes equivalent oracles, defined through mutual

dominance. The equivalence problem is the cleanest benchmark: mutual dominance forces

both oracles to agree locally within every CKC and globally on their primitive loop structure.

Specifically, Oracles 1 and 2, with partitions F1 and F2 respectively, are equivalent if and only

if F1 and F2 refine each other within every CKC and every irreducible1 Fi-loop admits an

order-preserving F−i-cover, for i = 1, 2.

We then turn to one-sided dominance, Theorem 2, our second main result and a loop-

cover theorem. If Oracle 1 dominates Oracle 2, then F1 refines F2 inside every CKC, every

irreducible F1-loop is F2-covered, and every unique cover of an irreducible loop must preserve

the cyclic order of the original loop. Conversely, local refinement together with order-preserving

covers of irreducible loops implies dominance under separated-loop structures. Thus, one-sided

dominance is governed by local refinement and by the global compatibility of cyclic likelihood-

ratio constraints.

These results immediately yield several benchmark cases. For example, if the state space

consists of a single CKC, or if there are no F1-loops, the global loop condition is vacuous, and

dominance collapses to refinement within every CKC (Corollary 1).

Finally, we focus on deterministic experiments. A deterministic experiment assigns a signal

to each atom of the oracle’s partition, and in this restricted setting dominance collapses to a

jointly more informative (JMI) condition: Oracle 1 dominates Oracle 2 if and only if, for every

deterministic experiment of Oracle 2, Oracle 1 can match the players’ joint posterior beliefs

once their private information is taken into account (Proposition 3). The refinement condition

in the stochastic results does not follow from the deterministic JMI criterion (Example 1), so

the stochastic theory is not simply a stochastic recasting of the deterministic one.

1.1 Who generates public information?

An oracle is any institution or intermediary that makes public statements on the basis of

potentially incomplete information, that might not be identical to the information held by

the players. The oracle’s partition represents what this intermediary can observe, verify, or

certify, and its experiment represents how that evidence is translated into public information.

The object being compared is therefore neither a single signal nor a specific experiment, but a

technology for generating public information.

Public disclosure by regulators is a leading example. In financial supervision, investors,

creditors, and analysts hold heterogeneous private information about financial institutions and

market conditions. A central bank or supervisory authority may observe stress-test data or

1An Fi-loop is irreducible if its states do not comprise a shorter Fi-sub-loop.
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confidential balance-sheet information, but must still choose how to disclose it. The supervisor’s

evidence determines what its experiment can condition on, while the disclosure rule determines

the experiment itself. Comparing two transparency regimes is therefore a comparison between

two experiment-generating technologies, not merely between two realized announcements.

A related interpretation arises in public mediation. In commercial disputes, regulatory

settlements, or political negotiations, the parties hold private information that shapes the scope

for agreement. A mediator may observe evidence that cuts across these private fragments and

then issue a public statement that changes the parties’ beliefs about the state and about one

another. Our framework ranks such mediation technologies without assigning a payoff function

to the mediator or imposing an equilibrium-selection rule. This differs from standard persuasion,

where the sender’s objective is specified, and is complementary to work on coordination under

strategic uncertainty, where a designer jointly uses incentives and information to guarantee

desirable outcomes (see Halac et al., 2022).

By contrast, we study public-information technologies in which the intermediary neither

observes nor elicits players’ private information. Allowing multidirectional communication and

player-specific private recommendations would enable richer forms of coordination. Our model

instead restricts the intermediary to a public experiment measurable with respect to its own

partition. Public labels may still coordinate equilibrium selection, but only through a signal

observed by all players. This resembles a firm making a public market announcement without

first eliciting investors’ heterogeneous private information. Accordingly, the model isolates how

public information interacts with fixed common-knowledge components and separates public

disclosure from elicitation-based mechanism design.

A mediation-game application is developed in Section 2, and a fact-checking example is

given in Appendix B.3. These applications share a structure that is not captured by standard

concavification tools.2 The intermediary cannot choose arbitrary Bayes-plausible distributions

over joint posteriors, but can only choose experiments measurable with respect to its own

information, and the effect of any such experiment depends on how it interacts with the players’

private partitions. Oracle dominance addresses this directly by asking whether one intermediary

can replicate the joint posterior profiles, and hence the equilibrium outcome distributions,

that another can generate. Two structural objects govern the comparison: the CKCs of the

players’ partitions, which determine local mimicking, and the information loops linking these

components, which determine global compatibility. The theory then ranks the generators of

public information, but without solving a separate information-design problem for each possible

objective.

2Lagziel and Lehrer (2025) show that the feasible set of joint posterior beliefs is typically non-convex given
a non-binary state space, when both the oracle and the players possess private and partial information.
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1.2 Information endowments

In analyzing the strategic impact of the information provided by an oracle, a key modeling

choice concerns the structure of the information available to both the players and the oracles.

Specifically, our underlying framework assumes that the initial information endowments of the

oracles and the players are given by partitions of the state space, rather than by stochastically

generated information structures. Crucially, this restriction applies only to the underlying

information states, whereas the oracles themselves are fully permitted to employ stochastic

experiments to transmit information to the players.

This structural boundary is methodologically deliberate. Evaluating the comparative value

of oracles in a multi-player environment introduces substantial combinatorial and strategic com-

plexity. Indeed, characterizing the feasible posterior regions, the limits of information trans-

mission, and the resulting strategic implications is already a highly non-trivial mathematical

task when initial information is partitioned, even before introducing general type spaces.

Consequently, focusing on partitions allows us to isolate the fundamental mechanisms of

the model without the confounding analytical tractability issues introduced by stochastic noise.

This framework serves as the necessary foundation for this line of research. The formal analysis

established here provides the benchmark structures and tools required to extend the model

to fully stochastic information environments in subsequent studies. This baseline partition

structure also clarifies the boundaries of the signaling mechanism itself.

1.3 Relation to literature

Blackwell (1951, 1953) provides the classic comparison of experiments for a single decision

maker: one information structure dominates another if it yields weakly higher expected utility

in every decision problem. We extend this framework along two dimensions. First, we move

from decision problems to incomplete-information games, where the objects being compared

are equilibria of “guided games” induced by an oracle’s signals. Second, instead of a fixed ex-

periment, an oracle is a generator of experiments compatible with its partition. Our dominance

notion is therefore about the ability of one oracle to replicate the equilibrium outcome distri-

butions that another oracle can induce, rather than optimizing a particular decision maker’s

payoff.

Brooks et al. (2024) strengthen Blackwell by requiring robustness to arbitrary auxiliary

signals and decision problems and characterize strong Blackwell dominance between two signals.

Their analysis compares two information sources (signals) that are robust to any external

information source and decision problem. In contrast, we fix the players’ private information

structures and the prior, and compare oracles that can implement any experiment measurable
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with respect to their partitions. Our dominance relation is specific to a given configuration of

players’ information and to strategic interaction, not to a universal set of decision problems.

A related literature compares information structures in games and establishes partial or-

ders. Peski (2008) analyzed zero-sum games, offering an analogous result to Blackwell’s by

characterizing when one information structure is more advantageous for the maximizer. Lehrer

et al. (2010, 2013) analyze signaling and mediation in common-interest games and show how

variants of Blackwell garbling characterize outcome equivalence. Likewise, Bergemann and

Morris (2016) characterize dominance among two information structures through the concept

of individual sufficiency, an extension of Blackwell’s notion of garbling to n-player games. A

common feature of these papers is that they compare fixed information structures (typically

private signals) and use versions of Blackwell’s garbling to capture dominance. We instead hold

players’ private information fixed and compare oracles that provide public signals, subject to

an oracle-measurability constraint (the oracle cannot condition on players’ private signals). For

this reason, oracle dominance is not meant to coincide with, or simply specialize, Bergemann

and Morris (2016) to public signals: even under a “public-signal-only” restriction, their order

is a pairwise comparison of two fixed information structures, whereas our is a comparison over

the menus of feasible public experiments generated by different oracle partitions. Dominance

in our setting is driven by the implementable joint posterior beliefs, constrained by CKCs and

information loops.

Another strand studies mediators in incomplete-information games who correlate players’

actions through private recommendations, often without adding information about the realized

state; see Forges (1993) and Gossner (2000) among others. Our oracles instead communicate

through a common public signal and cannot issue player-specific recommendations. Thus, ora-

cles can affect outcomes through both belief changes and public coordination. The distinction

from standard mediation is that this coordination must be generated by a single public experi-

ment measurable with respect to the oracle’s partition, rather than through privately correlated

recommendations. Consequently, oracle dominance cannot be reduced to the richness of the

correlated-equilibrium correspondence.

Our departure from existing dominance notions (see, e.g., Gossner, 2000 and Bergemann

and Morris, 2016) lies in restricting information provision to public disclosure, given players’

private information and the Oracle’s information. This restriction creates global measurability

and consistency constraints across CKCs. If players’ private information is trivial, or if the

comparison is required to hold uniformly over all possible player-information structures, the

loop constraints disappear and dominance reduces to partition refinement. Allowing private

recommendations instead defines a different mediation problem and does not, by itself, remove

the oracle-measurability constraint. The conceptual contribution of this paper is to isolate and
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clarify the role of public disclosure in shaping the interaction between fixed players’ private

information and the Oracle’s information, and to show how this interaction fundamentally

alters the set of attainable equilibrium outcomes.

Our use of CKCs is rooted in the epistemic foundations of games. Aumann (1976) defines

common knowledge and the induced partition into CKCs. Monderer and Samet (1989), Mertens

and Zamir (1985), Brandenburger and Dekel (1993), and Battigalli and Siniscalchi (1999) clarify

how hierarchies of beliefs and type spaces encode such information. Our model builds on these

studies by fixing the partition structures while varying only the oracle’s public experiment. The

novel constraints we study arise from global measurability across CKCs (via loops), not from

additional complexity in private belief hierarchies. Information loops then formalize how public

measurability links different CKCs and constrains the set of posterior profiles that an oracle

can generate.

The dominance problem, and in particular the analysis of order-preserving covers, can be

partially translated into the study of Eulerian directed multigraphs. In the unique-cover case,

the associated F2-atom multigraph has a unique directed-cycle partition and, by Cooper and

Okur (2025), is a bridgeless cactus; in particular, distinct covering cycles intersect in at most

one F2-atom. We are not aware of a general characterization of the order-preservation problem

beyond such benchmark regimes.

1.4 The structure of the paper

The paper is organized as follows. In Section 2, we provide a simple example to illustrate

the key concepts of the paper. Section 3 presents the model, the dominance relation, and

the posterior-mimicry perspective used throughout the analysis. Section 4 introduces local

refinement, information loops, covers, and order preservation. Section 5 gives the complete

characterization of equivalent oracles. Section 6 studies one-sided stochastic dominance and

states the loop-cover dominance theorem. Section 7 collects the benchmark cases: unique

CKC, acyclic/no-loop stochastic structures, non-informative loops, the two-CKC case, and

deterministic dominance. Section 8 concludes.

2 A Mediation Game: motivating example

The following example shows that two oracles carrying identical information within every CKC

can nonetheless support markedly different sets of equilibrium outcomes. Consider a game with

two players, indexed by i = 1, 2, each with two actions: either attack (A) or compromise (C).

The set of states is Ω = {ω1, ω2, ω3, ω4}, endowed with a uniform common prior. The players
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hold asymmetric information: player 1’s partition is Π1 = {{ω1, ω2}, {ω3}, {ω4}}, and player 2’s

partition is Π2 = {{ω1}, {ω2}, {ω3, ω4}}. Thus, when either ω1 or ω2 is realized, player 2 learns

the state with probability 1, while player 1’s posterior is uniform over {ω1, ω2}. Similarly, when

ω3 or ω4 is realized, then player 1 learns the state with probability 1, while player 2’s posterior

is uniform over {ω3, ω4}.
The payoffs of the game are presented in Figure 2. Let Gi denote the payoff matrix when

state ωi is realized. In G1 and G3, player 1’s dominant strategy is A and player 2’s dominant

strategy is C, whereas in G2 and G4 the dominant strategies are reversed.

Player 2

A C

Player 1
A (2,−5) (2,−4)

C (−1,−1) (0, 0)

Given that ω ∈ {ω1, ω3}

Player 2

A C

Player 1
A (−5, 2) (−1,−1)

C (−4, 2) (0, 0)

Given that ω ∈ {ω2, ω4}

Figure 2: Two payoff matrices with Player 1 (row player) and Player 2 (column player).

The interpretation of the game is straightforward. Each player can either attack the other

or compromise by agreeing to a peace treaty. In states ω1 and ω3, player 1 holds the superior

attacking position, whereas in states ω2 and ω4 player 2 holds this advantage. Nevertheless,

from a social perspective it might be optimal to reach a peace agreement, as it maximizes the

aggregate payoff. Such a treaty, however, requires a joint concession by both players.

Consider now the players’ equilibrium behavior. If the realized state is either ω1 or ω2,

then player 2 is fully informed while player 1’s posterior is
(
1
2
, 1
2
, 0, 0

)
. In this case, given that

player 2’s dominant strategies are C in ω1 and A in ω2, player 1’s optimal action is A. On

the other hand, if the realized state is either ω3 or ω4, the roles reverse and player 2’s optimal

action is A. Hence, in every equilibrium of the game, the profile (C,C) is never played.

Now consider the role of a mediator. There are two possible mediators, indexed j = 1, 2,

and each possesses private information. Mediator 1 is represented by the partition F1 =

{{ω1, ω3}, {ω2, ω4}}, and Mediator 2 is represented by the partition F2 = {{ω1, ω4}, {ω2, ω3}}.
Figure 3 depicts the players’ and the mediators’ information structures. Notably, conditional on

any CKC, both mediators have perfect information of the realized state. Thus, in every CKC

they can induce any Bayes-plausible posterior profile. Yet, their ability to induce equilibrium

outcomes differs substantially.

Assume, for simplicity, that each mediator tries to persuade both players to accept a peace

treaty in equilibrium. This can never succeed in states ω2 and ω3, since in those states the
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Ω Π1 Π2

ω1

ω2

ω3

ω4

(a)

The players’ information

Ω

F2

F1
ω1

ω2

ω3

ω4

(b)

The mediators’ information

Figure 3: On the left, Figure (a) illustrates the information structure of player 1 (blue) and player 2 (red). On
the right, Figure (b) portrays the information structure of the Mediator 1 (teal) and Mediator 2 (orange).

fully informed player holds the superior attacking position and necessarily chooses A. Thus

peace can be induced only in states ω1 and ω4, where the fully informed player is willing to

compromise, and the uninformed player must be persuaded to do the same.

The relevant incentive constraints are simple. In {ω1, ω2}, player 1 is willing to play C iff

his posterior probability of ω1 is at most 1/3. In {ω3, ω4}, player 2 is willing to play C iff his

posterior probability of ω3 is at least 2/3. Hence, a signal that supports peace must make the

first uncertain player sufficiently pessimistic about having the attacking advantage, and the

second uncertain player sufficiently optimistic that the other player has it.

This is where the two mediators differ. Under F1, any signal that induces posterior (p, 1−
p, 0, 0) for player 1 also induces posterior (0, 0, p, 1 − p) for player 2. Hence the same signal

can support peace in both regions only if p ≤ 1/3 and p ≥ 2/3, which is impossible. Thus

Mediator 1 cannot use a single signal to make both uncertain players willing to compromise.

He can still induce peace by using different signals for the two regions, but this is somewhat

inefficient, as the induced probability of peace is bounded by 1/6.3

By contrast, under F2, any signal that induces posterior (p, 1− p, 0, 0) for player 1 induces

posterior (0, 0, 1 − p, p) for player 2. Now the two incentive constraints coincide: the same

signal supports peace in both regions whenever p ≤ 1/3. For example, a signal sent with

probability 1/2 in states ω1 and ω4, and with probability 1 in states ω2 and ω3, induces posteriors

(1/3, 2/3, 0, 0) and (0, 0, 2/3, 1/3). After this signal, both uncertain players are willing to play

C, so there is an equilibrium in which (C,C) is played in states ω1 and ω4 whenever the signal

3Let x = Pr((C,C) | ω1) and y = Pr((C,C) | ω4). By F1-measurability and the incentive constraints, a
signal supporting peace at ω1 (or at ω4) must be at least twice as likely at ω2 (at ω3, respectively). Since no
signal supports peace in both regions, 2x+ y ≤ 1 and x+2y ≤ 1. Thus the ex ante peace probability is at most
(x+ y)/4 ≤ 1/6.
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is sent. This yields an ex ante probability of peace equal to 1/4.

Consequently, the difference between the mediators does not lie in the information they

possess within each CKC, as they are equally informative in that respect. The difference is

how their information “glues” the two CKCs together. Mediator 1 glues the states in a way

that makes the two incentive constraints incompatible, while Mediator 2 glues them in a way

that makes them coincide. Hence two mediators with the same perfect information in every

CKC can induce different equilibrium outcomes. Indeed, our main equivalence result would

show that the mediators are not equivalent, and that neither dominates the other. The fact-

checking example in Appendix B.3 gives a similar loop mechanism, by showing that even when

a partition is finer inside every CKC, it can still be inferior in mitigating differences in the

posterior beliefs of players, simply because its atoms are globally glued differently.

Finally, consider a third mediator with the partition F3 = {{ω1}, {ω4}, {ω2, ω3}}. This

mediator reveals the states in which peace can be induced and pools the states in which peace

is impossible. It can use the same experiment as Mediator 2 above. The induced probability

of peace remains 1/4, which is the highest possible since in each of the states ω1 and ω4, the

relevant likelihood of the peace-inducing signal is at most 1/2.

This third mediator is useful because it separates the game-theoretic point from the informa-

tional one. While F3 is not itself the full-information partition, our characterization (Theorem 1)

implies that it is equivalent to a perfectly informed oracle: it imposes no loop restriction beyond

Bayes plausibility. Theorem 2 and Proposition 2 below imply that F3 dominates not only F2,

which it refines, but also F1, despite not refining it.

3 The model and posterior mimicry

A guided game comprises a Bayesian game and an oracle. The oracle’s role is to provide

information that enables a different, and preferably broader, range of equilibria. It does so

through public signaling, and our analysis seeks to characterize the extent to which oracles can

expand the set of equilibrium payoffs.

We first define the underlying Bayesian game. Let N = {1, 2, . . . , n} be a finite set of n ≥ 2

players, and let Ω denote a non-empty, finite state space. Each player i ∈ N has a non-empty

finite set of actions Ai and a partition Πi over Ω, representing the information available to

player i. Denote the set of action profiles by A = ×i∈NAi. The utility function for each player

i ∈ N is ui : Ω× A → R, which maps states and action profiles to real-valued payoffs.4

4The underlying state space Ω represents payoff-relevant fundamentals only, referred to in Maschler et al.
(2013) as the states of nature. Agents’ information is modeled by their information partitions, and payoffs do
not depend directly on agents’ information or beliefs. The states of nature together with these partitions and
prior, when they are common knowledge among all players, determine the players’ types, which are characterized
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The players’ partitions determine a common-knowledge partition. Following Aumann (1976),

a common knowledge component (CKC) is an atom of the meet
∧n

i=1Πi, the finest common

coarsening of the players’ partitions. Equivalently, a CKC is a minimal event, with respect to

set inclusion, that is common knowledge among the players. We denote the set of CKCs by C,
and for each ω ∈ Ω, let C(ω) ∈ C be the CKC containing ω. Let the join5 Πi ∨ F ′ denote the

updated information of player i given Πi and some partition F ′.

To extend the basic game into a guided game, we introduce an oracle that provides public

information before players choose their actions. The oracle is endowed with a partition F of the

state space Ω, and a countable set S of possible signals. A signaling function of the oracle is

an F -measurable experiment τ : Ω → ∆(S), where ∆(S) is the set of probability distributions

on S with finite support. We denote by τ(s|ω) the probability that the oracle sends signal s

when the realized state is ω.

The guided game evolves as follows. First, the oracle publicly announces an experiment τ .

Then, a state ω ∈ Ω is drawn according to a common prior µ ∈ ∆(Ω) with full support. Each

player i is privately informed of Πi(ω), which is a set of states containing ω and also an atom of

player i’s private partition. Finally, a signal s ∈ S is drawn according to τ(ω) and is publicly

announced.

Let µi
τ |ω,s = µ(· | Πi(ω), τ, s) ∈ ∆(Ω) denote player i’s posterior belief after observing Πi(ω)

and a realized signal s according to τ(ω), whenever this observation has positive probability.

The experiment τ , together with the prior and the players’ partitions, induces a finite set Post(τ)

of realized joint posterior profiles. The prior, the players’ partitions, and the experiment τ

induce the guided incomplete-information game G(τ). When there is no risk of ambiguity, we

denote the incomplete-information game without τ by G.

3.1 Comparing Oracles: Dominance and Equivalence Classes

To discuss the role of the oracle in the current framework, we define a relevant solution concept,

referred to as a Guided equilibrium, which incorporates the oracle’s strategy. Formally, let

σi : Πi × S → ∆(Ai) be a strategy of player i. A tuple (τ, σ1, . . . , σn) is a Guided equilibrium if

(σ1, . . . , σn) is a Nash equilibrium in the incomplete-information game G(τ).

The notion of a Guided equilibrium defines a preorder of oracles, i.e., a reflexive and transi-

tive relation over their partitions according to the sets of equilibria. To define this relation, let

NED(G(τ)) ⊆ ∆(Ω×A) be the set of distributions over Ω×A induced by Nash equilibria given

G and τ .6 Now consider two oracles, Oracle 1 and Oracle 2, and denote the generic partition

by the full hierarchy of beliefs, à la Harsanyi.
5Coarsest common refinement of Πi and F ′; following the definition of Aumann (1976).
6Note that a Nash equilibrium (σ∗

i , ..., σ
∗
n) induces a probability distribution over Ω × A. Specifically, fix ω
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and experiment of Oracle j by Fj and τj, respectively.

Definition 1 (Dominance and equivalence of oracles). Fix the players’ information structures.

We say that Oracle 1 dominates Oracle 2, denoted F1 ⪰NE F2, if for every τ2, there exists τ1

such that for every game G, we have NED(G(τ2)) ⊆ NED(G(τ1)). We say that Oracle 1 and

Oracle 2 are equivalent, denoted F1 ∼NE F2, if Fi ⪰NE F−i, for every i = 1, 2.

Oracle 1 dominates Oracle 2 if, for each experiment chosen by Oracle 2, Oracle 1 can

choose a single experiment that implements, in every game, all equilibrium outcome distribu-

tions implementable under Oracle 2’s experiment. A direct comparison of players’ equilibrium

strategies is ill-defined across oracles, as their domains are endogenously determined by the

chosen experiment.

Three points are worth noting here. First, one could consider defining dominance between

oracles in a more robust manner by allowing players’ information structures to vary over a set

of possible partitions. If dominance were required to hold uniformly over all such partitions,

the comparison problem would become rather simple. In particular, the set of admissible

information structures would include the case of trivial private information. In that case, the

common-knowledge structure admits no loops and, by our results, oracle dominance reduces

to partition refinement. The substantive challenge in our framework arises precisely because

players’ information partitions are fixed and predetermined, so that dominance must be assessed

under binding measurability and common-knowledge constraints.

Second, Definition 1 compares oracles via inclusion of equilibrium outcome distributions.

Analogously, one can define dominance in terms of equilibrium payoff sets. Outcome–based

dominance implies the corresponding payoff–based notion, but the former is more natural when

the objective is to control actions and aggregate outcomes, whereas payoff–based notions suit

environments that focus on agents’ utilities. The inclusion order asks that each experiment of

Oracle 2 can be matched by a single experiment of Oracle 1 that works uniformly across all

games. Evidently, Oracle 1 may support additional equilibrium outcomes.

Third, one can compare oracles by treating them as strategic players in some sender–receiver

game, assigning payoff functions, and saying that Oracle 1 is more informative than Oracle 2 if

it obtains weakly higher equilibrium payoffs in every such game. This approach faces two diffi-

culties: (i) equilibria are typically multiple, so oracle payoffs depend on an arbitrary selection

rule; and (ii) it ties the comparison of information structures to particular oracle objectives.

Our dominance notion is instead an analyst’s environment-specific implementability compari-

son. The players’ information partitions are fixed, and the matching experiment may depend on

and an action profile a, the probability of (ω, a) under the equilibrium strategy (σ∗
i , ..., σ

∗
n) and the experiment

τ is given by µ(ω)
∑

s∈S τ(s|ω)
∏n

i=1 σ
∗
i (ai|Πi(ω), s). Since multiple equilibria can exist, NED(G(τ)) is a subset

of ∆(Ω×A).
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that configuration; an operational rule for selecting it would therefore generally require knowl-

edge of the fixed information structure. The formal relation itself, however, neither assigns an

objective to the oracle nor requires the oracle to know those partitions.

3.2 A CKC-posterior characterization of dominance

The following proposition reduces strategic dominance to posterior mimicry within CKCs. For

an experiment τ , a CKC C, and a signal s with Pτ (s | C) :=
∑

ω∈C µ(ω | C)τ(s | ω) > 0, let

Pτ,s,C ∈ ∆(C) denote the posterior on C induced by s, and letQτ (C) := {Pτ,s,C : Pτ (s | C) > 0}.
Let µτ |C denote the distribution of Pτ,s,C when s is drawn according to Pτ (· | C). Since players’

information partitions are fixed, the CKC-posterior Pτ,s,C also determines each player’s posterior

within C by conditioning on her information cell. (All proofs are deferred to Appendix A.)

Proposition 1. Oracle 1 dominates Oracle 2 if and only if for every experiment τ2 there exists

an experiment τ1 such that µτ1|C = µτ2|C for every CKC C.

The equality µτ1|C = µτ2|C matches the distribution of posterior beliefs within each CKC,

but it need not preserve the signal-label structure of τ2. This matters because payoff-irrelevant

public labels can serve as coordination devices in equilibrium. In the proof, Oracle 1 restores

this coordination structure by augmenting its experiment with state-independent common ran-

domness that selects, conditional on each posterior q ∈ Qτ2(C), among the τ2-signals inducing

q with the same conditional probabilities as under τ2.

Two immediate consequences will be used repeatedly. First, dominance implies that every

experiment of Oracle 2 can be matched by a single experiment of Oracle 1 at the level of

CKC posterior distributions. Second, if for every F2-measurable experiment there exists an F1-

measurable experiment that reproduces it inside every CKC up to common noise, then Oracle

1 dominates Oracle 2.

4 Information loops

Our characterization of dominance has two components: a local one, comparing the oracles’

partitions within each CKC, and a global one, capturing how the two partitions link different

CKCs. To analyze the global component, we develop a theory of information loops, presented

below.
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4.1 Local refinement inside CKCs

The local component of dominance compares the two oracles within each CKC. For a partition

F and a CKC C, write F |C for the restriction of F to C, namely the collection of non-empty

sets A∩C with A ∈ F . We say that F1 refines F2 in the CKC C if F1|C refines F2|C , and we say

that F1 refines F2 in every CKC if this condition holds for every CKC. This local refinement

condition is the within-component part of dominance. The remaining difficulty is global: a

single F1-measurable experiment must be chosen across all CKCs, and this creates additional

measurability constraints.

When there is a single CKC, dominance is essentially local: refinement inside that compo-

nent is enough to reproduce the relevant posterior distributions. With several CKCs, this local

argument no longer settles the problem. Atoms of the oracle partition may connect different

CKCs, and the mimicking experiment must be measurable across all these links simultaneously.

The compatibility constraints generated by such cross-component links are the source of the

loop restrictions below. Appendix B.1 gives examples showing that, with several CKCs, a mim-

icking oracle may need to use a different signal space than the oracle it mimics, even when the

two oracles have the same information inside each CKC.

4.2 Information loops and covers

We now define the loop objects that create global constraints across CKCs. Let C1, . . . , Cl

be the CKCs. A key aspect of our analysis is that atoms of an oracle partition may connect

different CKCs. A sequence of such connections can form a closed path, which we call an

information loop, or simply a loop.

Definition 2. An Fi-loop is a sequence (ω1, ω1, ω2, ω2, . . . , ωm, ωm) of 2m distinct states, with

m ≥ 2 where indices are taken modulo m, such that

a. ωj, ωj ∈ Crj for all j = 1, . . . ,m;7

b. ωj+1 ∈ Fi(ωj) for all j = 1, . . . ,m;

c. Crj ̸= Crj+1
for all j = 1, . . . ,m.

The concept of an information loop captures a strategic tension between the players’ common-

knowledge structure and the oracle’s information partition. An information loop links distinct

CKCs because the oracle need not know what is common knowledge among the players. Conse-

quently, its partition cells may cross CKC boundaries. Formally, an Fi-loop relies on the prop-

erty that two states belonging to different CKCs, namely ωj and ωj+1, satisfy Fi(ωj) = Fi(ωj+1).

7Here Crj refers to the CKC that contains the j-th pair of states (ωj , ωj).
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Since the oracle cannot distinguish between these states, any Fi-measurable signal structure

must treat them identically, generating global consistency restrictions across distinct CKCs.

At the same time, a loop may contain pairs of states that lie within the same CKC, namely,

that the players cannot commonly distinguish, while the oracle can. Accordingly, each pair

(ωj, ωj) in the loop consists of states that may belong to different information sets of Fi,

even though they are drawn from the same CKC. Information loops, therefore, arise from

the following tension: (a) The oracle identifies states across different CKCs, because it does

not observe the players’ common-knowledge boundaries; (b) The oracle may distinguish states

within a CKC that are not separated by common knowledge among the players.

Information loops admit a useful graph-theoretic interpretation. Consider the CKCs as the

vertices of a multigraph, and connect two CKCs whenever there exist states ωj and ωj+1 in

the same Fi-partition element. An information loop then corresponds to a closed walk through

selected cross-CKC links. The condition Crj ̸= Crj+1
ensures that attention is restricted to

genuinely cross-CKC links, since these are precisely the links generating global compatibility

constraints.

The importance of loops follows directly from measurability. If τi is Fi-measurable and

(ω1, ω1, . . . , ωm, ωm) is an Fi-loop, then for every fully supported signal s,

m∏
j=1

τi(s | ωj)

τi(s | ωj)
= 1. (1)

Indeed, since ωj and ωj+1 belong to the same Fi-atom, the denominator in one term equals the

numerator in the next. Thus, every Fi-measurable experiment must satisfy the loop-product

restriction induced by the corresponding information loops.

The central question is therefore whether every F2-measurable experiment that can be locally

replicated within each CKC also satisfies the loop restrictions imposed by F1. We address this

question through the notion of covers.

Definition 3. An Fi-loop (ω1, ω1, ω2, ω2, . . . , ωm, ωm) is F−i-covered if the set {1, . . . ,m} can

be partitioned into disjoint sets of indices J, I1, . . . , Ir such that
(
(ωj, ωj)

)
j∈It

yields an F−i-loop

for each t = 1, . . . , r (also referred to as an F−i-sub-loop) and ωj ∈ F−i(ωj) for every j ∈ J .8

The cover is order-preserving if every F−i-sub-loop in the cover follows the same cyclic ordering

of pairs as the original Fi-loop, up to a cyclic rotation. An F−i-non-informative pair need not

belong to J ; it may instead be retained in an F−i-sub-loop.

In intuitive terms, an F−i-cover decomposes an Fi-loop into a collection of F−i-loops together

8The order of the pairs (ωj , ωj) in the F−i-loop need not coincide with their order in the original Fi-loop. For
instance, an F1-loop (ω1, ω1, ω2, ω2, ω3, ω3) might be covered by the F2-loop (ω1, ω1, ω3, ω3, ω2, ω2). Whenever
F−i(ωj) = F−i(ωj), Oracle −i cannot distinguish between ωj and ωj , so the pair may be placed in J .
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with pairs for which Oracle −i is non-informative. Figure 4 illustrates these definitions. In all

panels, each rectangle represents a CKC, and the underlying structure is the same F1-loop,

namely ((ωj, ωj))j=1,...,4. The panels differ only in the informational structure induced by F2.

Panel (a) depicts a cover consisting of two order-preserving F2-loops. Panel (b) presents a

partition F2 that fails to cover the original F1-loop: ω1 is matched with ω3 rather than with ω3.

The panel also contains two F2-non-informative pairs, namely (ω2, ω2) and (ω4, ω4). Panel (c)

illustrates a cover that is not order-preserving. The sequence (ω1, ω1, ω3, ω3, ω2, ω2) forms an F2-

loop, while (ω4, ω4) is an F2-non-informative pair. In this case, the pair (ω3, ω3) appears before

(ω2, ω2), thereby violating the original ordering induced by the F1-loop. Our main theorems

demonstrate that the order-preservation requirement is essential.

ω1 ω1

ω2

ω2ω4

ω4

ω3 ω3

F2(ω1) F2(ω3)

F2(ω2)

F2(ω4)

ω1 ω1

ω2

ω2ω4

ω4

ω3 ω3

F2(ω1) F2(ω3)

F2(ω2)F2(ω4) ω1 ω1

ω2

ω2ω4

ω4

ω3 ω3

F2(ω1) F2(ω1)

F2(ω2)
F2(ω4)

(a) (b) (c)

Figure 4: All panels show an F1-loop, consisting of ((ωj , ωj))j=1,...,4, with different F2-configurations relative
to the same F1-loop.

4.3 Irreducible and informative loops

The ability to classify covers, and specifically order-preserving covers, is rather difficult. It

appears that there is currently no relevant theory for this classification. To face these challenges,

we decompose loops and covers into smaller objects, referred to as irreducible loops, and use

these objects as building blocks in our main results. Formally, an Fi-loop is irreducible if it

does not contain a smaller Fi-loop using only states from the original loop.

Definition 4. Let Li = (ω1, ω1, ω2, ω2, . . . , ωm, ωm) be an Fi-loop. We say that Li is irreducible

if there is no strict subset of {ωj, ωj : j = 1, . . . ,m} that forms an Fi-loop. A cover is irreducible

if every loop in the cover is irreducible.

We also distinguish loops according to whether another oracle separates the two states that

lie in the same CKC-pair. The non-informative case will be used in Corollary 2 as a sufficient

condition for dominance.
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Definition 5. An Fi-loop (ω1, ω1, ω2, ω2, . . . , ωm, ωm) is Fk-non-informative if Fk(ωj) = Fk(ωj)

for every j. The loop is Fk-fully informative if Fk(ωj) ̸= Fk(ωj) for every j, and it is Fk-

informative if this inequality holds for some j.

If an F1-loop is F2-non-informative, then the loop does not pose a mimicking challenge for

Oracle 1, as Oracle 2 cannot provide any relevant information in any of the pairs. Algebraically,

every well-defined F2-measurable likelihood ratio
τ2(s|ωj)

τ2(s|ωj)
equals one. Thus, the F1-loop product

restriction in Eq. (1) is automatically satisfied.

5 Equivalent oracles

We begin the substantive comparison of oracles with the two-sided problem, characterizing

necessary and sufficient conditions for each oracle to dominate the other. The loop geometry

developed above is sharpest in this setting. Equivalence requires that the two partitions agree

within every CKC and satisfy the primitive global loop constraints jointly generated by the two

partitions. In particular, every irreducible Fi-loop must have an order-preserving F−i-cover.

Theorem 1 provides this characterization.

Theorem 1. F1 ∼NE F2 if and only if, for each i = 1, 2, the partition Fi refines F−i in every

CKC and every irreducible Fi-loop has an order-preserving F−i-cover.

Theorem 1 separates equivalence into a local condition and a global one. The local condition

is mutual refinement within each CKC, or equivalently F1|C = F2|C for every CKC C. This

requirement is unavoidable: if, inside some CKC, Oracle 1 can distinguish two states that

Oracle 2 merges, then the former can generate posterior odds within that CKC that the latter

cannot reproduce. By designing a local game embedded within this CKC based on a strictly

proper scoring rule, Oracle 1 can force an equilibrium distribution reflecting these distinct

posteriors. Oracle 2, bound by its internal measurability constraint, would be forced to assign

equal likelihoods to both states, rendering it incapable of mimicking this belief profile.

The global condition concerns how the oracle’s atoms link different CKCs. Every Fi-loop

imposes a likelihood-ratio constraint, but irreducible loops are the primitive cyclic restrictions.

The theorem therefore requires an order-preserving cover only for irreducible loops. This re-

striction is essential: reducing a non-irreducible loop may require switching partners within a

repeated CKC, so the original CKC-pairs need not themselves admit a cover in the sense of

Definition 3.

To conclude, Theorem 1 shows that equivalent oracles are not merely those with identical

information loops, but those whose public measurability constraints map out the same geo-

metric obstructions across the players’ belief hierarchies. When these cyclic constraints align
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symmetrically on both sides, any local mimicking strategy constructed within separate CKCs

can be successfully glued into a single, globally valid public experiment.

At first glance, Theorem 1 may suggest that equivalence between oracles coincides with

equality of informational content, in the sense that each oracle refines the other, but this is

false. Consider, for example, a state space Ω = {ω1, ω2, ω3, ω4}, with two players whose private-

information partitions are Π1 =
{
{ω1, ω2}, {ω3}, {ω4}

}
, and Π2 =

{
{ω1}, {ω2}, {ω3, ω4}

}
, and

the oracles’ partitions are F1 =
{
{ω1, ω3}, {ω2}, {ω4}

}
, and F2 =

{
{ω1}, {ω3}, {ω2, ω4}

}
. This

environment admits two CKCs, namely {ω1, ω2} and {ω3, ω4}. Within each CKC, both ora-

cles induce the discrete partition and therefore fully resolve uncertainty inside the component.

Nevertheless, neither F1 refines F2 nor F2 refines F1.

Despite this, Theorem 1 implies that the oracles are equivalent. The reason is that the envi-

ronment contains no information loops connecting the two CKCs. Consequently, the different

cross-component identifications induced by the two oracles are strategically irrelevant. If we

refine F1 further and define F ′
1 =

{
{ω1}, {ω2}, {ω3}, {ω4}

}
, then F ′

1 does refine F2. However,

Theorem 1 still implies that F ′
1 ∼NE F2. In fact, the theorem introduces a notion of struc-

tural equivalence, distinct from mutual refinement, that incorporates the players’ underlying

information structure via the CKCs.

6 One-sided dominance

We can now state the main one-sided dominance result. The theorem has two parts: the first

gives necessary conditions for dominance in general, and the second gives a sufficient condition

when the F1-loops are separated. Formally, in the bipartite incidence graph between CKCs and

F1-atoms, separation means that simple cycles are vertex-disjoint; equivalently, no CKC or F1-

atom lies on two distinct simple cycles. Together, the two parts isolate the two forces underlying

dominance: local refinement within CKCs and global compatibility of loop constraints.

Theorem 2. Fix partitions F1 and F2.

(a) Necessity. If Oracle 1 dominates Oracle 2, then:

(i) F1 refines F2 in every CKC;

(ii) every irreducible F1-loop has an F2-cover; and

(iii) if an irreducible F1-loop has a unique F2-cover, then the cover is order-preserving.

(b) Sufficiency. If F1 refines F2 in every CKC, every irreducible F1-loop has an order-preserving

F2-cover, and the F1-loops are separated, then Oracle 1 dominates Oracle 2.
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The necessity part shows that a dominant oracle must satisfy both local and global con-

straints. The local constraint is that F1 refines F2 within every CKC. The global constraint

is that every irreducible F1-loop is F2-covered, where a cover may combine F2-sub-loops with

F2-non-informative pairs. Proposition 4 shows that coverability is exactly what guarantees

the scalar loop-product identity for every positive F2-measurable likelihood vector. When the

cover is unique, Lemma 4 imposes the additional requirement that it preserve cyclic order.

This requirement concerns the stronger experiment-level problem of assembling signal-specific

likelihood vectors into normalized probability laws that reproduce the required CKC posterior

distributions, not the scalar loop-product identity itself. In the unique-cover case, the associ-

ated F2-atom multigraph has a unique directed-cycle partition and is a bridgeless cactus, so

distinct covering cycles intersect in at most one F2-atom.

The sufficiency part shows that local refinement together with order-preserving covers of

irreducible loops implies dominance whenever the F1-loops are separated. Order-preserving

covers permit the normalized single-loop laws to be constructed consistently, while the separa-

tion condition allows these local constructions to be glued across loops.

The sufficiency proof is constructive. Fix an arbitrary F2-measurable experiment τ2. Since

F1 refines F2 inside every CKC, each F1-atom A that intersects a CKC C inherits a well-defined

law pA,C := τ2(· | ω), ω ∈ A ∩C. The goal is to assign to every F1-atom A a law qA such that,

within each CKC C, one has qA = pA,C⊗νC for all A intersecting C, where νC is common noise.

Thus, inside each CKC, the constructed F1-experiment reproduces the relevant part of τ2, while

all additional coordinates are payoff-irrelevant public noise. The construction is organized by

the incidence graph between CKCs and F1-atoms. Under the separated-loop assumption, each

connected component is either a tree or a tree-like component with vertex-disjoint simple cycles.

Tree components are handled by the tree-mimicry construction of Lemma 5, since paths create

no cyclic consistency constraint. If a component contains a simple F1-loop, then this loop is

irreducible, and its order-preserving F2-cover allows the single-loop construction of Lemma 6 to

close the experiment consistently around the cycle. Taking products across components then

gives a mimicking F1-measurable experiment τ1.

Remark 1. Theorem 2 leaves two distinct questions open. First, when an irreducible F1-loop

has several F2-covers, we do not know whether dominance forces at least one cover to preserve

order. Second, even when every irreducible loop has an order-preserving cover, overlapping in-

cidence cycles may prevent the corresponding local constructions from being chosen consistently.

These are distinct combinatorial obstructions: the first concerns order preservation within indi-

vidual covers, whereas the second concerns their global compatibility. We view the identification

of these obstructions as a substantive feature of the problem: oracle dominance depends on

the compatibility of cyclic likelihood-ratio constraints, both within individual covers and across
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overlapping incidence cycles, and resolving these issues appears to require new graph-theoretic

tools.

7 Acyclic benchmarks and deterministic experiments

The preceding sections characterize the two ingredients of oracle comparisons: local refinement

within each CKC and the global loop geometry. We conclude the body of the paper with

two benchmark environments in which the general constraints simplify. In unique-CKC and

acyclic stochastic structures, the global ingredient is vacuous, and dominance reduces to local

refinement. Under deterministic experiments, the loop geometry simplifies into a joint-partition

condition.

7.1 Benchmark cases

Theorem 2 immediately yields a full characterization in two benchmark cases: a unique CKC

and no F1-loops. In both cases, dominance collapses to local refinement.

Corollary 1 (Unique-CKC and acyclic benchmarks). Assume that either Ω comprises a unique

CKC, or there is no F1-loop. Then, Oracle 1 dominates Oracle 2 if and only if F1 refines F2

in every CKC.

Next, we record two useful special cases. The first is the case of non-informative loops,

in which the loop constraints imposed by F1 are already respected by F2. The second is the

two-CKC case, where the refinement and cover conditions are both necessary and sufficient.

Corollary 2 (Non-informative loops). If F1 refines F2 in every CKC and every F1-loop is

F2-non-informative, then Oracle 1 dominates Oracle 2.

Proposition 2. Assume there are only two CKCs. Then, Oracle 1 dominates Oracle 2 if and

only if F1 refines F2 in every CKC and any F1-loop is F2-covered.

The two-CKC case is especially tractable. Every loop can be decomposed to irreducible

loops, and every irreducible loop consists of two CKC-pairs so that a cover leaves only two

possibilities: either the loop is F2-non-informative, or it is itself an F2-loop. In both cases, the

order-preservation requirement is vacuous.

7.2 Deterministic experiments

This section focuses on dominance when oracles are restricted to deterministic experiments.

Throughout the section, we consider only deterministic experiments, namely maps τi : Fi → S
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for each Oracle i. We identify each such experiment with the partition of Ω that it induces.

Equivalently, a deterministic experiment of Oracle i is a coarsening of Fi.

The characterization is based on the ability of one oracle tomatch the players’ joint posterior

beliefs, for any given deterministic experiment of the other oracle. More formally, we say that

Oracle 1 is jointly more informative (JMI) than Oracle 2 if, for every deterministic experiment

of Oracle 2, there exists a deterministic experiment of Oracle 1 that induces the same posterior

partition for every player.

Definition 6. Oracle 1 is jointly more informative than Oracle 2 if, for every deterministic

τ2, there exists a deterministic τ1 such that Πi ∨ τ1 = Πi ∨ τ2 for every player i.

Evidently, dominance does not require an oracle to possess information that every player

has, even if that information is available to the other oracle. The same relation can also be

expressed directly in terms of the oracles’ coarse partitions.

Observation 1. Oracle 1 is jointly more informative than Oracle 2 if and only if, for every

coarsening F ′
2 of F2,

9 there exists a coarsening F ′
1 of F1 such that Πi ∨ F ′

1 = Πi ∨ F ′
2 for every

player i.

The order generated by the JMI notion need not coincide with the usual refinement order.

For example, consider the trivial case in which the players have perfect information. Then every

oracle is jointly more informative than every other oracle, independently of their partitions.

Nevertheless, in Section 7.3.1, we show that, when there is a unique CKC and every oracle is

JMI than the other, then their partitions coincide.

One can also bridge the gap between JMI and refinement by allowing the players’ partitions

to vary.10 If JMI is required to hold for every profile of players’ partitions, then, in particular,

it must hold when all players have the trivial partition. In that case, Oracle 1 must be able to

match every deterministic experiment τ2, so F1 must refine F2.

7.2.1 Dominance and JMI

The main result of this subsection shows that, when oracles use deterministic experiments,

dominance is equivalent to being jointly more informative.

Proposition 3. Assume that oracles are deterministic. Then, Oracle 1 dominates Oracle 2 if

and only if Oracle 1 is JMI than Oracle 2.

9Equivalently, the σ-field generated by F ′
2 is a sub-σ-field of the σ-field generated by F2.

10This resembles the condition of strong Blackwell dominance, in the context of decision problems, in Brooks
et al. (2024).
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Intuitively, the “if” direction is immediate: if Oracle 1 can replicate the information of

Oracle 2 for every deterministic experiment, the induced incomplete-information games have

the same joint posteriors and hence the same equilibrium outcome distributions. For the reverse

direction, the proof constructs a game, based on a proper scoring rule with a unique equilibrium

which maps to the players’ joint posterior belief. Thus, any failure of JMI for Oracle 1 relative

to Oracle 2 generates an equilibrium distribution that Oracle 1 cannot mimic.11

7.3 JMI and refinement inside CKCs

The stochastic results above are based on refinement inside CKCs. The deterministic benchmark

is based on JMI. The following example clarifies that these two notions are distinct, even though

they coincide in special cases.

Example 1. JMI does not imply refinement in every CKC

To see that JMI does not imply refinement in every CKC, consider the information structure

described in Figure 5. Both oracles can either withhold all information or fully disclose their

information, thereby ensuring that all players become fully informed of the realized state. In

fact, these are all the possible experiments of Oracle 2. On the other hand, Oracle 1 can also

signal the partition F ′
1 = {{ω1, ω2, ω3}, {ω4}}, which provides complete information to players

1 and 2 but provides no information to player 3. Thus, Oracle 1 is JMI than Oracle 2, while

neither of the two partitions is finer than the other.

Another aspect of this example, which resonates with the key insight of the general analysis,

is that there exists a stochastic experiment τ2 that Oracle 1 cannot imitate. Specifically, consider

the stochastic experiment τ2 given in Figure 6. One can verify that there exists no τ1 that yields

the same profiles of posteriors as the stated experiment τ2, and this hinges on the fact that F1

does not refine F2.

The key issue is that in the deterministic case, each state is associated with a unique public

signal, so JMI guarantees coincidence of the entire profile of posteriors and hence of the induced

Bayesian game. Under a stochastic experiment, however, each state can generate multiple

signals with different weights, so the same partitions can induce different joint posteriors. This

richer structure is not fully captured by players’ interim partitions (i.e., given any deterministic

information conveyed by the oracles), and creates both within-CKC and across-CKC difficulties

that require stronger conditions than JMI.

Example 3 (Refinement in every CKC does not imply JMI). To demonstrate that refinement

in every CKC does not imply JMI, consider the following example with two players whose

11In the extended version of the paper, we construct a finite game where failure to meet the JMI condition
leads to different equilibrium payoffs.
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ω2

ω3

ω4

Ω Π3

ω1

ω2

ω3

ω4

(a)

The players’ information

Ω
F2

F1

ω1

ω2

ω3

ω4

(b)

The oracles’ information

Figure 5: On the left, Figure (a) illustrates the information structures: Π1 = {{ω1, ω4}, {ω2}, {ω3}} of player 1
(blue); Π2 = {{ω1}, {ω2}, {ω3, ω4}} of player 2 (red); and Π3 = {{ω1}, {ω2, ω3}, {ω4}} of player 3 (black). On
the right, Figure (b) portrays the information structures F1 = {{ω1, ω2}, {ω3}, {ω4}} of Oracle 1 (orange) and
F2 = {{ω1, ω3}, {ω2, ω4}} of Oracle 2 (green). This illustrates a unique CKC in which neither oracle refines the
other. Nevertheless, F1 is JMI than F2 whereas the converse is not true, because Oracle 2 cannot replicate the
partition F ′

1 = {{ω1, ω2, ω3}, {ω4}}.

τ2(s|ω) s1 s2
ω1 1/3 2/3
ω2 2/3 1/3
ω3 1/3 2/3
ω4 2/3 1/3

Figure 6: A stochastic F2-measurable experiment of Oracle 2.

partitions are Π1 = {{ω1, ω2}, {ω4, ω5}, {ω3, ω6}} and Π2 = {{ω1, ω2}, {ω3, ω4}, {ω5, ω6}}. In

this case, there are two CKCs, {ω1, ω2} and {ω3, ω4, ω5, ω6}. Next, assume the two oracles have

the following partitions, F1 = {{ω1, ω3, ω4}, {ω2, ω5, ω6}}, F2 = {{ω1, ω2}, {ω3, ω4}, {ω5, ω6}},
as illustrated in Figure 7. Observe that in every CKC, F1 refines F2.

Now consider a completely revealing, deterministic experiment τ2 that maps the three dif-

ferent partition elements of F2 to three different signals: τ2(s1|ω1) = τ2(s1|ω2) = 1, τ2(s2|ω3) =

τ2(s2|ω4) = 1, and τ2(s3|ω5) = τ2(s3|ω6) = 1. Can Oracle 1 produce an experiment τ1 such that

Πi ∨ τ1 = Πi ∨ τ2 for every player i?

Note that under τ2, neither player can distinguish ω1 from ω2. Therefore, in order for τ1

to satisfy Πi ∨ τ1 = Πi ∨ τ2 for every i, the experiment τ1 must map all F1 partition elements

to the same signal. Consequently, under τ1, Player 1 cannot distinguish ω4 from ω5, which is

achievable given τ2. We therefore conclude that Oracle 1 is not JMI than Oracle 2, even though

F1 refines F2 in every CKC. However, in the special case where Ω consists of a single CKC,

refinement does imply JMI.
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Ω

F1

F2

ω1

ω2

ω3 ω4

ω5 ω6

Figure 7: Refinement in every CKC does not imply JMI. Suppose Π1 = {{ω1, ω2}, {ω4, ω5}, {ω3, ω6}} and
Π2 = {{ω1, ω2}, {ω3, ω4}, {ω5, ω6}}. There are two CKCs, {ω1, ω2} and {ω3, ω4, ω5, ω6}. Consider F1 (orange)
and F2 (teal) depicted in the figure. Despite F1 refines F2 in every CKC, F1 is not jointly more informative
than F2.

7.3.1 Two-sided JMI implies equivalence in every CKC

Though we substantiated that a JMI oracle need not have a finer partition in every CKC, this

does hold in case both oracles dominate one another, under deterministic experiments. The

following corollary provides this equivalence by stating that, given a specific CKC, both oracles

dominate each other if and only if their partitions coincide.

Corollary 3. Fix a unique CKC. Then, Oracle i is JMI than Oracle −i for every i if and only

if F1 = F2.

Applying the corollary to the restricted model on each CKC, the corollary asserts that

the partitions F1 and F2 are equivalent in every CKC if and only if they are mutually JMI

within that CKC, given any fixed set of players’ partitions. As a result, the issue of CKCs

arises naturally in the context of deterministic oracles and becomes even more significant when

studying stochastic ones, as examined in the stochastic analysis above.

8 Conclusion

This paper develops a comparative theory of generators of public information in incomplete-

information games. We study an external oracle endowed with a partition of the state space that

provides public signals to players holding heterogeneous private information. Signals must be

measurable with respect to the oracle’s partition, so each signaling function induces a Blackwell

experiment. Fixing players’ information structures and the prior, we introduce a dominance

relation over oracles based on their ability to support the equilibrium outcome distributions

generated by one another across all games. This generalizes the comparison problem studied

by Blackwell (1951) from decision problems to incomplete-information games and from single
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experiments to generators of experiments. Oracle dominance further connects to Aumann’s

theory of common knowledge through the central roles of CKCs and information loops.

The main conceptual object is the information loop. Local refinement inside each CKC

is necessary for stochastic dominance, but it is not sufficient once the oracle’s partition con-

nects several CKCs. Loops create global measurability constraints: the local experiments that

mimic another oracle inside different CKCs must be glued into a single oracle-measurable public

experiment. Covers and order-preserving covers describe when these loop constraints can be

reproduced by the other oracle.

Using this geometry, we characterize oracle equivalence (mutual dominance) via two-sided

refinement and order-preserving covers of irreducible loops (Theorem 1). For one-sided stochas-

tic dominance, we prove that dominance implies refinement within each CKC and that every

irreducible loop of the dominating oracle must admit a cover by the dominated oracle; when

the relevant cover is unique, it must preserve cyclic order (Theorem 2). Conversely, refinement

together with order-preserving covers of irreducible F1-loops is sufficient under separated-loop

structures. The benchmark cases then follow naturally: with a unique CKC, or with no F1-

loops, dominance reduces to refinement inside CKCs (Corollary 1); non-informative loops and

the two-CKC case provide additional tractable environments.

For deterministic experiments, dominance is equivalent to being jointly more informative:

Oracle 1 can match every player’s posterior partition induced by any deterministic experiment of

Oracle 2 (Proposition 3). This deterministic result is a useful boundary case, but the stochastic

analysis shows that public information in strategic environments cannot be ranked solely by

local informativeness. Global measurability constraints across CKCs, captured by information

loops, determine which joint beliefs and hence equilibrium outcomes are implementable.

Open issues. We have so far focused on oracles whose primitive information structure is given

by a partition. This framework allows us to define information loops, characterize strategic

equivalence, and identify the loop-cover obstruction to one-sided dominance. A full one-sided

characterization remains open beyond the partial characterization and benchmark cases, and

this also relates to challenging problems in graph theory.

Extending the comparison to general stochastic information structures, in which Markov

kernels generate both the oracles’ and the players’ primitive information, raises further chal-

lenges. In particular, such an extension would require an analogue of information loops for

stochastic information environments. We leave this for future research.

As noted earlier, following Definition 1, there may be alternative ways to compare oracles

beyond the one adopted here. It would be interesting to understand the logical relationship

between these notions of comparison, if any exists.
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A Proofs and supplementary results

Appendix A is organized as follows. We first prove the CKC-posterior characterization of

dominance. We then derive local refinement inside a single CKC and the graph-theoretic loop

constraints. The constructive sufficiency tools are collected afterward.

A.1 Posterior characterization and local refinement

We first prove Proposition 1.

Proof. If direction. Recall that Qτ (C) = {Pτ,s,C : Pτ (s | C) > 0}. By construction, µτ1|C =

µτ2|C if and only if the two experiments induce the same distribution over the posteriors Pτ1,t,C

and Pτ2,s,C .

Assume first that for every experiment τ2 there exists an experiment τ1 such that µτ1|C =

µτ2|C for every CKC C. Fix an experiment τ2 with signal space S2, and let τ1 be an experiment

of Oracle 1, with signal space S1, such that µτ1|C = µτ2|C for every CKC C. We construct below

an augmented experiment τ̂1 that depends only on τ2 and τ1. Now fix an arbitrary game G and

an equilibrium (σi)i of G(τ2).

For each pair (q, C) with q ∈ Qτ2(C), let R2(q, C) := {s ∈ S2 : Pτ2,s,C = q}. Thus, R2(q, C)

is the set of τ2-signals that induce the same posterior on C, and hence the same joint posterior

profile within C. Different signals in R2(q, C) may correspond to different public labels and

therefore may support different coordination behavior. So the augmented Oracle 1 experiment

needs to randomly choose one of these Oracle 2 signal labels and match its distribution. For

s ∈ R2(q, C), let κq,C(s) :=
Pτ2 (s|C)∑

s′∈R2(q,C) Pτ2 (s
′|C)

be the conditional distribution of the original
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τ2-signal label, given that the realized CKC is C and the induced CKC-posterior is q. Let I
be the finite set of such pairs (q, C) that may arise under τ2. We introduce auxiliary common

randomness by considering a selection rule.

Let R = {r : I → S2 : r(q, C) ∈ R2(q, C), ∀(q, C) ∈ I}. Thus r specifies, for every possible

pair (q, C), a signal label r(q, C) ∈ R2(q, C). Equip R with the product probability ρ given

by ρ(r) =
∏

(q,C)∈I κq,C

(
r(q, C)

)
. Hence the coordinate r(q, C) is distributed according to κq,C ,

independently across different pairs (q, C). In the augmented experiment, only the coordinate

corresponding to the realized pair (q, C) is used. This coordinate reproduces the conditional

distribution of the original τ2-signal labels among all signals that induce the same posterior q in

C. Define the augmented signal space Ŝ1 := S1 × R and the experiment τ̂1 by τ̂1((t, r) | ω) :=
τ1(t | ω)ρ(r). This preserves F1-measurability since the auxiliary randomization is independent

of the state.

We now define strategies under τ̂1. Fix ω, let C be the CKC containing ω, and suppose

the realized signal is (t, r). If Pτ1(t | C) > 0, put q := Pτ1,t,C . By µτ1|C = µτ2|C , we have

q ∈ Qτ2(C), so r(q, C) is well defined. Set σ̂i(ai | Πi(ω), (t, r)) := σi(ai | Πi(ω), r(q, C)).

Conditional on each CKC C and posterior q, the state distribution and all players’ posteriors

under τ1 after t are the same as under τ2 after any signal in R2(q, C). The auxiliary coordinate

selects among those strategically distinct τ2-signals with the same conditional probabilities as

τ2. Hence each player faces the same best-response problem under τ̂1 as under τ2, so (σ̂i)i is an

equilibrium of G(τ̂1) and induces the same state–action distribution as (σi)i under τ2. Therefore

NED(G(τ2)) ⊆ NED(G(τ̂1)). Since τ̂1 was chosen before fixing G and the equilibrium, the same

experiment τ̂1 works for every game G.

Only if direction. Conversely, suppose the condition in the proposition fails. Then there

exists an experiment τ 02 of Oracle 2, with finite signal space S2, such that for every experiment

τ1 of Oracle 1, there is a CKC C for which µτ1|C ̸= µτ02 |C . We may assume that the posteriors

induced by this experiment have full support on each CKC. Indeed, choose λ ∈ ∆(S2) with

λ(s) > 0 for every s, and define τ ε2 (s | ω) := (1 − ε)τ 02 (s | ω) + ελ(s). This perturbation

preserves measurability with respect to Oracle 2 and, assuming the prior has full support

on each CKC, makes every posterior Pτε2 ,s,C
full support on C. If every sufficiently small τ ε2

were mimicked by some Oracle 1 experiment, then compactness and continuity would yield an

Oracle 1 experiment mimicking τ 02 , contradicting the choice of τ 02 .
12 Hence, for some ε > 0, τ ε2

still cannot be mimicked by Oracle 1. Rename this experiment τ2.

12Any mimicking signal has, in each CKC, either zero conditional probability or a posterior in Qτε
2
(C). Hence

there are at most K = (|S2|+1)|C| support–posterior profiles. Signals with the same profile can be merged, since
their likelihood vectors are proportional in every supported CKC, and merging preserves both F1-measurability
and every CKC posterior law. After padding with null signals, mimickers lie in the compact set of F1-measurable
experiments on a fixed K-signal space, and continuity yields the required limit.
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To disprove dominance, it suffices to show that, for every experiment τ1 of Oracle 1, some

finite game has an equilibrium outcome under τ2 that τ1 cannot reproduce. Fix an arbitrary

experiment τ1 of Oracle 1. For every player i and CKC C, let Pi(C) ⊆ ∆(C) be the finite set

of private posteriors of player i that arise with positive probability in C under either τ1 or τ2.

We construct a finite game G, which may depend on τ1. Identify each distribution on a

CKC with its zero extension to Ω, and give each player the fixed action set Ai = (
⋃

C Qτ2(C))×
(
⋃

C Pi(C)), where the unions are over CKCs. Thus an action is a pair (qi, pi) of distributions

on Ω. At state ω, let C be the CKC containing ω. Let SC be a bounded strictly proper scoring

rule on ∆(C), normalized so that SC(p, ω) > 0 for every p ∈ ∆(C) and ω ∈ C. If all players

report the same qi ∈ Qτ2(C) and player i’s second report satisfies pi ∈ Pi(C), player i receives

SC(pi, ω); otherwise, she gets 0.

In G(τ2), consider the equilibrium in which, after signal s in CKC C, all players report

qi = Pτ2,s,C , and player i reports pi = Pτ2,s,C(· | Πi(ω) ∩ C). This is an equilibrium: given

that other players report the same q, strict propriety makes the truthful pi-report optimal,

and changing the qi-coordinate breaks coordination and gives payoff 0. Suppose that some

equilibrium of G(τ1) induces the same state–joint-action distribution. We show that this implies

µτ1|C = µτ2|C for every CKC C, contradicting the choice of τ2.

Fix a CKC C. Since the selected equilibrium under τ2 always has a common q-report,

equality of state–joint-action distributions implies the same almost surely under the mimicking

equilibrium of τ1. Fix a signal t with Pτ1(t | C) > 0, and choose ω ∈ C such that τ1(t | ω) > 0.

Conditional on (ω, t), players’ reports are independently drawn, so diagonal support forces all q-

report marginals to be degenerate at a common q ∈ Qτ2(C). For every player i, strict propriety

makes her second report equal her posterior after (Πi(ω), t), while outcome matching makes

this posterior equal to q(· | Πi(ω) ∩ C). Since q has full support on C and the prior has full

support, τ1(t | ω′) > 0 for every ω′ ∈ Πi(ω)∩C. Player i’s q-report is therefore q throughout this

cell, and diagonal support forces all players to report q at every newly reached state. Iterating

along information-cell paths in C shows that t is positive throughout C and that the common

q-report is constant. Denote it by gC(t) ∈ Qτ2(C). Equality of state–joint-action distributions

then implies that Pτ1(gC(t) = q | C) = Pτ2(Pτ2,s,C = q | C) for every q ∈ Qτ2(C). We claim that

if gC(t) = q, then Pτ1,t,C = q. Put rt := Pτ1,t,C .

Suppose gC(t) = q. By strict propriety, after (Πi(ω), t), player i’s pi-report is degenerate

at rt(· | Πi(ω) ∩ C). Under the selected equilibrium of G(τ2), conditional on state ω and the

common q-report, the corresponding report is degenerate at q(· | Πi(ω) ∩ C). Under τ1, this

conditional report distribution is a mixture over signals t′ satisfying gC(t
′) = q. Since it must

equal the same point mass, every component receiving positive conditional weight must induce

that report. The preceding paragraph shows that τ1(t | ω) > 0 for every ω ∈ C. Therefore, for
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every player i and every ω ∈ C, rt(· | Πi(ω)∩C) = q(· | Πi(ω)∩C). Since q has full support, rt/q

is constant on every information cell. CKC connectedness propagates this constancy throughout

C, and normalization gives rt = q.

Therefore, whenever gC(t) = q, the posterior induced by τ1 and t equals q. Combining this

with the preceding probability equality, for every q ∈ Qτ2(C) we get Pτ1(Pτ1,t,C = q | C) =

Pτ2(Pτ2,s,C = q | C). Thus, the two experiments induce the same distribution over posteriors in

C, and therefore µτ1|C = µτ2|C . Since C was arbitrary, this holds for every CKC C, contradicting

the choice of τ2. Thus, for the arbitrary experiment τ1 fixed above, the finite game G has an

equilibrium outcome under τ2 that τ1 cannot reproduce. Since τ1 was arbitrary, no experiment

of Oracle 1 can reproduce every equilibrium outcome of τ2 in every game, so Oracle 1 does not

dominate Oracle 2. This completes the proof.

The following observation is used only for necessity statements.

Observation 2 (CKC-level proportionality). Fix a CKC C, experiments τ1, τ2, and signals t, s

that occur with positive probability conditional on C. If t under τ1 and s under τ2 induce the

same posterior on C, then there is ct,s,C > 0 such that τ1(t|ω) = ct,s,Cτ2(s|ω) for every ω ∈ C.

Indeed, equality of posteriors on C means that the two likelihood vectors are proportional on

C, by Bayes’ rule and the full-support prior. The last supporting lemma states that refinement

within every CKC is a necessary condition for dominance.

Lemma 1 (Single-CKC refinement). Assume that C is a CKC. The following are equivalent:

(i) F1|C refines F2|C;

(ii) for every F2|C-measurable experiment τ2, there exists an F1|C-measurable experiment τ1

such that µτ1|C = µτ2|C.

Consequently, if F1 ⪰NE F2, then F1 refines F2 in every CKC.

Proof. If F1|C refines F2|C , every F2|C-measurable experiment is already F1|C-measurable, so

the claim is immediate. Conversely, suppose F1|C does not refine F2|C . Then there are ω, ω̄ ∈ C

with F1(ω) = F1(ω̄) but F2(ω) ̸= F2(ω̄). Let A = F2(ω) ∩ C, and let τ2 be the binary F2|C-
measurable experiment that reveals whether the state lies in A. Under τ2, the signal A induces

the posterior µ(·|A) on C. If an F1|C-measurable experiment τ1 satisfied µτ1|C = µτ2|C , then

some signal t of τ1 would induce µ(·|A) on C. But F1-measurability implies τ1(t|ω) = τ1(t|ω̄),
while ω ∈ A and ω̄ /∈ A. Hence t cannot induce a posterior supported on A, a contradiction.

The final statement follows from Proposition 1.
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A.2 Loop algebra

The cover condition has a useful algebraic characterization. The next definition is mainly a test

for coverability: it asks whether every binary F−i-measurable split of the loop has the same

number of transitions in the two directions.

Definition 7. An Fi-loop (ω1, ω1, ω2, ω2, . . . , ωm, ωm) is F−i-balanced if for every pair of dis-

joint F−i-measurable sets A and B such that ∪m
j=1{ωj, ωj} ⊆ A ∪B, it follows that

#(A → B) :=
∣∣{j : ωj ∈ A and ωj ∈ B}

∣∣ = ∣∣{j : ωj ∈ B and ωj ∈ A}
∣∣ =: #(B → A). (2)

Figure 8(a) depicts an F1-loop with three CKCs. Panel (b) shows a binary F2-measurable

split of this loop into A = {ω1, ω2, ω3} and B = {ω1, ω2, ω3}. Since #(A → B) = 3 and

#(B → A) = 0, the loop is not F2-balanced and therefore, by Proposition 4, not F2-covered.

ω1 ω1

ω2

ω2ω3

ω3

F1(ω2)

F1(ω3)

F1(ω1)

C1

C2C3

(a)

ω1 ω1

ω2

ω2ω3

ω3

A = F2(ω1) B = F2(ω1)

C1

C2C3

(b)

Figure 8: Figure (a) depicts an F1-loop with three CKCs and six states overall. Figure (b) illustrates how
the irreducible F1-loop, presented in (a), is non-balanced with respect to F2. Namely, F2 has two elements
A = {ω1, ω2, ω3}, and B = {ω1, ω2, ω3} such that the number of transitions from A to B are 3, while the reverse
equals 0. A broader discussion on this figure and motivation is given in Appendix B.2.

Proposition 4 (Cover criterion). Let (ω1, ω1, ω2, ω2, . . . , ωm, ωm) be an irreducible F1-loop. The

following statements are equivalent:

i. The loop is F2-balanced;

ii. The loop is F2-covered;

iii. For every F2-measurable function f : {ω1, ω1, ω2, ω2, . . . , ωm, ωm} → (0,∞),

m∏
j=1

f(ωj)

f(ωj)
= 1.
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For irreducible loops, the third part of Proposition 4, combined with Eq. (1), shows that

covers are exactly the configurations under which every F2-measurable likelihood-ratio product

is neutral around the loop, and is therefore necessary for dominance.

Proof. iii ⇒ i. Suppose that L = (ω1, ω̄1, . . . , ωm, ω̄m) is not F2-balanced. Then there is an

F2-measurable partition {A,B} of the states of the loop such that #(A → B) ̸= #(B → A).

Define f(ω) = 1{ω∈A} + 2 · 1{ω∈B}. Then
∏m

j=1
f(ωj)

f(ω̄j)
= 1

2

#(A→B)
2#(B→A) ̸= 1, contradicting iii.

i ⇒ ii. Assume that L is F2-balanced. For any F2-atom D that meets the loop, apply

balancedness to the partition {D,Dc}. Since |{j : ωj ∈ D}| = #(D → D) + #(D → Dc) and

|{j : ω̄j ∈ D}| = #(Dc → D) + #(D → D), balancedness implies |{j : ωj ∈ D}| = |{j : ω̄j ∈
D}|. Call this condition atom-balance.

Let J = {j : ωj ∈ F2(ω̄j)}. These indices are already covered by the trivial part of the

cover. Remove them from the list. Since each removed pair has both states in the same

F2-atom, atom-balance continues to hold for the remaining pairs.

If no pairs remain, we are done. Otherwise choose one remaining pair (ωj1 , ω̄j1). Since

j1 /∈ J , ωj1 /∈ F2(ω̄j1). By atom-balance, the atom F2(ω̄j1) contains some state ωj2 from a

remaining pair. Thus ωj2 ∈ F2(ω̄j1). Repeating the same argument gives a sequence j1, j2, . . .

such that ωjr+1 ∈ F2(ω̄jr) for every r. Since there are finitely many remaining indices, some

index eventually repeats. The first closed segment obtained in this way is an F2-loop. Indeed,

since the original loop is irreducible, no CKC appears more than once in it; hence the closed

segment satisfies the distinct-CKC condition in Definition 2. All selected states are distinct,

and the remaining conditions follow from the construction.

Remove the indices of this F2-loop. This preserves atom-balance, because from each F2-atom

it removes the same number of ω-states and ω̄-states. Repeating the procedure decomposes all

remaining pairs into F2-loops. Together with J , this gives an F2-cover of L.

ii ⇒ iii. Assume that L is F2-covered. Then {1, . . . ,m} is partitioned into J, I1, . . . , Ir,

where ωj ∈ F2(ω̄j) for every j ∈ J and each It forms an F2-loop. Let f be positive and F2-

measurable. If j ∈ J , then f(ωj) = f(ω̄j), so
f(ωj)

f(ω̄j)
= 1. If It is an F2-loop, then

∏
j∈It

f(ωj)

f(ω̄j)
= 1,

because the denominator at each step equals the numerator at the next step around the loop.

Hence
∏m

j=1
f(ωj)

f(ω̄j)
= 1. This proves iii.

The next Proposition 5 records elementary facts about irreducible and informative loops.

Proposition 5. Consider an Fi-loop Li.

• If Li intersects the same CKC more than once, then it is not irreducible.

• If Li is irreducible and consists of at least 6 states, then it is Fi-fully informative.
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• If Li is not irreducible, then either it intersects the same CKC more than once, or it has

at least 4 states in the same partition element of Fi.

Proof. We prove the three claims in order.

First, suppose Li contains two non-adjacent pairs (ωa, ω̄a) and (ωb, ω̄b) in the same CKC.

By switching the partners inside that CKC, the two outside arcs between the pairs close to

two shorter Fi-loops. The resulting sequences satisfy Definition 2: their connecting sets are

inherited from the original loop, and the newly paired states are distinct. Hence, the original

loop is not irreducible.

Second, suppose Li is irreducible, has at least three CKC-pairs, and contains a non-informative

pair (ωℓ, ω̄ℓ) with Fi(ωℓ) = Fi(ω̄ℓ). If deleting this pair from the loop creates two neighboring

pairs in the same CKC, the first paragraph applies. Otherwise, the remaining pairs still form an

Fi-loop, contradicting irreducibility. Thus an irreducible loop with at least six states is Fi-fully

informative.

Finally, assume that Li is not irreducible and does not intersect any CKC more than once.

Suppose, toward a contradiction, that no Fi-atom contains four states of Li. Each original

connecting pair {ω̄j, ωj+1} where j = 1, . . . ,m, is contained in one Fi-atom. Because all states

of the loop are distinct, an atom meeting two different connecting pairs would contain both pairs

and hence at least four states. Thus the original connecting pairs lie in distinct Fi-atoms, and

every Fi-connection between states of Li is one of these original connections. Since the CKC-

pairs are also distinct, the CKC-pairs and the original Fi-connections form a simple alternating

cycle, which contains no strict sub-cycle. This contradicts the existence of a strict sub-loop.

The following graph decomposition is used in the proof of Theorem 1.

Lemma 2 (Atom-block decomposition). For a partition F , let ΓF be the bipartite incidence

graph whose vertices are the CKCs and the F -atoms, with C adjacent to A if C∩A ̸= ∅. Define
C ∼F C ′ if C and C ′ remain connected in ΓF \ {A} for every F -atom A. Then ∼F is an

equivalence relation. Moreover:

(i) if C ̸= C ′, C ∼F C ′, and an F -atom A meets both C and C ′, then any prescribed states

ω ∈ A∩C and ω′ ∈ A∩C ′ belong to a fully informative irreducible F -loop containing the

designated F -connection between ω and ω′;

(ii) the bipartite graph whose vertices are the ∼F -classes and the F -atoms meeting more than

one class, with adjacency defined by intersection, is a forest.

Proof. Reflexivity and symmetry are immediate. For transitivity, fix an F -atom A: paths from

C to C ′ and from C ′ to C ′′ in ΓF \ {A} concatenate to a path from C to C ′′.
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For (i), choose a shortest path from C to C ′ in ΓF \{A} and add the two incidences C−A−C ′.

This gives a simple cycle. Selecting one state from each incidence, using the prescribed states

at A, produces a fully informative irreducible F -loop satisfying Definition 2 and containing the

designated connection.

For (ii), suppose the stated quotient graph contains a cycle B1, A1, B2, A2, . . . , Bk, Ak, B1.

Choose CKCs C1 ∈ B1 and C2 ∈ B2 met by A1. If D ̸= A1, the path C1 −A1 − C2 survives in

ΓF \ {D}. If D = A1, follow the remainder of the quotient cycle and, inside each class Bj, join

the relevant CKCs by a path in ΓF \ {A1}. Thus C1 and C2 remain connected after deletion of

every F -atom, contradicting B1 ̸= B2.

A.3 Necessity of loop covers

Lemma 3 (Cover necessity). If F1 ⪰NE F2, then every irreducible F1-loop is F2-covered.

Proof. Suppose, to the contrary, that an irreducible F1-loop (ω1, ω1, ω2, ω2, . . . , ωm, ωm) is not

F2-covered. By Proposition 4, it is not F2-balanced. This means that there is an F2-measurable

partition {A,B} of these states such that Eq. (2) is not satisfied. Define an F2-measurable

experiment that obtains two signals, α and β,

τ2(α|ω) =

x, if ω ∈ A,

y, if ω ∈ B,
(3)

and τ2(β|ω) = 1 − τ2(α|ω). On other states (outside the loop), τ2 is defined arbitrarily. The

numbers x, y ∈ (0, 1) are chosen so that lnx−ln y
ln (1−x)−ln (1−y)

is irrational. By dominance and Propo-

sition 1, there is an F1-measurable experiment τ1 such that µτ1|C = µτ2|C for every CKC C. The

following claims are straightforward.

Claim 1: In every CKC C, any signal of τ1 that has positive probability conditional on C

induces the same CKC-posterior as either α or β under τ2.

Claim 2: For any signal s of τ1 that has positive probability at some state of the loop, and

hence at every loop state, and for any i, τ1(s|ωi)
τ1(s|ωi)

∈ {x
y
, 1−x
1−y

, y
x
, 1−y
1−x

, 1}. Therefore,

m∏
i=1

τ1(s|ωi)

τ1(s|ωi)
=

(
x

y

)ℓ1

·
(
1− x

1− y

)ℓ2

·
(y
x

)k1
·
(
1− y

1− x

)k2

,

where ℓ1 + ℓ2 = |{i;ωi ∈ A and ωi ∈ B}| and k1 + k2 = |{i;ωi ∈ B and ωi ∈ A}|.
Claim 3: For any signal s of τ1 that has positive probability at some state of the loop, and

hence at every loop state,
∏m

i=1
τ1(s|ωi)
τ1(s|ωi)

= 1.
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We therefore obtain (x
y
)ℓ1(1−x

1−y
)ℓ2( y

x
)k1( 1−y

1−x
)k2 = 1. We conclude that there are whole num-

bers, say ℓ = ℓ1 − k1 and k = k2 − ℓ2 such that (x
y
)ℓ = (1−x

1−y
)k. Since lnx−ln y

ln (1−x)−ln (1−y)
=

ln x
y

ln 1−x
1−y

is

irrational, ℓ = k = 0, implying that Eq. (2) is satisfied. A contradiction.

Lemma 4 (Unique covers are order-preserving). Assume F1 ⪰NE F2. If an irreducible F1-loop

has a unique F2-cover, then that cover is order-preserving.

Proof. Let L1 = (ω1, ω̄1, . . . , ωm, ω̄m) be an irreducible F1-loop with a unique F2-cover, and let

I = {1, . . . ,m}. In a unique cover, every F2-non-informative pair belongs to J : otherwise it

can be moved from its sub-loop to J (and, in the two-pair case, both pairs can be moved),

producing another cover. For each i ∈ I, write α(i) = F2(ωi) and γ(i) = F2(ω̄i), and form the

directed atom multigraph H whose edge ei goes from α(i) to γ(i).

Let H◦ be obtained by deleting its self-loops. Thus the self-loops of H are exactly the indices

in J . Each F2-sub-loop gives a directed closed trail inH◦. By Proposition 5, L1 visits every CKC

at most once, so every directed simple cycle in a decomposition of such a trail is an admissible

F2-sub-loop: it inherits distinct states and CKC-pairs from L1, and its edge incidences give the

required F2-connections. Hence any alternative directed-cycle partition of H◦, together with

the same J , would give a second F2-cover. Therefore the induced directed-cycle partition is

unique.

Fix a weakly connected component K of H◦. The cover supplies a directed-cycle partition

of K, and that partition is unique. Hence Theorem 2.8 of Cooper and Okur (2025) applies:

K is a bridgeless cactus digraph and its unique partition is the set B(K) of directed cycles.

Moreover, the proof of Lemma 2.7 of Cooper and Okur (2025) implies that, for every β ∈ B(K),

each weakly connected component of K \ E(β) meets β in exactly one vertex.

Fix a directed cycle β ∈ B(K), and let U ⊆ I be the set of indices of the edges of β. Suppose,

toward a contradiction, that the corresponding F2-sub-loop is not order-preserving relative to

the cyclic order of L1. After cyclically renaming the relevant indices, write the selected three

indices as 1 < j < k in the F1-order, with ωk preceding ωj in the F2-order of β.

Partition the vertices of β into three directed arcs. Let V 2
1 be the vertices encountered

from γ(1) through α(k), let V 2
k be those encountered from γ(k) through α(j), and let V 2

j be

those encountered from γ(j) through α(1). These three sets are disjoint and partition V (β).

Similarly, partition the states of L1 into the three F1-arcs A
1
1, from ω̄1 to ωj; A

1
j , from ω̄j to ωk;

and A1
k, from ω̄k to ω1.

Set p1 =
1
5
, p2 =

1
3
, p3 =

2
3
, and p4 =

1
2
. Define a binary F2-measurable experiment τ2 with

distinct signals s1, s2 by setting τ2(s1|ω) = pr whenever F2(ω) ∈ V 2
r , for r ∈ {1, k, j}, where

pk := p2 and pj := p3. For each weak component C of K \E(β), assign to every atom of C the

same probability as its unique attachment atom on β. On atoms outside K, set τ2(s1|·) = p4.

35



Finally set τ2(s2|·) = 1 − τ2(s1|·). Because the three vertex arcs partition V (β) and every

attached component has a unique attachment vertex, this is well-defined and F2-measurable.

By construction, for every ℓ /∈ {1, j, k} and every s ∈ {s1, s2}, we have τ2(s|ωℓ) = τ2(s|ω̄ℓ).

By dominance and Proposition 1, there is an F1-measurable experiment τ1 such that µτ1|C =

µτ2|C for every CKC C. Fix a signal t that is assigned positive probability at some state of L1.

Signals assigning zero probability to every state of L1 do not enter the row-sum equations below.

Since τ2 has full-support posteriors, equality of µτ1|C and µτ2|C , together with F1-measurability

along L1, implies that t is positive in every CKC of the loop. In each such CKC, the posterior

induced by t under τ1 is induced by either s1 or s2 under τ2. By Observation 2, the likelihood

ratio of t under τ1 in that CKC is equal to the likelihood ratio of either s1 or s2 under τ2. Hence

τ1(t|ωℓ) = τ1(t|ω̄ℓ) for every ℓ /∈ {1, j, k}. Together with F1-measurability along L1, this implies

that, on the states of L1, the likelihood vector of t is constant on the three F1-arcs: write these

constants as at on A1
1, bt on A1

j , and ct on A1
k.

At the three exceptional CKCs, Observation 2 gives ct
at

∈ {p3
p1
, 1−p3
1−p1

}, at
bt

∈ {p2
p3
, 1−p2
1−p3

}, and
bt
ct
∈ {p1

p2
, 1−p1
1−p2

}. Since ct
at
· at
bt
· bt
ct
= 1, a direct calculation using p1 =

1
5
, p2 =

1
3
, and p3 =

2
3
shows

that the only possible choices are either
(

p3
p1
, p2
p3
, p1
p2

)
or
(

1−p3
1−p1

, 1−p2
1−p3

, 1−p1
1−p2

)
.

Call signals of the first kind type 1, and signals of the second kind type 2. Let x and y

denote the total probability mass of types 1 and 2 at ω1 respectively. The row-sum constraint

at ω̄1 gives p1
p3
x + 1−p1

1−p3
y = 1. Together with x + y = 1, this implies x = p3. The row-sum

constraint at ω̄j gives p1
p2
x + 1−p1

1−p2
y = 1. Together with x + y = 1, this implies x = p2. This

contradiction shows that β must be order-preserving. Since β ∈ B(K) was arbitrary, every

directed cycle in the unique cycle partition of K is order-preserving. Since K was arbitrary,

the unique F2-cover of L1 is order-preserving.

A.4 Constructive sufficiency tools

Definition 8 (Posterior-equivalent extension of a binary experiment). Let a, b ∈ ∆(S1) be two

probability laws on a finite signal set S1. Let q, q′ ∈ ∆(S2) be two probability laws on another

finite signal set S2. We say that the ordered pair (q, q′) is a posterior-equivalent extension of

(a, b) if one of the following holds:

1. There exist a finite set R, a probability law ν ∈ ∆(R), and an identification S2 = S1 ×R

such that q(s, r) = a(s)ν(r) and q′(s, r) = b(s)ν(r) for all (s, r) ∈ S1 ×R.

2. a = b and q = q′.

In case (1), the coordinate r is common noise; in case (2), both experiments are uninformative.
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After Definition 8, the first construction deals with the acyclic case. On a tree, there is

no consistency condition around a cycle. Hence each edge can be assigned its own signal

coordinate. When two adjacent vertices are compared, only the coordinate corresponding to

their connecting edge changes; all other coordinates are common noise. This is the content of

the following tree-mimicry lemma.

Lemma 5 (Tree mimicry). Let T = (V,E) be a finite directed tree. For each edge e = (u, v) ∈
E, fix a finite signal set Se and two laws αe, βe ∈ ∆(Se). Then there exist a finite signal set ST

and laws qv ∈ ∆(ST ), v ∈ V , such that for every edge e = (u, v), the ordered pair (qu, qv) is a

posterior-equivalent extension of (αe, βe).

Proof. Let ST =
∏

e∈E Se. For an edge e = (u, v), deleting e leaves two connected components,

so denote by T−
e the component containing u and by T+

e the component containing v. For

x ∈ V , define qx ∈ ∆(ST ) by

qx((sf )f∈E) =
∏
e∈E

αe(se), x ∈ T−
e ,

βe(se), x ∈ T+
e .

This is a probability law because it is a product of probability laws. Fix e = (u, v). If f ̸= e,

then u and v lie in the same component of T \{f}, so the f -coordinate has the same law under

qu and qv. On coordinate e, the law is αe under qu and βe under qv. Hence (qu, qv) is (αe, βe)

multiplied by the same law on the coordinates E \ {e}, and is therefore a posterior-equivalent

extension.

The preceding lemma explains why paths create no obstruction: independent coordinates

can be assigned edge by edge. The difficulty begins only when a path closes into a loop. Then the

local assignments must be consistent when one goes around the cycle and returns to the starting

point. The order-preserving cover condition is precisely what allows this cyclic consistency

requirement to be met. The next lemma gives the corresponding single-loop construction.

Lemma 6 (Single-loop construction). Let L = (ω1, ω̄1, . . . , ωm, ω̄m) be an F1-loop, with an

order-preserving F2-cover {1, . . . ,m} = J ∪ I1 ∪ · · · ∪ IK, where ωi ∈ F2(ω̄i) for every i ∈ J .

Let τ2 be an F2-measurable experiment on a finite set S2. Assume that the F1-atoms F1(ω̄t) =

F1(ωt+1), t = 1, . . . ,m, are distinct. Then there is an F1-measurable experiment τ1 on SK
2 ×SJ

2

such that, for every i, the ordered pair (τ1(·|ωi), τ1(·|ω̄i)) is a posterior-equivalent extension of

(τ2(·|ωi), τ2(·|ω̄i)) satisfying case (1) of Definition 8.

Proof. For each i, set pi := τ2(·|ω̄i) ∈ ∆(S2). If i ∈ J , then ωi ∈ F2(ω̄i), so τ2(·|ωi) = pi. If

i ∈ Ik, let pred(i) be the predecessor of i in the F2-sub-loop indexed by Ik. Since the cover is

order-preserving, τ2(·|ωi) = ppred(i) and τ2(·|ω̄i) = pi.
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For each block Ik, write its elements in the cyclic order inherited from L. For t = 1, . . . ,m,

let ℓk(t) be the last element of Ik weakly before t in that cyclic order, and if there is no such

element before t, let ℓk(t) be the last element of Ik. Define qt ∈ ∆(SK
2 × SJ

2 ) by

qt((xk)
K
k=1, (yj)j∈J) =

K∏
k=1

pℓk(t)(xk)
∏
j∈J

pj(yj).

Now define τ1 on the F1-atoms in the loop by τ1(·|ω̄t) = τ1(·|ωt+1) = qt, with indices modulo

m. Since these F1-atoms are distinct, this assignment is unambiguous. Extend τ1 arbitrarily,

but F1-measurably, on F1-atoms not appearing in the loop.

Fix i. Under τ1, the two laws in the CKC-pair (ωi, ω̄i) are qi−1 and qi. If i ∈ Ik, then order

preservation gives ℓk(i − 1) = pred(i) and ℓk(i) = i, while for every h ̸= k, ℓh(i − 1) = ℓh(i).

Hence qi−1 and qi differ only in coordinate k, whose laws are τ2(·|ωi) and τ2(·|ω̄i), while all

other coordinates are common noise. If i ∈ J , then ℓk(i− 1) = ℓk(i) for every k, and τ2(·|ωi) =

τ2(·|ω̄i) = pi. Taking the J-coordinate indexed by i as the S2-coordinate, all other coordinates

are common noise. Either way, case (1) of Definition 8 holds.

A.5 Proof of Theorem 1

Proof. Assume first that F1 and F2 are equivalent. By Lemma 1 and Lemma 3, applied in both

directions, for each i, Fi refines F−i in every CKC and every irreducible Fi-loop is F−i-covered.

Since refinement holds in both directions, F1|C = F2|C for every CKC C.

Fix i, and let Li be a fully informative irreducible Fi-loop. No index in an F−i-cover of

Li can belong to J , because Fi|C = F−i|C in every CKC. If the cover contained a proper F−i-

sub-loop, a simple-cycle component of that sub-loop would be a fully informative irreducible

F−i-loop. By Lemma 3, applied in the reverse direction, it has an Fi-cover. Again local equality

rules out non-informative pairs, so this cover contains a proper Fi-sub-loop of Li, contradicting

irreducibility. Hence every cover of Li consists of a single F−i-loop using all its pairs. This cover

is unique: otherwise the directed F−i-atom graph would contain a proper directed cycle, and

the preceding argument would again contradict irreducibility. Lemma 4 therefore implies that

the cover preserves the cyclic order. Finally, if an irreducible Fi-loop is not Fi-fully informative,

Proposition 5 implies that it has exactly two CKC-pairs, so order preservation is automatic.

This proves the stated conditions.

Conversely, assume the conditions in the theorem. We prove F1 ⪰NE F2; the reverse direction

is symmetric. Mutual local refinement gives F1|C = F2|C for every CKC C.

We first show that every fully informative irreducible F1-loop is an F2-loop with the same

cyclic order. Let L be such a loop. Its order-preserving F2-cover contains no non-informative
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pair. If it contained a proper F2-sub-loop, a fully informative irreducible simple-cycle component

of that sub-loop would, by the theorem’s reverse hypothesis, have an F1-cover. Local equality

again rules out non-informative pairs, so this cover would contain a proper F1-sub-loop of L, a

contradiction. Hence the cover consists of a single F2-loop, and it has the cyclic order of L.

Let Γ1 := ΓF1 and let the clusters be the ∼F1-classes from Lemma 2. We claim that if ω

and ω′ lie in CKCs of the same cluster and F1(ω) = F1(ω
′), then F2(ω) = F2(ω

′). If the two

states lie in the same CKC, this follows from F1|C = F2|C . Otherwise, Lemma 2(i) gives a fully

informative irreducible F1-loop containing the designated F1-connection between ω and ω′. By

the preceding paragraph, this is an F2-loop with the same cyclic order, so F2(ω) = F2(ω
′).

Consequently, every F2-measurable experiment restricted to a cluster is also F1-measurable.

Call a union of clusters solvable if every F2-measurable experiment on that union can be

mimicked there by an F1-measurable experiment which, inside each CKC, reproduces the target

experiment up to common noise. Each individual cluster is solvable. We use the following gluing

step. Let A1, A2 be disjoint solvable unions of clusters and assume that at most one F1-atom

meets both. Fix an F2-measurable experiment τ2 on A1 ∪ A2, and let τ i1 be a mimicking

experiment on Ai with signal space Si. If a connecting F1-atom exists, let λi be the law of τ i1

on its intersection with Ai; otherwise choose any law on Si. On S1 × S2, define

τ1((s1, s2) | ω) =

τ 11 (s1 | ω)λ2(s2), ω ∈ A1,

λ1(s1)τ
2
1 (s2 | ω), ω ∈ A2.

This experiment is F1-measurable; on the possible connecting atom both sides assign λ1 ⊗ λ2,

and inside each Ai the other coordinate is common noise. Hence A1 ∪ A2 is solvable.

We identify each cluster with the union of its CKCs. Let T be the bipartite forest in

Lemma 2(ii). We prove solvability by induction on the number of cluster-vertices of T . The

one-cluster case follows because every individual cluster is solvable. Otherwise, T has a cluster-

vertex B of degree at most one: either B is isolated, or it is a leaf of a nontrivial component,

since every atom-vertex has degree at least two. Let U be the union of all remaining clusters.

After deleting B and any atom-vertices that no longer meet two remaining clusters, one obtains

a forest with one fewer cluster-vertex, so U is solvable by induction. Any F1-atom meeting both

B and U is an atom-vertex adjacent to B, so there is at most one such atom. The preceding

gluing step therefore implies that B ∪ U = Ω is solvable.

Hence, for every F2-measurable experiment τ2, there is an F1-measurable experiment τ1 such

that µτ1|C = µτ2|C for every CKC C. Proposition 1 gives F1 ⪰NE F2. The symmetric argument

gives F2 ⪰NE F1.
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A.6 Proof of Theorem 2

Proof. For necessity, local refinement in every CKC follows from Lemma 1. The existence of

an F2-cover for every irreducible F1-loop follows from Lemma 3. If such a loop has a unique

cover, order preservation follows from Lemma 4.

We prove sufficiency. Fix an arbitrary F2-measurable experiment τ2 on a finite signal set S2.

Let C be the CKC partition. We first construct an F1-measurable experiment τ1 that induces

the same distribution of posteriors for a single decision maker whose information partition is C.
For each CKC C and each F1-atom A with A ∩ C ̸= ∅, define pA,C ∈ ∆(S2) by pA,C := τ2(·|ω)
for any ω ∈ A ∩ C. This is well-defined because F1 refines F2 inside C.

Construct the bipartite incidence graph Γ: its vertices are the CKCs and the F1-atoms, and

A is connected to C iff A ∩ C ̸= ∅. By the separated-loop assumption, no vertex of Γ lies on

two distinct simple cycles. Hence Lemma 7 below applies to each connected component of Γ.

We assign to each F1-atom A a law qA such that, for every CKC C, there is a law νC with

qA = pA,C ⊗ νC for every atom A adjacent to C. This condition means that, inside C, the first

coordinate reproduces the experiment τ2, while the remaining coordinates are common noise.

Fix one connected component of Γ. First suppose that it is a tree. Denote its CKCs by T .

Use one coordinate SD = S2 for each CKC D ∈ T , with signals sD ∈ SD. For an F1-atom A

and a CKC D ∈ T , let ϕD(A) be the unique F1-atom adjacent to D that lies on the path from

D to A. Define

qA((sD)D) =
∏
D∈T

pϕD(A),D(sD).

Fix a CKC C. If A is adjacent to C, then the C-coordinate of qA is pA,C . For every D ̸= C,

all F1-atoms adjacent to C remain connected to C after deleting D. Hence the unique path

from D to any atom adjacent to C leaves D through the same neighboring F1-atom. Therefore

ϕD(A) is the same for all F1-atoms A adjacent to C. Thus all coordinates other than C are

common across atoms adjacent to C, and the required property holds on tree components.

Now suppose that the component contains at least one simple cycle. Let B be the set of

simple cycles in this component. For each B ∈ B, write B = A0, C1, A1, . . . , Am−1, Cm, A0, and

put Am = A0. For every i, choose ωi ∈ Ai−1 ∩Ci and ω̄i ∈ Ai ∩Ci. Since B is simple, these 2m

states are distinct and (ω1, ω̄1, . . . , ωm, ω̄m) is an irreducible F1-loop whose connecting atoms are

A0, . . . , Am−1. By assumption, this loop has an order-preserving F2-cover. Applying Lemma 6

to this cycle and τ2 gives a signal set SB and laws hB
A for the cycle atoms such that, for each

cycle CKC Ci, there is a law ηBi with hB
A = pA,Ci

⊗ηBi for the two cycle atoms A adjacent to Ci.

For any off-cycle atom A adjacent to a cycle CKC Ci of B, set hB
A := pA,Ci

⊗ ηBi . This is

unambiguous by Lemma 7(i).
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Let RB be the set of F1-atoms for which hB
A has just been defined; that is, the cycle atoms

of B and the off-cycle atoms adjacent to CKCs of B. For any atom A in the component, let

RB(A) be the unique element of RB in the component containing A after deleting the cycle

CKC vertices of B and their incident edges. Existence and uniqueness of this root follow from

Lemma 7(ii).

Let T now denote the set of CKCs in the component that do not lie on any simple cycle. For

each D ∈ T , use one coordinate SD = S2. For an atom A and D ∈ T , let ϕD(A) be the unique

atom adjacent to D that lies in the component of Γ \ {D} containing A. This is well-defined

by Lemma 7(iii).

For the whole component, use the signal space
(∏

B∈B SB

)
×
(∏

D∈T SD

)
, and define, for

every atom A in the component,

qA =

(⊗
B∈B

hB
RB(A)

)
⊗

(⊗
D∈T

pϕD(A),D

)
.

Since B and T are finite and every tensor factor is a probability law, qA is a well-defined

probability law.

Fix a CKC C and two atoms A,A′ adjacent to C. Suppose first that C lies on a cycle BC .

Since A,A′ ∈ RBC
, we have RBC

(A) = A and RBC
(A′) = A′. Hence the BC-coordinate gives

pA,C ⊗ ηBC
C at A and pA′,C ⊗ ηBC

C at A′.

For every other cycle B ̸= BC , the path A−C−A′ remains after deleting the CKC vertices

of B, because distinct cycles are vertex-disjoint. Hence RB(A) = RB(A
′). Likewise, for every

D ∈ T , the path A − C − A′ remains in Γ \ {D}, so ϕD(A) = ϕD(A
′). Thus every coordinate

other than the BC-coordinate is common noise inside C.

Now suppose that C ∈ T . Then ϕC(A) = A and ϕC(A
′) = A′, so the C-coordinate gives

pA,C and pA′,C . For every cycle B, the path A−C−A′ remains after deleting the CKC vertices

of B, since C lies on no cycle. Similarly, for every D ∈ T \ {C}, the path remains after

deleting D. Therefore RB(A) = RB(A
′) and ϕD(A) = ϕD(A

′) for every non-target coordinate.

Consequently, for every CKC C there exists a law νC such that qA = pA,C ⊗ νC for every atom

A adjacent to C.

Doing this component by component and taking the product across components gives one

finite signal space and one law qA for every relevant F1-atom A. Define τ1(·|ω) := qF1(ω). Then

τ1 is F1-measurable. Moreover, for every CKC C, there exists a common-noise law νC such that

qA = pA,C ⊗ νC for every F1-atom A intersecting C. Therefore, in the single-DM environment

with information partition C, τ1 and τ2 induce the same distribution of posteriors.

Finally, return to the original multi-agent environment. The construction preserves the

joint law of (ω, µ(· | C(ω), τ, s)), since within each CKC the experiment τ1 reproduces τ2 up to
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common noise. Given the realized state and the CKC-level posterior, each player’s posterior is

uniquely determined by her information cell Πi(ω). Hence, τ1 reproduces τ2 within each CKC

up to common noise. Hence µτ1|C = µτ2|C for every CKC C. By Proposition 1, F1 ⪰NE F2.

Lemma 7 (Separated incidence graph). Let Γ be a connected bipartite graph whose vertices

are CKCs and atoms, and suppose that no vertex belongs to two distinct simple cycles. Fix a

simple cycle B, let C(B) be its CKC vertices, and let RB be the set of atom vertices adjacent

to some vertex of C(B).

(i) Every atom outside B is adjacent to at most one CKC vertex of B.

(ii) Every component of Γ \ C(B) contains exactly one element of RB.

(iii) If a CKC vertex D lies on no simple cycle, then every component of Γ \ {D} contains

exactly one atom adjacent to D.

Proof. For (i), if an atom outside B were adjacent to two CKC vertices of B, these two edges

together with an arc of B would form another simple cycle sharing vertices with B.

For (ii), connectedness implies that every component of Γ \ C(B) contains at least one

element of RB. If one component contained two roots, choose two at minimum graph distance

and let P be a shortest path between them, so that the interior of P contains no root. Each

endpoint either lies on B or is joined to a CKC vertex of B, uniquely in the latter case by

part (i). Adding these attachment edges and, when the attachment points are distinct, an arc

of B produces a simple cycle distinct from B that shares a vertex with B, a contradiction.

For (iii), connectedness implies that every component of Γ \ {D} contains at least one

neighbor of D. If one component contained two such neighbors, a path between them together

with their two incident edges to D would form a simple cycle through D, a contradiction.

A.7 Proof of Corollary 1

Proof. Necessity follows from Theorem 2. Conversely, suppose F1 refines F2 in every CKC.

If Ω comprises a unique CKC, then there are no F1-loops. If there is no F1-loop, the same

conclusion holds by assumption. Hence the loop-cover condition in Theorem 2 is vacuous, and

F1 ⪰NE F2.

A.8 Proof of Corollary 2

Proof. Fix an F2-measurable experiment τ2, and let Γ be the bipartite incidence graph between

the CKCs and the F1-atoms. It suffices to work on one connected component H of Γ, since the
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resulting experiments can be combined across components by the same product construction

used in previous proofs.

For every incidence A − C, define pA,C := τ2(· | ω) where ω ∈ A ∩ C. This is well-defined

because F1 refines F2 inside C. For each CKC D in H and each component K of H \ {D},
choose an F1-atom AD(K) adjacent to D and contained in K, and set rD,K := pAD(K),D. This

is independent of the choice of AD(K). Indeed, if two atoms A,A′ adjacent to D belong to

the same component of H \ {D}, a shortest path between them, closed through D, induces an

F1-loop. Its D-pair is F2-non-informative, so pA,D = pA′,D.

For every F1-atom A in H, let KD(A) denote its component in H \ {D}, and define qA :=⊗
D∈C(H) rD,KD(A). If A meets C, then its C-coordinate is pA,C . Moreover, if A,A′ both meet

C, then for every D ̸= C the path A − C − A′ survives deletion of D, so KD(A) = KD(A
′).

Hence there is a law νC such that qA = pA,C ⊗ νC for every A meeting C.

Set τ1(· | ω) := qF1(ω) and repeat the construction on the other components of Γ. The

resulting experiment is F1-measurable and reproduces τ2 within every CKC up to common

noise. Proposition 1 therefore implies F1 ⪰NE F2.

A.9 Proof of Proposition 2

Proof. Necessity of local refinement follows from Lemma 1. Necessity of the irreducible cover

condition follows from Lemma 3. We show that, with two CKCs, this implies that every F1-loop

is F2-covered.

Let the two CKCs be C1 and C2 and denote ω1, ω
′
1 ∈ C1 and ω2, ω

′
2 ∈ C2. Call an F1-

atom cross-CKC if it intersects both C1 and C2. By local refinement, if F1(ω1) = F1(ω2), then

F1(ω1) ∩ C1 ⊆ F2(ω1) and F1(ω1) ∩ C2 ⊆ F2(ω2).

The case with at most one cross-CKC F1-atom is immediate, so take two distinct cross-CKC

F1-atoms, F1(ω1) = F1(ω2) and F1(ω
′
1) = F1(ω

′
2). These two atoms form an irreducible F1-loop,

so are F2-covered. This produces the following dichotomy: either the two pairs themselves

form an F2-loop or both CKC-pairs are F2-non-informative. This holds for any two cross-CKC

F1-atoms, so either all cross-CKC F1-atoms as above are also cross-CKC F2-atoms, or all cross-

CKC F1-atoms are contained in the same F2 atom within every CKC (namely, F2(ω1) = F2(ω
′
1)

and F2(ω2) = F2(ω
′
2)). Indeed, consider the two cross-CKC F1-atoms above along with a third

cross-CKC F1-atom. These atoms generate 3 irreducible F1-loops. If one of these atoms is a

cross-CKC F2-atom, then the cover condition implies that the other two are also cross-CKC

F2-atoms. So either every F1-loop is itself an F2-loop, or every CKC-pair in any F1-loop is

F2-non-informative, so the loop is covered by putting all pairs in J . Therefore every F1-loop is

F2-covered.
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For sufficiency, assume local refinement and that every F1-loop is F2-covered. If there is at

most one cross-CKC F1-atom, then there are no F1-loops, so Corollary 1 implies F1 ⪰NE F2.

Otherwise, the same dichotomy applies. In the first case, F1 refines F2 globally, so every F2-

measurable experiment is already F1-measurable, and F1 ⪰NE F2. In the second case, every

F1-loop is F2-non-informative, so Corollary 2 implies F1 ⪰NE F2.

A.10 Proof of Proposition 3

Proof. If Oracle 1 is JMI than Oracle 2, then for every deterministic F2-measurable experiment

τ2 there exists a deterministic F1-measurable experiment τ1 with Πi∨τ1 = Πi∨τ2 for all players

i. This τ1 is independent of the game, and for every game, the guided games are therefore

isomorphic and have the same equilibrium outcome distributions.

Conversely, assume dominance and fix a deterministic F2-measurable experiment τ2. For

each player i, let Ri be the finite set of posteriors that may arise under τ2 or under any deter-

ministic F1-measurable experiment. This set is finite because F1 has finitely many coarsenings.

Give player i action set Ri and payoff Si(p, ω), where Si is a bounded strictly proper scoring

rule. Under every deterministic experiment, truthful posterior reporting is the unique equilib-

rium behavior. If a deterministic F1-experiment τ1 reproduced the state–action distribution

induced by τ2, then every player’s posterior would coincide state by state under the two ex-

periments. Since the prior has full support, equal posteriors have equal supports, and hence

(Πi ∨ τ1)(ω) = (Πi ∨ τ2)(ω) for every i and ω. Therefore Πi ∨ τ1 = Πi ∨ τ2 for every player i,

which establishes JMI.

A.11 Proof of Corollary 3

Proof. The if direction is immediate. For the converse, suppose the CKC is unique and Fi is JMI

than F−i for both i. If F1 ̸= F2, choose (w.l.o.g.) ω1 ̸= ω2, such that F1(ω1) = F1(ω2) whereas

F2(ω1) ̸= F2(ω2). Consider the partition F ′
2 = {F2(ω1), (F2(ω1))

c}. By assumption, there exists

a coarsening F ′
1 of F1 such that Πi∨F ′

1 = Πi∨F ′
2, for every player i. Denote A = F ′

1(ω1)∩F2(ω1),

B = F ′
1(ω1) ∩ (F2(ω1))

c, C = (F ′
1(ω1))

c ∩ (F2(ω1))
c, D = (F ′

1(ω1))
c ∩ F2(ω1), E = F2(ω1), and

P0 = F ′
1(ω1). Since F ′

1 is a coarsening of F1, we have ω1, ω2 ∈ P0, ω1 ∈ A, and ω2 ∈ B.

Call two states adjacent if they belong to the same partition atom of some player. For

any two adjacent states ω, ω′, equality Πi ∨ F ′
1 = Πi ∨ F ′

2 for a player i whose information cell

contains both states implies that F ′
1 separates ω and ω′ if and only if F ′

2 does. Consequently,

there are no player-information edges between A and B, between A and D, or between B and

C.

Since the CKC is unique, choose a player-information path from ω1 ∈ A to ω2 ∈ B. Before
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its first visit to B, this path must visit D: the state immediately preceding the first B-state

can belong neither to A nor to C. Let d be the first state of the path in D, and let a be the

last preceding state in A. All intervening states belong to C, so the path contains a segment

(a, c1, . . . , cℓ, d), where a ∈ A, ct ∈ C for every t, and d ∈ D. Moreover, ℓ ≥ 1, since there is no

edge between A and D.

Now consider the binary partition F ′′
1 = {P0, P

c
0}. Because F ′

1 is a coarsening of F1, F
′′
1 is

also a coarsening of F1. By the reverse JMI relation, there exists a coarsening F ′′
2 of F2 such

that Πi∨F ′′
1 = Πi∨F ′′

2 for every player i. Since a, d ∈ E = F2(ω1) and F ′′
2 is a coarsening of F2,

we have F ′′
2 (a) = F ′′

2 (d). On the other hand, F ′′
1 separates a from c1, but does not separate any

subsequent adjacent pair in the segment c1, . . . , cℓ, d. Equality of the joined partitions along

each adjacent pair therefore implies F ′′
2 (a) ̸= F ′′

2 (c1) = · · · = F ′′
2 (cℓ) = F ′′

2 (d), a contradiction.

Hence F1 refines F2. Interchanging the roles of the two oracles gives the reverse refinement,

and therefore F1 = F2.
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B Online appendix

B.1 More than one CKC

As the benchmark corollaries below show, under a unique CKC, the partition-refinement condi-

tion ensures that Oracle 1 can produce the exact same experiment as Oracle 2. This conclusion,

however, hinges on the existence of a unique CKC. In case there are several CKCs, Oracle 1

may need to follow a different experiment in order to match the distribution on posteriors gen-

erated by τ2. Namely, τ1 may require more signals than τ2, even if both oracles have the same

(complete) information in every CKC. Let us provide a concrete example for this.

Example 2. A mimicking experiment τ1 may require more signals than τ2.

Consider a uniformly distributed state space Ω = {ω1, ω2, ω3, ω4}, with two players whose

private information is Π1 = {{ω1, ω2}, {ω3}, {ω4}} and Π2 = {{ω1}, {ω2}, {ω3, ω4}}. The ora-

cles have the following partitions F1 = {{ω1, ω3}, {ω2}, {ω4}} and F2 = {{ω1}, {ω3}, {ω2, ω4}}.
Notice that there are two CKCs, {ω1, ω2} and {ω3, ω4}, and both oracles have complete infor-

mation in each of these components. That is, F1 refines F2 in every CKC, and vice versa.

Consider the experiment τ2 given in Figure 9. Notice it is F2-measurable, as τ2(s|ω2) =

τ2(s|ω4) for every signal s, but not F1-measurable.

τ2(s|ω) s1 s2 s3
ω1 0 1/2 1/2
ω2 1/3 2/3 0
ω3 0 2/3 1/3
ω4 1/3 2/3 0

Figure 9: A stochastic F2-measurable experiment of Oracle 2.

The set of posterior profiles generated by τ2 is

Post(τ2) =


(ei, ei), ∀ 1 ≤ i ≤ 4,((

3
7
, 4
7
, 0, 0

)
, ej
)
, j = 1, 2,(

ek, (0, 0,
1
2
, 1
2
)
)
, k = 3, 4

 ,

where the ith coordinate of ei is 1. The set Post(τ2) records the posterior types that can arise,

but mimicry also requires matching their conditional probabilities within each CKC. Under τ2,

in C12 = {ω1, ω2}, the posterior types e1, (3/7, 4/7, 0, 0), and e2 occur with probabilities 1/4,

7/12, and 1/6, respectively. In C34 = {ω3, ω4}, the posterior types e3, (0, 0, 1/2, 1/2), and e4

occur with probabilities 1/6, 2/3, and 1/6, respectively.
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With only three signals, each posterior type in either CKC must be generated by exactly

one signal, so the common signal labels define a bijection between the three types in the two

CKCs. Under the uniform prior, a signal that occurs with conditional probability m in a two-

state CKC and induces posterior probability q on its first state has likelihood 2mq at that

state. Therefore, the three signals must have likelihoods {1/2, 1/2, 0} at ω1, but {2/3, 1/3, 0}
at ω3. Since F1(ω1) = F1(ω3), F1-measurability requires these likelihoods to coincide signal by

signal. No bijection between the two multisets satisfies this requirement. Hence no three-signal

F1-measurable experiment can reproduce the required distributions of CKC posteriors.

Oracle 1 therefore requires a fourth signal, as in Figure 10. Thus, even when the oracles’

partitions refine one another in every CKC, a mimicking experiment may require more signals

than the experiment it mimics.

τ1(s|ω) s3 s4 s5 s6
ω1 1/2 1/3 0 1/6
ω2 2/3 0 1/3 0
ω3 1/2 1/3 0 1/6
ω4 1/2 0 1/3 1/6

Figure 10: An experiment τ1 with 4 signals.

Remark 2. Note that dominance does not imply refinement in general. To see this, consider

the information structure Π1 = Π2 = {{ω1, ω2}, {ω3, ω4}}, F1 = {{ω1, ω2, ω3}, {ω4}} and F2 =

{{ω1, ω2}, {ω3}, {ω4}}. For every experiment τ2, one can devise an experiment τ1 that yields

the same distribution over posterior beliefs. Evidently, Oracle 2 provides the players with no

additional information regarding states ω1 and ω2, and this allows Oracle 1 to replicate τ2 on

ω3 and ω4, accordingly.

B.2 Balancedness and the likelihood-ratio obstruction

This subsection contains the longer motivation for the cover criterion used in Section 4.2.

Consider a non-balanced F1-loop as in Figure 8(b), and suppose that A and B are F2-measurable

sets with #(A → B) ̸= #(B → A). For example, if A = {ω1, ω2, ω3} and B = {ω1, ω2, ω3},
then #(A → B) = 3 and #(B → A) = 0. Let s be a signal and define an F2-measurable

experiment by

τ2(s | ω) =
1

2
− 1

4
1{ω∈A}.

Then each transition from A to B contributes the likelihood ratio 1/2, and each transition from

B to A contributes the likelihood ratio 2. Hence the product of likelihood ratios around the
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loop is ∏
j

τ2(s | ωj)

τ2(s | ωj)
= 2#(B→A)−#(A→B),

which is not equal to one whenever the loop is not balanced.

By contrast, any F1-measurable experiment τ1 must satisfy

∏
j

τ1(s | ωj)

τ1(s | ωj)
= 1,

because ωj and ωj+1 are in the same F1-atom. Thus Oracle 1 cannot reproduce this likelihood

vector signal by signal; Lemma 3 establishes the corresponding obstruction to posterior-law

mimicry while allowing signal relabeling and splitting. This is the likelihood-ratio obstruction

behind Proposition 4: for irreducible loops, balancedness is exactly the algebraic condition that

rules out this obstruction, and the proposition shows that it is equivalent to the geometric

condition of being F2-covered.

B.3 Finer in every CKC can be inferior: a fact-checking example

In a political debate watched by two citizens, a fair coin toss decides who gets to make the final

claim in the debate: either the incumbent makes a budget (B) claim, or the challenger makes a

security (S) claim. Any claim is rated True (T), Mostly true (M), or False (F). If a claim made

by an individual is rated T or M, it favors that individual, but if it is rated F, it favors the

opponent. The context itself is common knowledge, so the two CKCs are CB = {ω1, . . . , ω6}
and CS = {ω7, . . . , ω12}. The political impact is shown by the fill color in Figure 11: blue means

+, and red means −. Rows are CKCs and columns are verdict labels.

The network in charge of this debate can employ two fact-checking report formats: an

issue-specific impact format and a verdict format. The issue-specific impact format F imp

reports whose side is favored by the facts within the public context. Its atoms are B+ =

{ω1, ω2, ω3, ω4}, B− = {ω5, ω6}, S− = {ω7, ω8, ω9, ω10}, and S+ = {ω11, ω12}. This format has

no atom crossing CKCs. The verdict format Fver reports the fact-check verdict. Its atoms

are VT = {ω1, ω2, ω7, ω8}, VM = {ω3, ω4, ω9, ω10}, and VF = {ω5, ω6, ω11, ω12}. The context is

common knowledge, including to the network, but each report format is modeled as a binding

reporting technology. Under the verdict format, the experiment must remain Fver-measurable

and cannot additionally condition its report law on the context.

Notably, the verdict format is strictly finer than the issue-specific impact format inside

each CKC, row by row. But every verdict column flips political impact across rows: True and

Mostly true are incumbent-favorable in Budget but challenger-favorable in Security, while False
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is challenger-favorable in Budget but incumbent-favorable in Security.

Budget claim
by incumbent

Security claim
by challenger

+

ω1 1

ω2 5

+

ω3 1

ω4 5

−
ω5 8

ω6 12

−
ω7 4

ω8 6

−
ω9 4

ω10 6

+

ω11 2

ω12 10

True
T

Mostly true
M

False
F

Figure 11: Rows are common-knowledge components, columns are fact-check verdict labels, and color is political
impact: blue +, incumbent-favorable; red −, challenger-favorable. Numbers = multiplicities, normalized by 32
within each context. The verdict format refines political impact within each row, but every verdict column flips
political impact across rows.

Formally, each common-knowledge component has prior probability 1/2. Conditional prob-

abilities within each component are obtained by normalizing the multiplicities in Figure 11 by

32. Citizen 1’s partition is Π1 = {{ω1, ω2, ω3, ω4, ω6}, {ω5}, {ω8, ω10, ω11, ω12}, {ω7, ω9}}. Citizen
2’s partition is Π2 = {{ω1, ω3}, {ω2, ω4, ω5, ω6}, {ω11}, {ω7, ω8, ω9, ω10, ω12}}. These partitions

generate exactly CB and CS.

Let D(τ) = Eµ[∥µ1
τ − µ2

τ∥1] be the ℓ1-expected distance between the citizens’ posteriors.

With the weights above, the impact format can use the binary experiment

τ imp(s1 | ω) =

0, if ω ∈ {ω1, ω2, ω3, ω4, ω11, ω12},
3
4
, if ω ∈ {ω5, ω6, ω7, ω8, ω9, ω10},

τ imp(s2 | ω) = 1− τ imp(s1 | ω).

This experiment obtains D(τ imp) = 31/40. By contrast, every verdict-measurable experiment

satisfies D(τ) ≥ 2879/3600, and one can show that this bound is tight and attained by the

binary experiment

τver(s1 | ω) =


1
5
, if ω ∈ {ω1, ω2, ω3, ω4, ω7, ω8, ω9, ω10},

4
5
, if ω ∈ {ω5, ω6, ω11, ω12},

τver(s2 | ω) = 1− τver(s1 | ω).

Therefore, a fact-checking format can be strictly finer inside every CKC and still be strictly

worse for depolarization. The coarser impact format is disconnected across CKCs; the obstruc-

tion comes entirely from the globally glued verdict labels, which create the loop. Moreover,

49



garbling can depolarize strictly more than full revelation within each CKC.

Verification. The multiplicities are chosen so that both issues induce the same four-state de-

polarization block after marginalizing the split verdict states. This marginalization is applied to

the citizens’ posterior beliefs and does not require the verdict format to identify the aggregated

states. In Budget, aggregate ω1, ω3 into base state 1, keep ω5 as base state 2, aggregate ω2, ω4

into base state 3, and keep ω6 as base state 4. In Security, keep ω11 as base state 1, aggregate

ω7, ω9 into base state 2, keep ω12 as base state 3, and aggregate ω8, ω10 into base state 4. In

both components, the induced prior is (1/16, 4/16, 5/16, 6/16), Citizen 1’s induced partition is

{{1, 3, 4}, {2}}, and Citizen 2’s induced partition is {{1}, {2, 3, 4}}.
Under the issue-specific impact format, B+ and S+ are {1, 3} in their respective components,

while B− and S− are {2, 4}. Hence the binary experiment τ imp(s1 | B+) = τ imp(s1 | S+) = 0

and τ imp(s1 | B−) = τ imp(s1 | S−) = 3/4, with s2 complementary, is the aligned four-state

experiment in both components. Because it assigns the same likelihood to the states within

every aggregated pair, marginalization is lossless, and direct calculation gives D(τ imp) = 31/40.

Now take any verdict-measurable experiment. Write pT (s) = τ(s | VT ), pM(s) = τ(s | VM),

qF (s) = τ(s | VF ), and p̄(s) = (pT (s) + pM(s))/2. The induced marginal experiment in Budget

uses likelihood p̄(s) on {1, 3} and qF (s) on {2, 4}, while the induced marginal experiment in

Security uses likelihood qF (s) on {1, 3} and p̄(s) on {2, 4}. Thus every verdict-measurable

experiment induces the looped four-state experiment with reversed likelihoods across the two

components.

To calculate its minimum, consider one signal with likelihood a on {1, 3} and b on {2, 4}.
The citizens’ posteriors on their non-singleton cells are u(a, b) = (a, 0, 5a, 6b)/(6a + 6b) and

v(a, b) = (0, 4b, 5a, 6b)/(5a + 10b). Let d(a, b) := a
16
∥u(a, b) − e1∥1 + 4b

16
∥e2 − v(a, b)∥1 +

5a+6b
16

∥u(a, b) − v(a, b)∥1, with d(0, 0) = 0, denote this signal’s contribution to disagreement

in one component. Since the two components reverse the likelihoods and are equally likely,

put G(a, b) := [d(a, b) + d(b, a)]/2. Therefore, with as = p̄(s) and bs = qF (s), marginalization

implies D(τ) ≥
∑

sG(as, bs).

Let c = 2879/7200. Since G is symmetric and homogeneous, for a + b > 0 set x =

a/(a + b) and assume x ≤ 1/2. If 0 ≤ x ≤ 1/5, direct simplification gives G(a,b)
a+b

− c =
(1−5x)(62+761x−66x2−45x3)

7200(2−x)(1+x)
≥ 0. If 1/5 ≤ x ≤ 1/2, it gives G(a,b)

a+b
− c = (5x−1)(4−5x)(86+3x−3x2)

3600(2−x)(1+x)
≥ 0.

Hence G(a, b) ≥ c(a + b) for all a, b ≥ 0. Since
∑

s as =
∑

s bs = 1, it follows that D(τ) ≥
c
∑

s(as + bs) = 2879/3600.

For the proposed binary verdict experiment, the likelihood pairs are (1/5, 4/5) and (4/5, 1/5),

so equality holds in the pointwise bound. Moreover, pT = pM , making the marginalization loss-

less. Hence infτ :Fver-measurableD(τ) = 2879/3600 > 31/40.
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